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Preface

From the Preface to the Third Edition, by Russell K. Hobbie:

Between 1971 and 1973 I audited all the courses medical stu-

dents take in their first 2 years at the University of Minnesota.

I was amazed at the amount of physics I found in these courses

and how little of it is discussed in the general physics course.

I found a great discrepancy between the physics in some pa-
pers in the biological research literature and what I knew to be
the level of understanding of most biology majors or premed
students who have taken a year of physics. It was clear that an
intermediate level physics course would help these students. It
would provide the physics they need and would relate it directly
to the biological problems where it is useful.

This book is the result of my having taught such a course
since 1973. It is intended to serve as a text for an intermediate
course taught in a physics department and taken by a variety
of majors. Since its primary content is physics, I hope that
physics faculty who might shy away from teaching a conven-
tional biophysics course will consider teaching it. I also hope
that research workers in biology and medicine will find it a use-
ful reference to brush up on the physics they need or to find
a few pointers to the current literature in a number of areas of
biophysics. (The bibliography in each chapter is by no means
exhaustive; however, the references should lead you quickly into
a field.) The course offered at the University of Minnesota is
taken by undergraduates in a number of majors who want to see
more physics with biological applications and by graduate stu-
dents in physics, biophysical sciences, biomedical engineering,
physiology, and cell biology.

Because the book is intended primarily for students who have
taken only one year of physics, I have tried to adhere to the
following principles in writing it:

1. Calculus is used without apology. When an important idea
in calculus is used for the first time, it is reviewed in detail.
These reviews are found in the appendices.

2. The reader is assumed to have taken physics and know the
basic vocabulary. However, I have tried to present a logi-
cal development from first principles, but shorter than what
would be found in an introductory course. An exception is
found in Chaps. 14-18, where some results from quantum
mechanics are used without deriving them from first prin-
ciples. (My students have often expressed surprise at this
change of pace.)

3. 1 have not intentionally left out steps in most derivations.
Some readers may feel that the pace could be faster, par-
ticularly after a few chapters. My students have objected
strongly when I have suggested stepping up the pace in
class.

4. Each subject is approached in as simple a fashion as pos-
sible. I feel that sophisticated mathematics, such as vector

analysis or complex exponential notation, often hides phys-
ical reality from the student. I have seen electrical engineer-
ing students who could not tell me what is happening in
an RC circuit but could solve the equations with Laplace
transforms.

The Fourth Edition followed the tradition of earlier editions.
The book added a second author: Bradley J. Roth of Oak-
land University. Both of us have enjoyed this collaboration
immensely. We added a chapter on sound and ultrasound,
deleting or shortening topics elsewhere, in order to keep the
book only slightly longer than the Third Edition.

The Fifth Edition does not add any new chapters,
but almost every page has been improved and up-
dated. Again, we fought the temptation to expand the
book and deleted material when possible. Some of
the deleted material is available at the book’s website:
http://www.oakland.edu/~roth/hobbie.htm. The Fifth Edition
has 12 % more end-of-chapter problems than the Fourth
Edition; most highlight biological applications of the phys-
ical principles. Many of the problems extend the material
in the text. A solutions manual is available to those teach-
ing the course. Instructors can use it as a reference or
provide selected solutions to their students. The solutions
manual makes it much easier for an instructor to guide an
independent-study student. Information about the solutions
manual is available at the book’s website.

Chapter 1 reviews mechanics. Translational and rota-
tional equilibrium are introduced, with the forces in the heel
and hip joint as clinical examples. Stress and strain, hy-
drostatics, incompressible viscous flow, and the Poiseuille—
Bernoulli equation are discussed, with examples from the
circulatory system. The chapter concludes with a discussion
of Reynolds number.

Chapter 2 is essential to nearly every other chapter in
the book. It discusses exponential growth and decay and
gives examples from pharmacology and physiology (includ-
ing clearance). The logistic equation is discussed. Students
are also shown how to use semilog and log—log plots and to
determine power-law coefficients using a spreadsheet. The
chapter concludes with a brief discussion of scaling.
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Chapter 3 is a condensed treatment of statistical physics:
average quantities, probability, thermal equilibrium, entropy,
and the first and second laws of thermodynamics. Topics
treated include the following: the Boltzmann factor and its
corollary, the Nernst equation; the principle of equipartition
of energy; the chemical potential; the general thermody-
namic relationship; the Gibbs free energy; and the chemical
potential of a solution. You can plow through this chapter if
you are a slave to thoroughness, touch on the highlights, or
use it as a reference as the topics are needed in later chapters.

Chapter 4 treats diffusion and transport of solute in an in-
finite medium. Fick’s first and second laws of diffusion are
developed. Steady-state solutions in one, two, and three di-
mensions are described. An important model is a spherical
cell with pores providing transport through the cell mem-
brane. It is shown that only a small number of pores are
required to keep up with the rate of diffusion toward or away
from the cell, so there is plenty of room on the cell surface
for many different kinds of pores and receptor sites. The
combination of diffusion and drift (or solvent drag) is also
discussed. Finally, a simple random-walk model of diffusion
is introduced.

Chapter 5 discusses transport of fluid and neutral so-
lutes through a membrane. This might be a cell membrane,
the basement membrane in the glomerulus of the kidney,
or a capillary wall. The phenomenological transport equa-
tions including osmotic pressure are introduced as the first
(linear) approximation to describe these flows. Countercur-
rent transport is described. Finally, a hydrodynamic model
is developed for right-cylindrical pores. This model provides
expressions for the phenomenological coefficients in terms
of the pore radius and length. It is also used to calculate the
net force on the membrane when there is flow.

After reviewing the electric field, electric potential, and
circuits, Chap. 6 describes the electrochemical changes that
cause an impulse to travel along a nerve axon or along a
muscle fiber before contraction. Two models are considered:
electrotonus (when the membrane obeys Ohm’s law) and
the Hodgkin—Huxley model (when the membrane is nonlin-
ear). Saltatory conduction in myelinated fibers is described.
The dielectric properties of the membrane are modeled in
terms of its molecular structure. Some simple changes to the
membrane conductivity give rise to a periodically repeating
action potential. Finally, a general relationship is developed
between diffusive transport, resistance, and capacitance for a
given geometry.

Chapter 7 shows how an electric potential is generated in
the medium surrounding a nerve or muscle cell. This leads
to the current dipole model for the electrocardiogram. The
model is refined to account for the anisotropy of the elec-
trical conductivity of the heart. We then discuss electrical
stimulation, which is important for pacemakers, stimulating

nerve and muscle cells, and defibrillation. Finally, the model
is extended to the electroencephalogram.

Chapter 8 shows how the currents in a conducting nerve
or muscle cell generate a magnetic field, leading to the mag-
netocardiogram and the magnetoencephalogram. Some bac-
teria and higher organisms contain magnetic particles used
for determining spatial orientation in the earth’s magnetic
field. The mechanism by which these bacteria are oriented
is described. The detection of weak magnetic fields and the
use of changing magnetic fields to stimulate nerve or muscle
cells are also discussed.

Chapter 9 covers a number of topics at the cellular and
membrane level. It begins with Donnan equilibrium, where
the presence of an impermeant ion on only one side of
a membrane leads to the buildup of a potential difference
across the membrane, and the Gouy—Chapman model for
how ions redistribute near the membrane to generate this
potential difference. The Debye—Hiickel model is a sim-
ple description of the neutralization of ions by surrounding
counterions. The Nernst—Planck equation provides the basic
model for describing combined diffusion and drift in an ap-
plied electric field. It also forms the basis for the Goldman—
Hodgkin—Katz model for zero total current in a membrane
with a constant electric field. Gated membrane channels are
then discussed. Noise is inescapable in all signalling situa-
tions. After developing the basic properties of shot noise and
Johnson noise, we show how a properly adapted shark can
detect very weak electric fields with a reasonable signal-to-
noise ratio. The chapter concludes with a discussion of the
basic physical principles that must be kept in mind when as-
sessing the possibility of biological effects of weak electric
and magnetic fields.

Chapter 10 describes feedback systems in the body. It
starts with the regulation of breathing rate to stabilize the
carbon dioxide level in the blood, moves to linear feedback
systems with one and two time constants, and then to non-
linear models. We show how nonlinear systems described
by simple difference equations can exhibit chaotic behavior,
and how chaotic behavior can arise in continuous systems as
well. Examples of feedback systems include Cheyne—Stokes
respiration, heat stroke, pupil size, oscillating white-blood-
cell counts, waves in excitable media, and period doubling
and chaos in the heart.

Chapter 11 shows how the method of least squares under-
lies several important techniques for analyzing data. These
range from simple curve fitting to discrete and continuous
Fourier series, power spectra, correlation functions, and the
Fourier transform. We then describe the frequency response
of a linear system and the frequency spectrum of noise. We
conclude with a brief discussion of testing data for chaotic
behavior and the important concept of stochastic resonance.
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Armed with the tools of the previous chapter, we turn to
images in Chap. 12. Images are analyzed from the stand-
point of linear systems and convolution. This leads to the
use of Fourier analysis to describe the spatial frequencies in
an image and the reconstruction of an image from its projec-
tions. Both Fourier techniques and filtered back projection
are discussed.

Chapter 13 analyzes sound, hearing, and medical ultra-
sound. The wave equation is derived, and the wave speed and
acoustic impedance are related to the tissue properties. The
structure and function of the ear is described. Finally, meth-
ods for ultrasonic imaging are discussed, including pulse
echo techniques and Doppler imaging.

Chapter 14 discusses the visible, infrared, and ultraviolet
regions of the electromagnetic spectrum. The scattering and
absorption cross sections are introduced and are used here
and in the next three chapters. We then describe the diffusion
model for photon transport in turbid media. Thermal radi-
ation emitted by the body can be detected; the emission of
thermal radiation by the sun includes ultraviolet light, which
injures skin. Protection from ultraviolet light is both possible
and prudent. The definitions of various radiometric quantities
have varied from one field of research to another. We present
a coherent description of radiometric, photometric, and acti-
nometric definitions. We then turn to the eye, showing how
spectacle lenses are used to correct errors of refraction. The
chapter closes with a description of the quantum limitations
to dark-adapted vision.

Chapter 15, like Chap. 3, has few biological examples but
sets the stage for later work. It describes how photons and
ionizing charged particles such as electrons lose energy in
traversing matter. These interaction mechanisms, both in the
body and in the detector, are fundamental to the formation
of a radiographic image and to the use of radiation to treat
cancer.

Chapter 16 describes the use of x rays for medical diag-
nosis and treatment. It moves from production to detection,
to the diagnostic radiograph. We discuss image quality and
noise, followed by angiography, mammography, fluoroscopy,
and computed tomography. After briefly reviewing radio-
biology, we discuss therapy and dose measurement. The
chapter closes with a section on the risks from radiation.

Chapter 17 introduces nuclear physics and nuclear
medicine. The different kinds of radioactive decay are de-
scribed. Dose calculations are made using the fractional
absorbed dose method recommended by the Medical Inter-
nal Radiation Dose Committee of the Society of Nuclear
Medicine and Molecular Imaging. Auger electrons can mag-
nify the dose delivered to a cell or to DNA. This can poten-
tially provide new methods of treatment. Diagnostic imaging
includes single photon emission tomography and positron
emission tomography. Therapies include brachytherapy and
internal radiotherapy. A section on the nuclear physics of
radon closes the chapter.

Chapter 18 develops the physics of magnetic resonance
imaging (MRI). We show how the basic pulse sequences are
formed and used for slice selection, readout, image recon-
struction, and to manipulate image contrast. We close with
chemical shift imaging, flow effects, functional MRI, and
diffusion and diffusion tensor MRI.

Biophysics is a very broad subject. Nearly every branch
of physics has something to contribute, and the boundaries
between physics and engineering are blurred. Each chapter
could be much longer; we have attempted to provide the es-
sential physical tools. Molecular biophysics has been almost
completely ignored: excellent texts already exist, and this is
not our area of expertise. This book has become long enough.

We would appreciate receiving any corrections or sugges-
tions for improving the book.

Finally, thanks to our long-suffering families. We never
understood what these common words really mean, nor the
depth of our indebtedness, until we wrote the book.

Russell K. Hobbie

Professor of Physics Emeritus, University of Minnesota
(hobbie @umn.edu)

Bradley J. Roth

Professor of Physics, Oakland University
(roth@oakland.edu)
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Mechanics

This chapter introduces some concepts from mechanics that
are of biological or medical interest. We begin with a discus-
sion of sizes important in biology. Then we turn to the forces
on an object that is in equilibrium and calculate the forces
experienced by various bones and muscles. In Sect. 1.9, we
introduce the concept of mechanical work, which will recur
throughout the book. The next two sections describe how
materials deform when forces act on them. Sections 1.12
through 1.16 discuss the forces in stationary and moving flu-
ids. These concepts are then applied to laminar viscous flow
in a pipe, which is a model for the flow of blood and the flow
of fluid through pores in cell membranes. The chapter ends
with a discussion of the circulatory system.

1.1 Distances and Sizes
In biology and medicine, we study objects that span a
wide range of sizes: from giant redwood trees to individual
molecules. Therefore, we begin with a brief discussion of
length scales. The basic unit of length in the metric system!
is the meter (m): about the height of a 3-year-old child. For
objects much larger or smaller than a meter, we add a prefix
as shown in Table 1.1. For example, a kilometer is formed
by adding the prefix “kilo,” which means times one thou-
sand (103 m = 1 km). Living organisms rarely, if ever, reach
asize of 1 km; the tallest trees are about 0.1 km (100 m) high.
A few animals (whales, dinosaurs) reach the size of tens of
meters, but most organisms are a few meters or less in size.
The diversity of life becomes more obvious as we move
down to smaller length scales. One one-hundredth of a me-
ter is called a centimeter (1 cm = 1072 m). The centimeter

! The metric system is officially called the SI system (systeme in-
ternationale). It used to be called the MKS (meter kilogram second)
system.

R. K. Hobbie, B. J. Roth, Intermediate Physics for Medicine and Biology,

Table 1.1 Common prefixes used in the metric system

Prefix Abbreviation Multiply by
tera T 1012
giga G 10°
mega M 100
kilo  k 103
milli m 1073
micro p 1076
nano n 1079
pico p 10712
femto f 1013
atto a 1018

is still common in the medical literature, although it is go-
ing out of style among metric purists who prefer to use only
prefixes that are factors of 1000.> One one-thousandth of a
meter is a millimeter (1 mm = 103 m), about the thickness
of a dime. We can still see objects of this size, but we cannot
study their detailed structure with the unaided eye.

The microscope enables us to study objects many times
smaller than 1 mm. The natural unit for measuring such
objects is 107® m or 107> mm, called a micrometer
(1 pm = 10"% m). The nickname for the micrometer is the
“micron.” Figure 1.1 shows the relative sizes of objects in
the range of 1 mm-1 pm and encompasses the length scale
of cell biology. Many small structures of our body are this
size. For instance, our lungs consist of a branching net-
work of tubes through which air flows. These tubes end in
small, nearly spherical air sacs called alveoli (Fig. 1.1b).
Each alveolus has a diameter of about 250 wm, and this
size is set by the diffusion properties of air (Chap. 4). Proto-
zoans are a type of small one-celled animal. A paramecium
is a protozoan about 250 um long (Fig. 1.1a). The cells in
multicellular animals tend to be somewhat smaller than pro-
tozoans. For instance, the mammalian cardiac cell (a muscle
cell found in the heart, Chap. 7) shown in Fig. 1.1c is about

2 We find that restricting ourselves to prefixes that are a multiple of
1000 makes it easier to remember relative sizes.

DOI 10.1007/978-3-319-12682-1_1, © Springer International Publishing Switzerland 2015
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100 um

Fig.1.1 Objects ranging in size from 1 mm down to 1 um. a A parame-
cium. b An alveolus (air sac in the lung). ¢ A cardiac cell. d Red blood
cells. e Escherichia coli bacteria

100-pum long and 20 pm in diameter. Nerve cells have a long
fiber-like extension called an axon. Axons come in a vari-
ety of sizes, from 1-pum diameter up to tens of microns. The
squid contains a giant axon nearly 1 mm in diameter. This
axon plays an important role in our understanding of how
nerves work (Chap. 6). Our red blood cells (erythrocytes)
carry oxygen to all parts of our body. (Actually, red blood
cells are not true cells at all, but rather “corpuscles”). Red
blood cells are disk-shaped, with a diameter of about 8 um
and a thickness of 2 um (Fig. 1.1d). Blood flows through
a branching network of vessels (Sect. 1.19), the smallest
of which are capillaries. Each capillary has a diameter of
about 8 wm, meaning that the red blood cells can barely pass
through it single-file.

One valuable skill in physics is the ability to make order-
of-magnitude estimates, meaning to calculate something ap-
proximately right. For instance, suppose we want to calculate
the number of cells in the body. This is a difficult calculation,
because cells come in all sizes and shapes. But for some pur-
poses we only need an approximate answer (say, within a fac-
tor of ten). For example: cells are roughly 10 um in size, so
their volume is about (10 um)?, or (10x 1079)3 = 10~ m3.
An adult is roughly 2 m tall and about 0.3 m wide, so our
volume is about 2 m x 0.3 m x 0.3 m, or 0.18 m3. We are
made up almost entirely of cells, so the number of cells in our
body is about (0.18 m3)/(10_15 m3), or roughly 2 x 104,
Some problems at the end of the chapter ask you to make
similar order-of-magnitude calculations.

Most cells are larger than a few microns. But many cells
(called eukaryotes) are complex structures that contain or-
ganelles about this size. Mitochondria, organelles where
many of the chemical processes providing cells with en-
ergy take place, are typically about 2 um long. Protoplasts,

a ©

100 nm

Fig. 1.2 Objects ranging in size from 1 um down to 1 nm. a The hu-
man immunodeficiency virus (HIV). b Hemoglobin molecules. ¢ A cell
membrane. d A DNA molecule. e Glucose molecules

organelles found in plant cells where photosynthesis changes
light energy to chemical energy, are also about 2 um long.

The simplest cells are called prokaryotes and contain
no subcellular structures. Bacteria are the most common
prokaryotic cells. The bacterium E. coli is about 2 um long
(Fig. 1.1e), and has been studied extensively.

To examine structures smaller than bacteria, we must
measure lengths that are smaller than a micron. One-
thousandth of a micron is called a nanometer (1 nm =
10~% m). Figure 1.2 shows objects having lengths from 1 nm
to I um. E. coli, which seemed so tiny compared to cells in
Fig. 1.1, are giants on the nanometer length scale, being 20
times longer than the 100-nm scale bar in Fig. 1.2. Viruses
are tiny packets of genetic material encased in protein. On
their own they are incapable of metabolism or reproduction,
so some scientists do not even consider them as living or-
ganisms. Yet, they can infect a cell and take control of its
metabolic and reproductive functions. The length scale of
viruses is one-tenth of a micron, or 100 nm. For instance, The
human immunodeficiency virus (HIV), the virus that causes
AIDS, is roughly spherical with a diameter of about 120 nm
(Fig. 1.2a). Some viruses, called bacteriophages, infect and
destroy bacteria. Most viruses are too small to see in a light
microscope. The resolution of a microscope is limited by
the wavelength of light, which is about 500 nm (Chap. 14).
Thus, with a microscope we can study cells in detail, we can
see bacteria without much resolution, and we can barely see
viruses, if we can see them at all.

Below 100 nm, we enter the world of individual
molecules. Proteins are large, complex macromolecules that
are vitally important for life. For example, hemoglobin is the
protein in red blood cells that binds to and carries oxygen.
Hemoglobin is roughly spherical, about 6 nm in diameter
(Fig. 1.2b). Many biological functions occur in the cell mem-
brane (see Chap. 5). Membranes are made up of layers of
lipid (fat), often with proteins and other molecules embedded
in them (Fig. 1.2c). A typical cell membrane is about 10 nm
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Table 1.2 Approximate sizes of biological objects

Object Size
Protozoa 100 pum
Cells 10 pm
Bacteria 1 um
Viruses 100 nm
Macromolecules 10 nm
Molecules 1 nm
Atoms 100 pm

thick. The molecule adenosine triphosphate (ATP), crucial
for energy production and distribution in cells, is about
2 nm long (Chap. 3). Chemical energy is stored in molecules
called carbohydrates. A common (and relatively small) car-
bohydrate is glucose (C¢H120g), which is about 1 nm long
(Fig. 1.2e). Genetic information is stored in long, helical
strands of deoxyribonucleic acid (DNA). DNA is about 2.5
nm wide, and the helix completes a turn every 3.4 nm along
its length (Fig. 1.2d).

At the 1-nm scale and below, we reach the world of small
molecules and individual atoms. Water is the most common
molecule in our body. It consists of two atoms of hydrogen
and one of oxygen. The distance between adjacent atoms
in water is about 0.1 nm. The distance 0.1 nm (100 pm) is
used so much at atomic length scales that it has earned a
nickname: the angstrom (A). Like the centimeter, this unit is
going out of fashion as the use of nanometer becomes more
common. Individual atoms have diameters of 100 or 200 pm.

Below the level of 100 pm, we leave the realm of biol-
ogy and enter the world of subatomic physics. The nuclei of
atoms (Chap. 17) are very small, and their sizes are measured
in femtometers (1 fm = 1015 m).

One cannot possibly memorize the size of all biological
objects: there are simply too many. The best one can do is
remember a few mileposts along the way. Table 1.2 contains
arough guide to how large a few important biological objects
are. Think of these as rules of thumb. Given the diversity of
life, one can certainly find exceptions to these rules, but if
you memorize Table 1.2 you will have a rough framework
to organize your thinking about size. To examine the relative
sizes of objects in more detail, see Morrison et al. (1994) or
Goodsell (2009).

1.2 Models

Throughout this book we construct mathematical models of
physical and biological systems. We start with general prin-
ciples such as Newton’s laws and apply them to a simplified
model such as the leg in Fig. 1.3. The forces acting on the
leg are much more complicated, but we model them with just
three forces.

(b)

Fig. 1.3 Forces on the leg in equilibrium. Each force is exerted by
some other object. a The points of application are widely separated. b
The sum of the forces is zero

Biologists and physicists tend to make models differently
(Blagoev et al. 2013). Biologists are used to dealing with
complexity and diversity in biological systems. Physicists
seek to explain as many phenomena with as few overar-
ching principles as possible. Modeling a process is second
nature to physicists. They willingly ignore some features of
the biological system while seeking these principles. It takes
experience and practice to decide what can be simplified and
what can not.

A model incorporates some biological information, such
as the ion currents in the Hodgkin—Huxley model (Chap. 6).
The HH model can be extended by incorporating more ions
and ion permeabilities measured in different nerves and
muscles and other species. In other cases, the model has
no specific details about the physiologic process, but cap-
tures an important feature in simplified form, that may have
widespread applicability. We call this a toy model. The radial
isochron clock (page 281) is a good example.

In many cases, simple models are developed in the home-
work problems at the end of each chapter. Working these
problems will provide practice in the art of modeling.

1.3 Forces and Translational Equilibrium

There are several ways that we could introduce the idea of
force, depending on the problem at hand and our philosoph-
ical bent. For our present purposes, it will suffice to say that
a force is a push or a pull, that forces have both a magni-
tude and a direction, and that they give rise to accelerations
through Newton’s second law, F = ma. Experiments show
that forces add like displacements, so they can be represented
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by vectors. (Some of the properties of vectors are reviewed in
Appendix B; others are introduced as needed.) Vectors will
be denoted by boldfaced characters. The force is measured
in newtons (N). A newton is a kgm s2.

One finds experimentally that an object is in translational
equilibrium if the vector sum of all the forces acting on
the body is zero. Equilibrium means that the object either
remains at rest or continues to move with a constant veloc-
ity. That is, it is not accelerated. Translational means that
only changes of position are being considered; changes of
orientation of the object with respect to the axes are ignored.

We must consider all the forces that act on the object. If
the object is a person standing on both feet, the forces are
the upward force of the floor on each foot and the downward
force of gravity on the person (more accurately, the vector
sum of the gravitational force on every cell in the person).
We do not consider the downward force that the person’s feet
exert on the floor. It is also possible to replace the sum of
the gravitational force on each cell of the body with a single
downward gravitational force acting at one point, the center
of gravity of the body.

The forces that add to zero to give translational equilib-
rium need not all act at one point on the object. If the object
is a person’s leg and the leg is at rest, there are three forces
exerted on the leg by other objects (Fig. 1.3). Force F is the
push of the floor up on the bottom of the foot. The various
pushes and pulls of the rest of the body on the leg through the
hip joint and surrounding muscles have been added together
to give Fy. The gravitational pull of the earth downward on
the leg is F3. Force F| acts on the bottom of the leg, F» acts
on the top, and F3 acts somewhere in between. If the leg is
in equilibrium the sum of these forces is zero, as shown in
Fig. 1.3b. Although the points of application of the forces
can be ignored in considering translational equilibrium, they
are important in determining whether or not the object is in
rotational equilibrium. This is discussed shortly.

The Greek letter X (capital sigma) is usually used to
mean a sum of things. With this notation, the condition for
translational equilibrium can be written as

ZFi =0.
i

The subscript i is used to label the different forces acting on
the body. A notation this compact has a lot hidden in it. This
is a vector equation, standing for three equations:

D Fi=0,
i

(1.1)

(1.2)

D Fiy=0,
i

> F=0.
i

FAR
w w
ot/ \lw
(a) (b)

Fig. 1.4 A person standing. a The forces on the person. b A free-body
or force diagram

Often the subscript i is omitted and the equations are written
as » Fy =0,> Fy =0,and >’ F, = 0. In this notation, a
component is positive if it points along the positive axis and
negative if it points the other way.

Sometimes, as in the next example, we draw forces in
particular directions and assume that these directions are pos-
itive. If the subsequent algebra happens to give a solution that
is negative, the force points opposite the direction assumed.

As an example, consider a person standing on both feet
as in Fig. 1.4. The earth pulls down with force W. The floor
pushes up on the right foot with force F and on the left foot
with force F,. To determine what the condition for transla-
tional equilibrium tells us about the forces, draw the force
diagram or free-body diagram of Fig. 1.4b. This diagram is
an abstraction that ignores the points at which the forces are
applied to the body. We can get away with this abstraction be-
cause we are considering only translation. When we consider
rotational equilibrium, we will have to redraw the diagram
showing the points at which the various forces act on the
person. If all the forces are vertical, then there is only one
component of each force to worry about, and the equilibrium
condition gives F| + F» — W = 0 or F1 + F> = W. The total
force of the floor pushing up on both feet is equal to the pull
of the earth down.

If there is a sideways force on each foot, translational
equilibrium provides two conditions: Fi, + F>, = 0 and
Fiy + F2y — W =0.

This is all that can be learned from the condition for trans-
lational equilibrium. If the person stands on one foot, then
F1 = 0and F> = W. If the person stands with equal force
on each foot, then F1 = F, = W/2.

1.4 Rotational Equilibrium

If the object is in rotational equilibrium, then another condi-
tion must be placed upon the forces. Rotational equilibrium
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Fig. 1.5 A rigid rod free to rotate about a pivot at point X

means that the object either does not rotate or continues to
rotate at a constant rate (with a constant number of rotations
per second). Consider the object of Fig. 1.5, which is a rigid
rod pivoted at point X so that it can rotate in the plane of
the paper. Forces Fy and F, are applied to the rod in the
plane of the paper at distances r; and r, from the pivot and
perpendicular to the rod. The pivot exerts the force Fz on
the rod needed to maintain translational equilibrium. If both
F| and F; are perpendicular to the rod, they are parallel to
each other. They must also be parallel to F3, and translational
equilibrium requires that F3 = F| + F».

Experiment shows that there is no rotation of the rod
if Fir; = F>oro. The condition for rotational equilibrium
can be stated in a form analogous to that for translational
equilibrium if we define the forgue, t, to be

T = r,-F,-. (1.3)
With this definition goes an algebraic sign convention: the
torque is positive if it tends to produce a counterclockwise
rotation. The rod is in rotational equilibrium if the algebraic
sum of all the torques is zero:

Zl’,’ = Zr,'F,‘ =0.
i i

Note that F3 contributes nothing to the torque because r3 is
ZerO0.

The torque is defined about a certain point, X. It depends
on the distance from the point of application of each force
to X.3 As long as the object is in translational equilibrium,
the torque can be evaluated around any point. This theorem,
which we will not prove, often allows calculations to be sim-
plified, because taking torques about certain points can cause
some forces not to contribute to the torque equation.

The torque can also be calculated if the force is not at
right angles to the rod. Imagine an object free to rotate about
point O in Fig. 1.6. Force F lies in the plane of the paper but

(1.4)

3 The discussion associated with Fig. 1.5 suggests that torque is taken
about an axis, rather than a point. In a three-dimensional problem the
torque is taken about a point.

F,=Fsing

Fig. 1.6 A force F is applied to an object at point P. The object can
rotate about point O. Vectors r and F determine the plane of the paper

(o) (b)

Fig. 1.7 a When 6 is between 0 and 180 °, both sin 6 and the torque are
positive. b When 6 is between 180 and 360 °, both sin 6 and the torque
are negative

is applied in some arbitrary direction at point P. The vec-
tors r and F determine the plane of the paper if they are not
parallel. Force F can be resolved into two components: one
parallel to r, F|j = Fcos®, and the other perpendicular to
r, F| = Fsin@. The component parallel to r will not cause
any rotation about point O. (Pull on an open door parallel
to the plane of the door; there is no rotation.) The torque is
therefore

t=rF| =rFsinf. (1.5)

The perpendicular distance from the line along which the
force acts to point O is r sin 6. It is often called the moment
arm, and the torque is the magnitude of the force multiplied
by the moment arm.

The angle 6 is the angle of rotation from the direction of
r to the direction of F. It is called positive if the rotation is
counterclockwise. For the angle shown in Fig. 1.6, sin 6 has
a positive value, and the torque is positive. Figure 1.7a shows
an angle between 90 and 180 ° for which the torque and sin 6
are still positive. Figure 1.7b shows an angle between 180
and 360 °, for which both the torque and sin 6 are negative.
In all cases, Eq. 1.5 gives the correct sign for the torque.

To summarize: the torque due to force F applied to a body
at point P must be calculated about some point O. If r is
the vector from O to P, the magnitude of the torque is equal
to the magnitude of r times the magnitude of F times the
sine of the angle between r and F. The angle is measured
counterclockwise from r to F.
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Fig. 1.8 The cross product r x F is calculated by resolving r and F into
components

1.5 Vector Product

Torque can be thought of as a vector, . Its magnitude is
Frsin6. The only direction uniquely defined by vectors r
and F is perpendicular to the plane in which they lie. This
is also the direction of an axis about which the torque would
cause a rotation. However, there is ambiguity about which di-
rection along this line to assign to the torque. The convention
is to say that a positive torque points in the direction of the
thumb of the right hand when the fingers curl in the direction
of positive rotation from r to F.* When r and F point in the
same direction, so that no plane is defined, the magnitude of
the torque is zero.

The product of two vectors according to the foregoing
rules is called the cross product or vector product of the two
vectors. One can use a shorthand notation,

T=rxF. (1.6)

There is another way to write the cross product. If both r
and F are resolved into components, as shown in Fig. 1.8,
then the cross product can be calculated by applying the
rules above to the components. Since F, is perpendicular
to ry and parallel to ry, its only contribution is a coun-
terclockwise torque r, Fy. The only contribution from Fy
is a clockwise torque, —ry Fy. The magnitude of the cross

product is therefore
T =ryFy—ryFy. (1.7)

Note that this is the (signed) sum of each component of the
force multiplied by its moment arm.

4 This arbitrariness in assigning the sense of T means that it does not
have quite all the properties that vectors usually have. It is called an
axial vector or a pseudovector. It will not be necessary in this book to
worry about the difference between a real vector and an axial vector.

The equivalence of this result to Eq. 1.5 can be verified by
writing Eq. 1.7 as

T = (rcos B)(F sina) — (rsin B)(F cos «),

T =rF (sinacosf —cosasinf).

There is a trigonometric identity that
sin (o« — B) = sina cos B — cos & sin S.

Since 6§ = « — B (from Fig. 1.8), this is equivalent to 7 =
rFsin6.

When vectors r and F lie in the xy plane, T points
along the z axis. If r and F point in arbitrary directions,
Eq. 1.7 gives the z component of 7. One can apply the same
reasoning for other components and show that

Tx =1yl — 1. Fy,
Ty =1 Py — 1y Fy, (1.8)
T, =rxFy —ryFy.

If you are familiar with the rules for evaluating determinants,

you will see that this is equivalent to the notation,

X vy 1z
T= |71y 1y Ty (1.9)
F. F, F;

1.6 Forcein the Achilles Tendon

The equilibrium conditions can be used to understand many
problems in clinical orthopedics. Two are discussed in this
book: forces that sometimes cause the Achilles tendon at the
back of the heel to break, and forces in the hip joint.

The Achilles tendon connects the calf muscles (the gas-
trocnemius and the soleus) to the calcaneus at the back of the
heel (Fig. 1.9). To calculate the force exerted by this tendon
on the calcaneus when a person is standing on the ball of one
foot, assume that the entire foot can be regarded as a rigid
body. This is our first example of creating a model of the ac-
tual situation. We try to simplify the real situation to make
the calculation possible while keeping the features that are
important to what is happening. In this model, the internal
forces within the foot are being ignored.

Figure 1.10 shows the force exerted by the tendon on the
foot (Fr), the force of the leg bones (tibia and fibula) on the
foot (Fp), and the force of the floor upward, which is equal to
the weight of the body (W). The weight of the foot is small
compared to these forces and will be neglected. Measure-
ments on a few people suggest that the angle the Achilles
tendon makes with the vertical is about 7 °.
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This equation can be solved for the tension in the tendon:
10w
Fr = S6oosTS 1.8W. (1.12)
é This result can now be used in Eq. 1.10 to find Fp, =
“3 Fpcos6:
< (1.8)(W)(0.993) + W = Fpcosf,
2.8W = Fpcosb. (1.13)
From Egs. 1.10 and 1.12, we get
(1.8)(W)(0.122) = Fpsinb,
0.22W = Fpsin6. (1.14)

10 cm

Fig. 1.10 Forces on the foot, neglecting its own weight

Translational equilibrium requires that

Frcos(7°) + W — Fgcosf =0,
Frsin(7°) — Fgsin = 0.

(1.10)

To write the condition for rotational equilibrium, we need
to know the lengths of the appropriate vectors ry and ry,
assuming that the torques are taken about the point where
Fp is applied to the foot. In our simple model, we ignore
the contributions of the horizontal components of any forces
to the torque equation. This is not essential (if we are will-
ing to make more detailed measurements), but it simplifies
the equations and thereby makes the process clearer. The
horizontal distances measured by one of the authors are
rr = 5.6 cm and r = 10 cm, as shown in Fig. 1.10. The
torque equation is

10W —5.6Fr cos7° =0. (1.11)

Equations 1.13 and 1.14 are squared and summed and the
square root taken to give Fp = 2.8W, while they can be
divided to give

0=45°.

The tension in the Achilles tendon is nearly twice the per-
son’s weight, while the force exerted on the leg by the talus
is nearly three times the body weight. One can understand
why the tendon might rupture.

1.7 Forces on the Hip

The forces in the hip joint can be several times a per-
son’s weight, and the use of a cane can be very effective in
reducing them.

As a person walks, there are moments when only one foot
is on the ground. There are then two forces acting on the
body as a whole: the downward pull of the earth W and
the upward push of the ground on the foot N. The pull of
the earth may be regarded as acting at the center of gravity
of the body (Serway and Jewett 2013, p. 219). The center
of gravity is located on the midline (if the limbs are placed
symmetrically), usually in the lower abdomen (Williams and
Lissner 1962, Chap. 5.) If torques are taken about the foot,
then the center of gravity must be directly over the foot so
that there will be no torque from either force. This situa-
tion is shown in Fig. 1.11. The condition for translational
equilibrium requires that N = W.

The anatomy of the pelvis, hip, and leg is shown schemat-
ically in Fig. 1.12. Fourteen muscles and several ligaments
connect the pelvis to the femur. Extensive measurements of
the forces exerted by the abductor’ muscles in the hip have

3 To abduct means to move away from the midline of the body.
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Fig. 1.11 A person standing on one foot must place the foot under the
center of gravity, which is on or near the midline

been made by Inman (1947). If the leg is considered an
isolated system as in Fig. 1.12, the following forces act:

F: The net force of the abductor muscles, acting on
the greater trochanter. These muscles are primarily
the gluteus medius and gluteus minimus, shown as a
single band of muscle in Fig. 1.12.

R: The force of the acetabulum (the socket of the pelvis)
on the head of the femur.

N: The upward force of the floor on the bottom of the

foot (in this case, equal to W).

The weight of the leg, acting vertically downward at

the center of gravity of the leg. W, ~ W /7 (Williams

and Lissner 1962, Chap. 5).

WLZ

Inman found that F acts at about a 70° angle to the
horizontal. In a typical adult, the distance from the greater
trochanter to the midline is about 18 c¢m, the horizontal dis-
tance from the greater trochanter to the center of gravity of
the leg is about 10 cm, and the distance from the greater
trochanter to the middle of the head of the femur is about
7 cm.

A free body diagram is shown in Fig. 1.13. The middle
of the head of the femur will turn out to be very close to the
intersection of the line along which R acts and a horizon-
tal line drawn from the point where F acts. This means that
if torques are taken about this intersection point (point O),
there will be no contributions from R or from the horizontal
component of F. The intersection is about 7 cm toward the
midline from the point of application of F. Since N = W
and Wy ~ W/7, the equilibrium equations are

> Fy=Fsin(70°) — Ry = W/T+ W =0, (115

> Fy = Fcos(70°) — R, =0, (1.16)

Z‘L’ = —Fsin(70°)(7) —(W/T)(10—=T)+ W(18—=T7) = 0.

Head of fermur
fits in acetabulum
of pelvis

Greater
trochanter

Fermur

Center of gravity
of leg

Abduction

Fig. 1.12 Pertinent features of the anatomy of the leg

The last of these equations can be written as 11W — %W —
6.6F = 0, from which F = 1.6W. The magnitude of the
force in the abductor muscles is about 1.6 times the body
weight.

Equations 1.15 and 1.16 can now be used to find R, and
Ry:

R, = Fcos(70°) = (1.6W)(0.342) = 0.55W,

6
Ry = Fsin(70°)+?W = (1.6W)(0.94)4+-0.86W = 2.36W.
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Fig. 1.13 A free-body diagram of the forces acting on the leg. Torques
are taken about point O, which is the intersection of a line along which
R acts and a horizontal line through the point at which F is applied. This
point is 7 cm toward the midline (medially) from the greater trochanter

The angle that R makes with the vertical is given by

R
tang = — = 0.23,
Ry

¢ =13°.

The magnitude of Ris R = (R} + R})!/? =2.4W.

If the patient did not have to put the foot under the center
of gravity of the body, the moment arm of the only positive
torque, 11 W, could have been much less, and this would have
been balanced by a smaller value of F. This can be done by
having the patient use a cane on the opposite side, so that the
foot need not be right under the center of gravity. This will be
explored in the next section. Conversely, if the patient were

Fig. 1.15 X-ray of a slipped femoral epiphysis in an adolescent male.
(Courtesy of the Department of Diagnostic Radiology, University of
Minnesota)

carrying a suitcase in the opposite hand, the center of mass
would be moved away from the midline, the foot would still
have to be placed under the center of mass, and the moment
arm, and hence F', would be even larger (Problem 11).

One very interesting conclusion of Inman’s study was that
the force R always acts along the neck of the femur in such a
direction that the femoral epiphysis has very little sideways
force on it. The epiphysis is the growing portion of the bone
(Fig. 1.14) and is not very well attached to the rest of the
bone. If there were an appreciable sideways force, the epi-
physis would slip sideways, and indeed it sometimes does
(Fig. 1.15). This is a serious problem, since if the blood sup-
ply to the epiphysis is compromised, there will be no more
bone growth.
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Fig. 1.16 A person using a cane on the left side (front view) to favor
the right hip

Suppose that, for some reason, the gluteal muscles are
severed. The patient can no longer apply force F to the
greater trochanter; Eq. 1.16 shows that then R, must be zero.
This change in the direction of R causes a rotation of the
epiphyseal plate and a gradual reshaping of the femur.

1.8 The Use of a Cane

A cane is beneficial if used on the side opposite to the af-
fected hip (Fig. 1.16). We ignore the fact that the arm holding
the cane has moved, thereby shifting slightly the center of
mass, and we assume that the force of the ground on the cane
is vertical. If we assume that the tip of the cane is about 30 cm
(12 in.) from the midline and supports one-sixth of the body
weight, then we can apply the equilibrium conditions to learn
that N + %W —W=0,s0 N = SW. Torques taken about
the center of mass give (30)(%) — x(%)W =0,x=6cm.
(Figure 1.16 is not to scale.)

Having the foot 6 cm from the midline reduces the force
in the muscle and the joint. To find out how much, consider
the force diagram in Fig. 1.17. The most difficult part of
the problem is working out the various moment arms. As-
sume that the slight movement of the leg has not changed
the point about which we take torques (point O). Again, R
contributes no torque about this point. The horizontal dis-
tance of F from this point is still 7 cm. The force of the
ground on the leg is now 5W/6, and its moment arm is
18—6—7=35 cm. The weight of the leg, W/7, acts at the
center of mass of the leg, which is still % of the distance
from the greater trochanter to the foot. Its horizontal position
is therefore % of the horizontal distance from the greater
trochanter to the foot: (10)(12)/18 =6.67 cm. The moment
arm is 7—6.67 cm = 0.33 cm. The torque equation is

. W SW
— Fsin(70°)(7) + (7) (0.33) + (7) (5) = 0.

Fig. 1.17 A force diagram for the leg when a cane is being used and
the leg is 6 cm from the midline

It is solved by writing it as

—6.58F 4 0.047W +4.17W =0,
F =0.64W.

Even though the cane supports only one-sixth of the body
weight, F' has been reduced from 1.6W to 0.64W by the
change in the moment arm.

The force of the acetabulum on the head of the fe-
mur can be determined from the conditions for translational
equilibrium:

Fcos(70°) — R, =0,
R, =0.22W,

w 5
FSin(700)—Ry—7+gW=0,

R, = 1.29W.
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The resultant force R has magnitude (R2 + Ri)]/ 2 =
1.3W. This compares to the value 2.4W without the cane.
The force in the joint has been reduced by slightly more than
the body weight. It is interesting to read what an orthopedic
surgeon had to say about the use of a cane. The following is
from the presidential address of W. P. Blount, M.D., to the
Annual Meeting of the American Academy of Orthopedic
Surgeons, January 30, 1956:

The patient with a wise orthopedic surgeon walks with crutches
for six months after a fracture of the neck of the femur. He uses
a stick for a longer time—the wiser the doctor, the longer the
time. If his medical adviser, his physical therapist, his friends,
and his pride finally drive him to abandon the cane while he still
needs one, he limps. He limps in a subconscious effort to reduce
the strain on the weakened hip. If there is restricted motion, he
cannot shift his body weight, but he hurries to remove the weight
from the painful hip joint when his pride makes him reduce the
limp to a minimum. The excessive force pressing on the aging
hip takes its toll in producing degenerative changes. He should
not have thrown away the stick.

1.9 Work

So far this chapter has considered only those situations in
which a mass m is in equilibrium. If the total force on the
object is not zero, the object experiences an acceleration a
given by Newton’s second law:

F = ma.

The study of how forces produce accelerations is called dy-
namics. It is an extensive field that will be discussed only
briefly here.

Suppose the object moves along the x axis with velocity
vy. If it is subject to a force in the x direction Fy, it will be
accelerated, and the velocity will change according to F, =
ma, = m (dvy/dt). If Fyx is known as a function of time,
then this equation can be written as dv, = (1/m) Fy(t)dt,
and it can be integrated, at least numerically.

In this context it is useful to define the kinetic energy

I

Ey = S (1.17)
As long as F) acts, the object is accelerated and the kinetic
energy changes. We can gain some understanding of how it

changes by noting that

d (1 , . dvx_
mvs | = moy Frile Uy

1.18
dr \2 ( )

6 Quoted with permission from Blount (1956). Copyright © 1956 J
Bone Joint Surg. This article was first quoted to the physics community
by Benedek and Villars (1973)

Therefore F,v, is the rate at which the kinetic energy is
changing with time. It is called the power due to force Fy.
The units of kinetic energy are kg m?s~2 or joules (J); the
units of power are J s~1 or watts (W).

If v, and Fy are both positive, the acceleration in-
creases the object’s velocity, the kinetic energy increases,
and the power is positive. If v, and Fy are both negative,
vy decreases—becomes more negative—but the magnitude
of the velocity increases. The kinetic energy increases with
time, and the power is positive. If v, and F, point in opposite
directions, then the effect of the acceleration is to reduce the
magnitude of vy, the kinetic energy decreases, and the power
is negative.

Equation 1.18 can be written as

d (1 o\ _,dx
— | zmvi ) = Fx—.
dt \2 ~F “dt

Both sides of this equation can be integrated with respect to z:

2d (1 & d
/ — (—mvf) dt =/ Fo) S ar
nodr \2 f dt

The indefinite integral corresponding to the left-hand side is
the integral with respect to time of the derivative of %mv% and
is therefore %mv% If F is known not as a function of ¢ but as
a function of x, it is convenient to write the right-hand side as

X2
/ F.(x)dx =W.
X1

This quantity is called the work done by force F, on the
object as it moves from x; to x». The complete equation is
therefore

L L "
[Emvx:| - [Emvx:| =/ Fe(x)dx =W.
2 1 X1

The increase in kinetic energy of the body as it moves from
position 1 (at time 1) to position 2 (at time 2) is equal to the
work done on the body by the force Fy. The work done on
the body by force Fy is the area under the curve of F, versus
x, between points x1 and x,. This is shown in Fig. 1.18.

If several forces act on the body, then the acceleration is
given by Newton’s second law, where F is the foral force on
the body. The change in kinetic energy is therefore the work
done by the total force or the sum of the work done by each
individual force.

When the force and displacement vectors point in any
direction, the kinetic energy is defined to be

1 1
Ei = Emvz = zm(fu)% + vf +UZ2).

(1.19)

(1.20)

Differentiating this expression with respect to time shows
that the power is given by an extension of Eq. 1.18:
dE}

_dt = I'yUy —+ FyUy =+ FZ'UZ.
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Fig. 1.18 The work done by F, is the shaded area under the curve
between x| and x;

Fig. 1.19 Aligning the axes so that v is along the x axis and F in the
xy plane shows that an alternative expression for F - v is Fv cos6

This particular combination of vectors F and v is called the
scalar product or dot product. It is written as F - v.

There is another way to write the scalar product. If F and
v are not parallel, they define a plane. Align the x axis with
v so that vy and v, are zero, and choose the direction of y
so that F is in the xy plane (Fig. 1.19). Then it is easy to see
that F-v = Fyv, = Fvcosf, where 0 is the angle between
F and v.

To summarize, the power is

dEy
P=——=F-v=Fvcosd = Fyvy + Fyvy + Fyv,.

dt
(1.21)
Equation 1.21 can be integrated in the same manner as above
to obtain

AEk:/dex—i-/Fydy—i—/dez:/F~ds. (1.22)

This is the general expression for the work done by force F
on a point mass that undergoes displacement s.

Position of mark without F Position of mark when
”// F is applied
S

=1 }——¢
I

Fig. 1.20 A rod subject to a force F along it

\\\\I\ SARNK

1.10 Stress and Strain

Whenever a force acts on an object, it undergoes a change
of shape or deformation. Often these deformations can be ig-
nored, as they were in the previous sections. In other cases,
such as the contraction of a muscle, the expansion of the
lungs, or the propagation of a sound wave, the deforma-
tion is central to the problem and must be considered. This
book will not develop the properties of deformable bod-
ies extensively; nevertheless, deformable body mechanics is
important in many areas of biology (Fung 1993). We will de-
velop the subject only enough to be able to consider viscous
forces in fluids.

Consider a rod of cross-sectional area S. One end is an-
chored, and a force F is exerted on the other end parallel
to the rod (Fig. 1.20). Effects of weight will be ignored. A
surface force is transmitted across any surface defined by an
imaginary cut perpendicular to the axis of the rod. A surface
force is exerted by the substance to the right of the cut on
the substance to the left (and vice versa, in accordance with
Newton’s third law: when object A exerts a force on object
B, object B exerts an equal and opposite force on object A).
The surface force per unit area is called the stress. In this
case, when the surface is perpendicular to the axis of the rod
and the force is along the axis of the rod, it is called a normal
stress:

(1.23)

Sp= —.

S

In the general case there can also be a component of stress
parallel to the surface.

The strain €, is the fractional change in the length of the
rod:

Al
&=

If increasing stress is applied to a typical substance, the
strain increases linearly with the stress for small stresses.
Then it increases even more rapidly. At higher strains it
may be necessary to reduce the stress to maintain the same
strain. If the stress is not reduced, the rod elongates fur-
ther and breaks. Finally, at a high enough strain, the sample

(1.24)
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Strain (e,)
Stress (s,)

Stress (s,) - Strain (e,) i
(a) (b)

Fig. 1.21 A typical stress—strain relationship. On the left, stress is the
independent variable. On the right, strain is the independent variable.
Strain is usually used as the independent variable because it is often a
double-valued function of the stress

Table 1.3 Young’s modulus, tensile strength, and compressive
strength of various materials in pascal

Material E Tensile strength Compressive strength
Steel (approx.)* 20 x 100 50 x 107 -

Femur (wet)® 1.4 x 1010 8.3 x 107 1.8 x 107

Walnut® 0.8 x 10" 4.1 x 10’ 5.2 x 10’

American Institute of Physics Handbook (1957). New York, McGraw-
Hill, p. 2-70

bef. Kummer (1972)

Ccf. U.S. Department of Agriculture (1955)

breaks. This is plotted in Fig. 1.21. Because of the double-
valuedness of the strain as a function of stress, the strain is
usually plotted as the independent variable, as on the right in
Fig. 1.21.

In the linear region, the relationship between stress and
strain is written as

(1.25)

The proportionality constant E is called Young’s modulus.
Since the strain is dimensionless, E has the dimensions of
stress. Various units are N m~2 or pascal (Pa), dyncm™2, psi
(pound per square inch), and bar (1 bar= 14.5 psi= 10’
Pa= 10° dyncm™2).

If the stress is increased enough, the bar breaks. The value
of the stress when the bar breaks under tension is called the
tensile strength. The material will also rupture under com-
pressive stress; the rupture value is called the compressive
strength. Table 1.3 gives values of Young’s modulus, the ten-
sile strength, and the compressive strength for steel, long
bone (femur), and wood (walnut).

In some materials, the stress depends not only on the
strain, but on the rate at which the strain is produced. It may
take more stress to stretch the material rapidly than to stretch
it slowly, and more stress to stretch it than to maintain a fixed
strain. Such materials are called viscoelastic. They are often
important biologically but will not be discussed here (Fung
1993).

Still other materials exhibit hysteresis. The stress—strain
relationship is different when the material is being stretched
than when it is allowed to return to its unstretched state. This
difference is observed even if the strain is changed so slowly
that viscoelastic effects are unimportant.

sy = Ee¢y.

wim

Fig. 1.22 Shear stress and strain

1.11 Shear

In a shear stress, the force is parallel to the surface across
which it is transmitted.” In a shear strain, the deformation
increases as one moves in a direction perpendicular to the
deformation. An example of shear stress and strain is shown
in Fig. 1.22. The shear stress is

55 =

F (1.26)
S’ '

and the shear strain is

€y =

S (1.27)
- .

It is possible to define a shear modulus G analogous to
Young’s modulus when the shear strain is small:

sy = Ge,. (1.28)

1.12 Hydrostatics

We now turn to some topics in the mechanics of fluids that
will be useful for understanding several phenomena, includ-
ing the circulation and fluid movement through membranes
in Chap. 5. Hydrostatics is the description of fluids at rest. A
fluid is a substance that will not support a shear when it is at
rest. When the fluid is in motion, there can be a shear force
arising from viscosity.

7 This discussion of stress and strain has been made simpler than is of-
ten the case. In general, the force F across any surface is a vector. It
can be resolved into a component perpendicular to the surface and two
components parallel to the surface. One can speak of nine components
of Stress: Syx, Sxy, Sxz» Syxs Syy, Syz, Szx» Szy, 8zz. The first subscript de-
notes the direction of the force and the second denotes the normal to
the surface across which the force acts. Components sy, syy, and s;;
are normal stresses; the others are shear stresses. It can be shown that
Sxy = Syx, and so forth.
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Fig. 1.23 A volume element of fluid used to show that the pressure in
a fluid at rest is the same in all directions

pix,y,z+dz)
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plix,y,z)

Fig. 1.24 The fluid in volume dxdydz is in equilibrium

An immediate consequence of the definition of a fluid is
that when the fluid is at rest, all the stress is normal. The
normal stress is called the pressure. The pressure at any
point in the fluid is the same in all directions. This can be
demonstrated experimentally, and it can be derived from the
conditions for equilibrium. Consider the small volume of
fluid shown in Fig. 1.23. It has a length a perpendicular to
the page. This volume is in equilibrium. Since the fluid at
rest cannot support a shear, the pressure is perpendicular to
each face, and there is no other force across each face. To
prove this, assume that the pressures perpendicular to the
three faces can be different, and call them py, p», and p3. The
force exerted across face 1 is pjabsin6, acting downward.
The force across face 2 is ppabcos@, acting to the right.
Across face 3 it is p3ab, with vertical component p3ab sin 6
and horizontal component p3ab cos . The vertical compo-
nents sum to zero only if p;y = p3, while the horizontal
components sum to zero only if p» = p3. Since this result is
independent of the value of 6, the pressure must be the same
in every direction.

Next, consider how the pressure changes with position.
Suppose that p depends on the coordinates p = p(x, y, z)
and that the density of the fluid is p kg m™3. The only exter-
nal force acting is gravity in the direction of the —z axis. The
fluid in the volume dxdydz of Fig. 1.24 is in equilibrium. In

the y direction, there is a force to the right across the left-
hand face equal to p(x, y, z)dxdz and to the left across the
right-hand face equal to —p(x, y + dy, z)dxdz. These are
the only forces in the y direction, and their magnitudes must
be the same. Therefore, p does not change in the y direction.
A similar argument shows that p does not change in the x
direction. In the z direction there are three terms: the upward
force across the bottom face, the downward force across the
top face, and the pull of gravity. The weight of the fluid is
its mass (p dxdydz) times the gravitational acceleration g
(g =9.8m s~2). The three forces must add to zero:

p(x,y,z2)dxdy — p(x,y,z+dz)dxdy — pgdxdydz = 0.

For small changes in height, dz, it is possible to approxi-
mate® p(x, v, z +dz) by p(x, y, z) + (dp/dz) dz. With this
approximation, the equilibrium equation is

dp

dxdydz (—— - pg) =0.
dz

This equation can be satisfied only if
dp
dz

This is a differential equation for p(z). It is a particularly

simple one, since the right-hand side is constant if p and g
are constant: dp = —pgdz. Integrating this gives

/dp:—,og/dz,

P = —pgz+c.
The constant of integration is determined by knowing the
value of p for some value of z. If p = pg when z = 0,
then pg = ¢ and

—pg. (1.29)

P = po— pgz. (1.30)
With a constant gravitational force per unit volume acting
on the fluid, the pressure decreases linearly with increasing
height. The SI unit of pressure is N m~2 or pascal (Pa). The
density is expressed in kg m ™3, so that pg has units of Nm~—3
and pgz is in Nm™2. Pressures are often given as equivalent
values of z in some substance, for example, in millimeters
of mercury (torr) or centimeters of water. In such cases, the
value of z must be converted to an equivalent value of pgz
before calculations involving anything besides pressure are
done. The density of water is 1 gcm™ or 103 kgm™3. The
density of mercury is 13.6 x 10> kgm~3, so 1 torr = 133 Pa.
Another common unit for pressure is the atmosphere (atm),
equal to 1.01x 10 Pa. One atmosphere is approximately the
atmospheric pressure at sea level.

8 See Appendix D on Taylor series for a more complete discussion of
this approximation.
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1.13 Buoyancy

Buoyancy is important when an object is immersed in a fluid.
We are all familiar with buoyant effects when swimming;
they are also important in instruments such as the centrifuge.
Consider an object of density p immersed in a fluid of den-
sity pfuid- The net force on such an object is the sum of the
gravitational force and a force arising from the pressure gra-
dient in the fluid. To visualize this, consider a small object
with sides dx, dy, and dz. We have just seen that the pres-
sure on the bottom face is greater than the pressure on the
top face. Therefore, there is an upward force on the cube.
The total force on the object is then

d
F = (__p - pg) dxdydz.
dz

Since the pressure gradient in the fluid is —pquigg, the total
force is

F = (piuid — p) gV, (1.31)

where V is the volume of the object. The second term is the
object’s weight, directed downward. The first term is called
the buoyant force and is directed upward. The buoyant force
reduces the “effective weight” of the object and depends on
the difference of densities of the object and the surrounding
fluid.

Animals are made up primarily of water, so their den-
sity is approximately 10° kg m—3. The buoyant force depends
on the animal’s environment. Terrestrial animals live in air,
which has a density of 1.2 kg m™3. The buoyant force on
terrestrial animals is very small compared to their weight.
Aquatic animals live in water, and their density is almost
the same as the surrounding fluid. The buoyant force almost
cancels the weight, so the animal is essentially “weightless.”
Gravity plays a major role in the life of terrestrial animals,
but only a minor role for aquatic animals. Denny (1993) ex-
plores the differences between terrestrial and aquatic animals
in more detail.

1.14 Compressibility

Increasing the pressure on a fluid causes a deformation and a
decrease in volume. The compressibility k is defined as

AV
— = —KkAp.

o (1.32)

Since AV/V is dimensionless, « has the units of inverse
pressure, N"!' m? or Pa~!. In many liquids, the compress-
ibility is quite small (e.g., 5 x 107'°Pa~! for water), and
for many purposes, such as flow through pipes, compressibil-
ity can be ignored. Other effects, such as the transmission of

sound through a fluid, depend on deformation, and compress-
ibility cannot be ignored. The bulk modulus is the reciprocal
of the compressibility.

1.15 Diving

Air is easily compressible, so swimming at large depths can
be dangerous as the volume of the air in the lungs decreases.
One can swim safely for depths of tens of meters (several
atmospheres of pressure) using a self-contained underwa-
ter breathing apparatus (SCUBA). Compressed air tanks are
used to supply air to the lungs, and the pressure of the air is
adjusted to match the pressure of the surrounding water.

One physiological effect of breathing high-pressure air is
that nitrogen dissolves into the blood, which can lead to a
mental impairment known as nitrogen narcosis. Moreover, if
the swimmer returns rapidly to the surface after a long deep
dive, the lowered pressure allows the dissolved nitrogen to
form bubbles in the blood that block blood flow and cause
decompression sickness, often called “the bends” (Benedek
and Villars 2000). To avoid the bends, swimmers must return
to the surface slowly, or replace nitrogen by other gasses,
such as helium, that are less soluble in blood.

1.16 Viscosity

A fluid at rest does not support a shear. If the fluid is mov-
ing, a shear force can exist. At large velocities the flow of
the fluid is turbulent and may be difficult or impossible to
calculate. We will consider only those cases in which the ve-
locity is low enough so that the flow is smooth. This means
that particles of dye that are introduced into the fluid to mon-
itor its motion flow along smooth lines called streamlines. A
streamline is tangent to the velocity vector of the fluid at ev-
ery point along its path. There is no mixing of fluid across
streamlines; the flow is laminar (in layers). Laminar flow is
often used in rooms where dirt or bacterial contamination
is to be avoided, such as operating rooms or manufacturing
clean rooms. Clean air enters and passes through the room
without mixing. Any contaminants picked up are carried out
in the air.

A fluid can support a viscous shear stress if the shear
strain is changing. One way to create such a situation is to
immerse two parallel plates, each of area S, in the fluid,
and to move one parallel to the other as in Fig. 1.25. If
the fluid in contact with each plate sticks to the plate”,

9 This is called the “no-slip” boundary condition. There are exceptions.
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Fig. 1.25 Forces F and —F are needed to make the top plate move in
a viscous fluid while the bottom plate remains stationary. The velocity
profile is also shown

the fluid in contact with the lower plate is at rest and
that in contact with the upper plate moves with the same
velocity as the plate. Between the plates the fluid flows
parallel to the plates, with a speed that depends on po-
sition as shown in Fig. 1.25. The variation of veloc-
ity between the plates gives rise to a velocity gradient
dv,/dy. Note that this is the rate of change of the shear
strain.

In order to keep the top plate moving and the bottom one
stationary, it is necessary to exert a force of magnitude F on
each plate: to the right on the upper plate and to the left on
the lower plate. The resulting shear stress or force per unit
area is in many cases proportional to the velocity gradient:

F dvy

Ezndy'

(1.33)

Often this equation is written with a minus sign, in which
case F is the force of the fluid on the plate rather than the
plate on the fluid. The constant 5 is called the coefficient
of viscosity. The units of 1 are Nsm~2 or kgm™! s~! or
Pas. Older units are the dyncm™2 or poise, the centipoise,
and the micropoise. 1 poise = 0.1 Pa s. Water has a viscos-
ity of about 1073 Pas at room temperature. Equation 1.33
gives the force exerted by fluid above the plane at height y
on the fluid below the plane. In the case of the parallel plates,
the force from above on fluid in the slab between y and
y+dy is the same in magnitude as (and opposite in direction
to) the force exerted by the fluid below the slab. Therefore,
there is no net force on the fluid in the slab, and the fluid
moves with constant velocity. Fluids that are described by
Eq. 1.33 are called Newtonian fluids. Many fluids are not
Newtonian.

Since dv, /dy is the rate of change of the shear strain,
Egs. 1.27 and 1.33 can be written as

F deg
Sy = — =

s~ Tar

The rate of change of the shear strain is also called the shear
rate.

R
P 2nr Axmjdv /dr|
’ I
i S
— s e
@ p)r2 ) pix-+ax)mr? V
End View Side View Velocity Profile

Fig. 1.26 Longitudinal and transverse cross sections of the tube.
Newton’s first law is applied to the shaded volume

1.17 Viscous Flow in a Tube

Biological fluid dynamics is a well-developed area of study
(Lighthill 1975; Mazumdar 1992; Vogel 1994). External bio-
logical fluid dynamics is concerned with locomotion—from
single-celled organisms to swimming fish and flying birds.
Internal biological fluid dynamics deals with mass transport
within the organism. Two obvious examples are flow in the
airways and the flow of blood.

Consider laminar viscous flow of fluid through a pipe of
constant radius R, and length Ax. Ignore for now the grav-
itational force. The pressure at the left end of a segment
of pipe is p(x); at the right end it is p(x + Ax). For now
consider the special case in which none of the fluid is accel-
erated, so the total force on any volume element of the fluid
is zero. The velocity profile must be as shown in Fig. 1.26:
zero at the walls and a maximum at the center. Our problem
is to determine v(r).

Let us determine the forces acting on the shaded cylinder
of fluid of radius » shown in Fig. 1.26. Since gravity is ig-
nored, there are only three forces acting on the volume. The
fluid on the left exerts a force 72 p(x) acting to the right in
the direction of the positive x axis. The fluid on the right ex-
erts a force — 2 p(x+ Ax) (the minus sign because it points
to the left). The slower moving fluid outside the shaded re-
gion exerts a viscous drag force across the cylindrical surface
at radius r. The area of the surface is 2nrAx. The force
points to the left. Its magnitude is 2ntr Ax n |dv/dr|. Since
dv/dr is negative, we obtain the correct sign by writing it
as 2mr Ax 1 (dv/dr). Since the fluid is not accelerating, the
forces sum to zero:

Ttrz[p(x) — p(x + Ax)] 4+ 2nr Ax n (dv/dr) =0, (1.34)

which can be rearranged to give

dv _L(p(x—l—Ax)—p(x))_d_p r

— = —. (1.35)
dr 2n Ax dx 2n
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Fig. 1.27 Flow of fluid across the plane at B

This can be integrated:

1 (d
/dv:— @ /rdr,
2n \dx

I (dp\ »
=— (£ A.
v(r) 417(dx)r+

For flow to the right, dp/dx is negative. Therefore it is con-
venient to write Ap as the pressure drop from x to x + dx:
Ap = p(x) — p(x + Ax). Then the first term in Eq. 1.36
is —(1/4n)(Ap/Ax)r2. The constant of integration can be
determined assuming the “no-slip” boundary condition: the
velocity of the fluid immediately adjacent to a solid is the
same as the velocity of the solid itself. Because the wall is
at rest, the velocity of the fluid is zero at the wall (r = R)).
The final result is

(1.36)

v(r) = lﬁ

R, —r?).
47)Ax(p )

(1.37)

The total flow rate or volume flux or volume current i is the
volume of fluid per second moving through a cross section
of the tube. Its units are m> s~!. The volume fluence rate or
volume flux density'® or current density j, is the volume per
unit area per unit time across some small area in the tube.
The units of j, arem>s~ ! m™2 orms™".

In fact, j, is just the velocity of the fluid at that point. To
see this, consider the flow of an incompressible fluid during
time At. In Fig. 1.27, the fluid moves to the right with veloc-
ity v. At t = 0, the fluid just to the left of plane B crosses
the plane; at r = At, the fluid that was at A at t = 0 crosses
plane B. All the fluid between plane A and plane B crosses
plane B during the time interval Az. The volume fluence rate
is

. (volume transported)  SvAr

o= T areay(Gme) . SAr

(1.38)

It may seem unnecessarily confusing to call the fluence
rate or flux density j, instead of v; however, this notation
corresponds to a more general notation in which j means the
fluence rate or flux density of anything per unit area per unit

10 Some authors call j, the flux. The nomenclature used here is
consistent throughout the book.

time, and the subscript v, s, or g tells us whether it is the
fluence rate of volume, solute particles, or electric charge.

To find the volume current i, j, must be integrated
over the cross-sectional area of the pipe. The volume of
fluid crossing the washer-shaped area 2nrdr is j,2nrdr =
v27rdr. The total flux through the tube is

Rp
i=/ Jo(@)27tr dr,
0

21 A Rp
i = 2P (Rlz7 — r2) rdr.

- 1.39
47] AXx 0 ( )
To integrate this, let u = Rlz, — r2. Then du = —2rdr and
the integral is R;‘, /4. Therefore
R4 A
i=—_—_rZ2P (1.40)
8n Ax

is the flux of a viscous fluid through a pipe of radius R, due
to a pressure gradient (Ap/Ax) along the pipe. The depen-
dence of i on R;‘? means that small changes in diameter cause
large changes in flow.

This relationship was determined experimentally in pain-
staking detail by a French physician, Jean Leonard Marie
Poiseuille, in 1835. He wanted to understand the flow of
blood through capillaries. His work and knowledge of blood
circulation at that time have been described by Herrick
(1942).

As an example of the use of Eq. 1.40, consider a pore of
the following size, which might be found in the basement
membrane of the glomerulus of the kidney:

R, = 5nm,
Ap = 15.4torr,
n=14x10"kgm s, (14D
Ax = 50 nm.

It is first necessary to convert 15.4 torr to Pa using Eq. 1.30
and the value of p for mercury, 13.55x10% kg m~—3:

Ap = pgAz = (13.55 x 10%)(9.8)(15.4 x 107%)
=2.04 x 10° Pa.
Then Eq. 1.40 can be used:

.14 1072)4(2.04 x 103
'2(3 )(SX 0 ) ( 04 x 0)=7.2x10_21m3s_1.
(8)(1.4 x 10-3)(50 x 109)

Now consider the general case in which we have not only
viscosity, but the fluid may be accelerated and gravity is im-
portant. We continue to write Ap as the pressure drop and
consider four contributions, each of which will be discussed:

X2
Ap=pi—pr=— / (dp/dx) dx
X1

= Apyisc + Apgrav + Apaccell + Apaccel2- (1.42)
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Fig. 1.28 A pipe of circular cross section with radius and height
varying along the pipe

For simplicity, we restrict the derivation to an incom-
pressible fluid and a pipe of circular cross section where
the radius can change. Distance along the pipe is x, the ra-
dius of the pipe is R, (x), and the cross-sectional area is
Sx) = Tchz, (x). Gravitational force acts on the fluid, and
the height of the axis of the pipe above some reference plane
is z(x), as shown in Fig. 1.28.

Because the fluid is incompressible, the total current 7 is
independent of x. We define the average velocity by

i =0(x)S(x), (1.43)

SO

i

v(x) = 1 (1.44)

Sx)  mRI(x)
If the area decreases, the average velocity increases, and vice
versa. This is a special case of the continuity equation, which
is discussed further in Chap. 4.

Assume that changes in pipe radius occur slowly enough
so that the velocity profile remains parabolic at every point
in the pipe and that we can treat x as though it were distance
along the axis of the cylinder. We can use Eq. 1.37 to rewrite
the velocity profile as

e r? 2 1 r?
D= e | T e | TR |
(1.45)

The first term in Eq. 1.42 is the drop in pressure because of
viscous drag. We can rewrite Eq. 1.35 as

dpvisc . 2_77@
dx rodr’

Using Eq. 1.45, we can write

dpvisc _ 8ni
dx nR;‘,(x)'

(1.46)

We saw this earlier, solved for i in a pipe of constant radius,
as Eq. 1.40. The pressure drop is obtained by integration:

2 2 (dpyisc
Apyisc = _/ dpyisc = —/ —— ) dx (147
X1 X1 dx

_+8ni/x2 dx
7 )y RSO

To go further requires knowing R (x).
The next term pgray is the hydrostatic pressure change that
we saw in Eq. 1.30:

X2 dPor;
Apgrav = _/ dpgrav = _/ ﬂdz = pg(z2 — z21).
x

1 dZ

(1.48)
The last two terms of Eq. 1.42 are pressure differences re-
quired to accelerate the fluid. When the flow is steady—that
is, the velocity depends only on position, and the velocity at
a fixed position does not change with time—there can still be
an acceleration if the cross section of the pipe changes. The
third term, Apaccell, i the pressure drop required to cause
this acceleration. It can be derived as follows: Imagine a
streamline in the fluid. No fluid crosses the streamline. Con-
sider a small length of streamline ds and a small area d A per-
pendicular to it. Note that ds is a small displacement along a
streamline, while dx is along the axis of the pipe. The edge of
d A defines another set of streamlines that form a tube of flow,
and d Ads defines a small volume of fluid. Make ds and d A
small enough so that v is nearly the same at all points within
the volume. The mass of fluid in the volume is dm = pd Adss.
We ignore viscosity and gravity, so the only pressure differ-

ence is due to acceleration. The net force on the volume is

d
dF = -2 4saa. (1.49)
ds

This is equal to the mass times the acceleration dv/dt. The
acceleration of the fluid in the element is then

d
aw ar  —(F)dsaa g
dt  dm  pdsdA p\ds)’
We are considering only velocity changes that occur because

the fluid moves along a streamline to a different position.
We use the chain rule to write

i~ () (@)= (&)

Combining these gives

(1.50)

dpaccell

. dv
s P\as )

(1.51)
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This can be integrated along the streamline to give

52 (d X2 d
Apaccell = _/ (M) ds = +p/ v (_U) ds
51 ds X ds

2 2
_ pvy  pPY

5 > (1.52)

This is sometimes called the dynamic pressure.

The final term Apgccel2 is the pressure drop required to
accelerate the fluid between points 1 and 2 if the velocity of
the fluid at a fixed position is changing with time (unsteady
flow). This happens, for example, to blood that is accelerated
as it is ejected from the heart during systole. To derive this
term, again imagine a small length of streamline ds and a
small area dA perpendicular to it. In addition to ignoring
gravity and viscosity, we ignore changes in velocity because
of changes in cross section. There is acceleration only if the
velocity at a fixed location is changing. The acceleration is
dv/dt. The derivative is written with ds to signify the fact
that we are considering only changes in the velocity with
time that occur at a fixed position. The net force required to
accelerate this mass is provided by the pressure difference
Eq. 1.49:

ov v

dF = —dAdpaccer = dm (§> =p (E) dAds,

v

dPaccelz = —p (5) ds,

52 52 (v
ApaccelZ = — dpacce12 =P E ds. (153)
51 51

All of these effects can be summarized in the generalized

Bernoulli equation:
2 v 2 dpyisc
Pr—p2=Ap P/Sl Y s+/s1 ( s s

Apaccel2 Apyisc
2 2
pv oV
+2 = =L+ pg (22— 20). (1.54)
2 2 ~—
A Apgrav
Paccell

Equation 1.54 is valid for nonuniform viscous flow that
may be laminar or turbulent if the integral is taken along a
streamline (see, for example, Synolakis and Badeer 1989).

1.18 Pressure-Volume Work

An important example of work is that done in a biological
system when the volume of a container (such as the lungs or
the heart or a blood vessel) changes while the fluid within the
container is exerting a force on the walls.

—] S
3
(@

3 2

(b)

Fig.1.29 a A cylinder containing gas has a piston of area S at one end.
b The force exerted on the piston by the gas is balanced by an external
force if the piston is at rest

To deduce an expression for pressure—volume work, con-
sider a cylinder of gas fitted with a piston, Fig. 1.29a. If the
piston has area S, the gas exerts a force F, = pS on the pis-
ton. If no other force is exerted on the piston to restrain it, it
will be accelerated to the right and gain kinetic energy as the
gas does work on it:

(work done by gas) = Fedx = pSdx = pdV. (1.55)

If the piston is prevented from accelerating by an exter-
nal force F,, equal and opposite to that exerted by the gas
(Fig. 1.29b), then the external force does work on the piston:

(work done by external force) = — F.dx (1.56)

= —pSdx = —pdV,

which is the negative of the work done on the piston by the
expanding gas. The result is that the kinetic energy of the pis-
ton does not change. The gas does work on the surroundings
as it expands, increasing the energy of the surroundings; the
surroundings, through the external force, do negative work
on the gas; that is, they decrease the energy of the gas. (The
meaning of “energy of the gas” and “energy of the surround-
ings” is discussed in Chap. 3.) If the gas is compressed, the
situation is reversed: the surroundings do positive work on
the gas and the gas does negative work on the surroundings.

For a large change in volume from Vj to V>, the pressure
may change as the volume changes. In that case the work
done by the gas on the surroundings is

V2
Whoy gas = / pdV. (1.57)
Vi

This work is the shaded area in Fig. 1.30. If the gas is com-
pressed, the change in volume is negative and the work done
by the gas is negative.

Let us apply this model to the heart. Suppose that the left
ventricle of the heart contracts at constant pressure, so that
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Fig. 1.30 A plot of p versus V, showing the work done by the gas as
it expands

Fig. 1.31 A model of the thorax, lungs, and airways that can be used
to understand some features of breathing

it changes volume by AV = V, — V;. (Since V, < Vi, the
quantity AV is negative. A volume of blood —AV is ejected
into the aorta.) The work done by the heart wall on the blood
is —p AV and is positive, since AV is negative.

As another example of pressure—volume work, we can de-
velop a model to estimate the work necessary to breathe.
Consider the model of the lungs and airways shown in
Fig. 1.31. The pressure at the nose is the atmospheric pres-
sure p. In the alveoli (air sacs), the pressure is p,. If there
is no flow taking place, p, = p. For air to flow in, p, must
be less than p; for it to flow out, p, must be greater than at-
mospheric. The work done by the walls of the alveoli on the
gas in them is — | p, dV. The net value of this integral for
a respiratory cycle is positive. Perhaps the easiest way to see
this is to imagine an inspiration, in which the alveolar pres-
sure is p, = p — Ap and the volume change is AV. The
work done on the gas is —(p — Ap)AYV. This is followed
by an expiration at pressure p, = p + &p, for which the
work is —(p + 8p)(AV). The net work done on the gas is
(Ap + 8p)AV. The energy imparted to the gas shows up as
a mixture of heating because of frictional losses and kinetic
energy of the exhaled air.

Y

Fig. 1.32 A hypothetical plot of the pressure—volume relationship for
inhalation and exhalation

There is another mechanism by which work is done in
breathing. Refer again to Fig. 1.31. The pressure in the
chest cavity (thorax) is p;. (The pressure measured in mid-
esophagus is a good estimate of p;.) Because of contractile
forces in the lung tissue, p, > p;. The gas in the alveoli and
the fluid in the thorax both do work on the lung tissue. The
latter has opposite sign, since a positive displacement dx of
a portion of the alveolar wall is in the direction of the force
exerted by the alveolar gas but is opposite to the direction
of the force exerted by the thoracic fluid. The elastic recoil
pressure, multiplied by dV, gives the net work done by both
forces on the wall of the lung.

Figure 1.32 shows the elastic recoil pressure versus lung
volume. The elastic recoil pressure is the difference between
the pressure in the alveoli (air sacs) of the lung and the pres-
sure in the thorax just outside the lung. During inspiration
(curve AB), the elastic recoil pressure p, — p; is greater than
that during expiration (curve BC). The net work done on
the lung wall during the respiratory cycle goes into frictional
heating of the lung tissue.

1.19 The Human Circulatory System

The human circulatory system is responsible for pumping
blood and its life-sustaining nutrients to all parts of the body
(Vogel 1992). The circulatory system has two parts: the sys-
temic circulation and the pulmonary circulation, as shown in
Fig. 1.33. The left heart pumps blood into the systemic cir-
culation: organs, muscles, etc. The right heart pumps blood
through the lungs. As the heart beats, the pressure in the
blood leaving the heart rises and falls. The maximum pres-
sure during the cardiac cycle is the systolic pressure. The
minimum is the diastolic pressure. (A blood pressure reading
is in the form systolic/diastolic, measured in torr. A typical
blood pressure might be 110/70.)

A sphygmomanometer is used to measure blood pressure.
Air is pumped into a cuff placed around the forearm. The
applied pressure is measured using either a column of mer-
cury or a mechanical pressure transducer. The cuff is inflated
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Fig. 1.33 The human circulatory system. The subject is facing you, so
the left chambers of the heart are on the right in the picture. The left
heart pumps oxygenated blood (red), and the right heart pumps deoxy-
genated blood (black). (Reprinted from Guyton 1991 © Elsevier Inc.
Used with permission of Elsevier)

until flow in the brachial artery ceases. The cuff pressure is
then slowly reduced until flow returns during systole. The
flow can be detected by listening with a stethoscope for the
sounds associated with the starting and stopping of flow (Ko-
rotkoff sounds), or with a pulse oximeter (see page 392).
The cuff pressure is then further reduced until flow occurs
continuously throughout the cardiac cycle including diastole.

The blood flows from the aorta to several large arteries,
to medium-sized arteries, to small arteries, to arterioles, and
finally to the capillaries, where exchange with the tissues of
oxygen, carbon dioxide, and nutrients takes place. The blood
emerging from the capillaries is collected by venules, flows
into increasingly larger veins, and finally returns to the heart
through the vena cava.

At any given time, blood is flowing in only a fraction of
the capillaries. The state of flow in the capillaries is contin-
ually changing to provide the amount of oxygen required
by each organ. In skeletal muscle, terminal arterioles con-
strict and dilate to control distribution of blood to groups of
capillaries. In smooth muscle and skin, a precapillary sphinc-
ter muscle controls the flow to each capillary (Patton et al.

1989, p. 860). Since the blood is incompressible and is con-
served,!! the total volume flow i remains the same at all
generations of branching in the vascular tree. Table 1.4 shows
average values for the pressure and vessel sizes at different
generations of branching. Most of the pressure drop occurs
in the arterioles.

We define the vascular resistance R in a pipe or a segment
of the circulatory system as the ratio of pressure difference
across the pipe or segment to the flow through it:

Ap

R:f.
l

(1.58)

The units are Pam™3 s. Physiologists use the peripheral re-
sistance unit (PRU), which is torr ml~! min. For Poiseuille
flow, the resistance can be calculated from Eq. 1.40:

_ 8nAx
B TR} '

(1.59)

The resistance decreases rapidly as the radius of the vessel
increases.

If vessels of different diameters are connected in series
so that the flow i is the same through each one and the to-
tal pressure drop is the sum of the drops across each vessel,
then the total resistance is the sum of the resistances of each
vessel:

Rot=Ri+R+R3+---. (1.60)

If there is branching so that several vessels are in parallel
with the same pressure drop across each one, the total flow
through all the branches equals the flow in the vessel feeding
them. The total resistance is then given by

1 1 1 1

— .
Rot R Ry R3

(1.61)

For the most part, the capillaries are arranged in parallel.
Even though the resistance of an individual capillary is large
because of its small radius (Eq. 1.59), the resistance of the
capillaries as a whole is relatively small because there are so
many of them (see Problem 42).

The pressure in the left ventricle changes during the car-
diac cycle. It can be plotted versus time. It can also be plotted
versus ventricular volume, as in Fig. 1.34. The p—V relation-
ship moves counterclockwise around the curve during the
cycle. Filling occurs at nearly zero pressure until the ventricle
begins to distend when the volume exceeds 60 ml'?. There
is then a period of contraction at nearly constant volume

' This is not strictly true. Some fluid leaves the capillaries and returns
to the heart through the lymphatic system instead of the venous system.
See Chap. 5.

12 1 ml = 1073 liter(1) = 10~° m3.
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Table 1.4 Typical values for the average pressure at the entrance to each generation of the major branches of the cardiovascular tree, the average

blood volume in certain branches, and typical dimensions of the vessels

Location Average Blood Diameter” Length® Wall Avg. Reynolds
pressure (torr) volume? (mm) (mm) thickness® velocityb number
(ml) (mm) (ms™) at maximum

flow*®

Systemic circulation

Left atrium 5

Left ventricle 100

Aorta 100 156 20 500 2 0.48 9400

Arteries 95 608 4 500 1 0.45 1300

Arterioles 86 94 0.05 10 0.2 0.05

Capillaries 30 260 0.008 1 0.001 0.001

Venules 10 470 0.02 2 0.002 0.002

Veins 4 2682 5 25 0.5 0.01

Vena cava 3 125 30 500 1.5 0.38 3000

Right atrium 3

Pulmonary circulation

Right atrium 3

Right ventricle 25

Pulmonary artery 25 52

Arteries 20 91 7800

Arterioles 15 6

Capillaries 10 104

Veins 5 215 2200

Left atrium 5

4From Plonsey (1995)

YFrom Mazumdar (1992)

¢From Milnor (1989)

120 The work done in one cycle is the area enclosed by the curve.
100 For the curve shown, it is 6600 torr ml =0.88 J. At 80 beats
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Fig. 1.34 Pressure—volume relationship in the left ventricle. The curve
is traversed counterclockwise with increasing time. The stroke volume
is 100—35 = 65 ml. Systolic pressure is 118 torr, and diastolic pressure
is 70 torr. The ventricular pressure drops below diastolic while the pres-
sure in the arteries remains about 70 torr because the aortic valve is
closed and prevents back flow

that causes the ventricular pressure to rise until it exceeds
the (diastolic) pressure in the aorta, and the aortic valve
opens. The contraction continues, and the pressure rises fur-
ther, but the ventricular volume decreases as blood flows into
the aorta. The ventricle then relaxes. The aortic valve closes
when the ventricular pressure drops below that in the aorta.

per minute, the power is 1.2 W. In this drawing the stroke
volume is 100 — 35 = 65 ml, and the cardiac output is

i = (65 mlbeat”')(80beats/60s) = 87 x 10~ m> s~

1.20 Turbulent Flow and the Reynolds
Number

Many features of the circulation can be modeled by
Poiseuille flow. However, at least four effects—in addition
to those in Eq. 1.42—cause departures from Poiseuille flow:
(1) there may be turbulence; (2) there are departures from
a parabolic velocity profile; (3) the vessel walls are elastic;
and (4) the apparent viscosity depends on both the fraction
of the blood volume occupied by red cells and the size of the
vessel.

The importance of turbulence (nonlaminar flow) is de-
termined by a dimensionless number characteristic of the
system called the Reynolds number Ng. It is defined by

LV
Ng = _p,
n

(1.62)
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where L is a length characteristic of the problem, V a ve-
locity characteristic of the problem, p the density, and n
the viscosity of the fluid. When Ny is greater than a few
thousand, turbulence usually occurs.

The Reynolds number arises in the following way: If we
were to write Newton’s second law for a fluid (which we have
not done) in terms of dimensionless primed variables such as
r=r/L,v =v/V,andt =t/(L/V), we would find that
the equations depended on the properties of the fluid only
through the combination Nz (Mazumdar 1992, p. 14). With
appropriate scaling of dimensions and times, flows with the
same Reynolds number are identical.

There is ambiguity in defining the characteristic length
and the characteristic velocity. Should one use the radius or
the diameter of a tube? The maximum velocity or the av-
erage velocity? If one is solving the equations of motion,
one knows what values of L and V were used to transform
the equations. They are used to transform the solution back
to “real world” coordinates. However, if one is making a
statement such as “turbulence usually occurs for values of
Npg greater than a few thousand,” there is ambiguity. On
the other hand, the statement is not very precise. Some-
times an additional subscript is used to specify how Nr was
determined.

When Np, is large, inertial effects are important. External
forces accelerate the fluid. This happens when the density is
large and the viscosity is small. As the viscosity increases
(for fixed L, V, and p), the Reynolds number decreases.
When the Reynolds number is small, viscous effects are im-
portant. The fluid is not accelerated, and external forces that
cause the flow are balanced by viscous forces. Since vis-
cosity is a form of internal friction in the fluid, work done
on the system by the external forces is transformed into
thermal energy. The low-Reynolds-number regime is so dif-
ferent from our everyday experience that the effects often
seem counterintuitive. They are nicely described by Purcell
(1977).

Here is an example of an estimate expressed in terms of
the Reynolds number. A pressure difference Ap acts on a
segment of fluid of length Ax undergoing Poiseuille flow.
The difference between the force exerted on the segment of
fluid by the fluid “upstream” and that exerted by the fluid
“downstream” is TERIZ, Ap. If the average speed of the fluid
is v, then the net work done on the segment by the fluid up-
stream and downstream in time At is Wyise = JTRIZ, ApUAt.
Since the fluid is not accelerated, this work is converted
into thermal energy. We can solve Eq. 1.40 for Ap and use
Eq. 1.44 to write

Wyise = TR} Ap DAt = 8ymd” Ax At.

The kinetic energy of the moving fluid in a cylinder of length
DAL 1S
mv2  pR(WANT*  pmRI T At

E = = ,
k=7 2 2

and the ratio of the kinetic energy to the work done is

Ex _ PUR, 1 puR, 1
Wese  16nAx 166 7 168 ©

where we write Ax as §R,. This result shows that the ra-
tio of kinetic energy to viscous work is proportional to the
Reynolds number. Another example is given in the problems.

The behavior of a sphere moving through a fluid illus-
trates how flow behavior depends on Reynolds number. At
low Reynolds number, the viscous forces tend to make the
fluid stick to the sphere, creating a large amount of viscous
drag. This flow can be analyzed analytically (Schlichting and
Gersten 2000). The drag force is 65 Rv, where R is the sphere
radius, v is the speed of the sphere, and 7 is the viscosity,
a result known as Stokes’ law. At high Reynolds number,
Bernoulli’s equation (see Problem 36) tells us that high pres-
sure is associated with low fluid speeds, and low pressure is
associated with fast speeds. There is a region of high pres-
sure in front of and in back of the sphere (where speeds are
slow), and low pressure to either the left or right side (where
speeds are fast). At very high Reynolds number, viscosity is
small but still plays a role because of the no-slip boundary
condition at the sphere surface. A thin layer of fluid, called
the boundary layer, sticks to the solid surface, causing a
large velocity gradient and therefore significant viscous drag
(Schlichting and Gersten 2000). At extremely high Reynolds
number, the flow undergoes separation, where eddies and
turbulent flow occur downstream from the sphere, lowering
the pressure in the sphere’s wake, but they do not influence
the high pressure in front of the sphere. Thus, pressure drag
contributes to the total drag force, in addition to viscous drag.
Similarly, if we consider a nonsymmetrical object instead of
a sphere, we can make the flow speed and pressure differ
on the left and right sides of the object, resulting in lift: a
force perpendicular to the direction of the main fluid flow.
Vogel (1994) discusses the biological implications of high
Reynolds number flow, which is particularly important for
flying animals and large swimmers. However, many of the
biological fluid dynamics applications we will consider oc-
cur at low Reynolds number, where turbulence, separation,
pressure drag, and boundary layers are not important, and
Stokes’ law dominates.

A large range of values of Ng occurs in the circulatory
system. Typical values corresponding to the peak flow are
given in Table 1.4. Blood flow is laminar except in the as-
cending aorta and main pulmonary artery, where turbulence
may occur during peak flow. The Reynolds number in the
capillaries is about 1072,

There are two main causes of departures from the
parabolic velocity profile. First, a red cell is about the same
diameter as a capillary. Red cells in capillaries line up single
file, each nearly blocking the capillary. The plasma flows in
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Fig. 1.35 Velocity profiles in steady laminar flow at the entrance to
a tube, showing the development of the parabolic velocity profile. The
velocity is given as v/v. At the entrance, v/v = 1. When the Poiseuille
flow is fully developed, v/v is 2 at the center of the tube. These curves

are calculated from a graph by Cebeci and Bradshaw (1977) for laminar

flow in a tube of radius 2 mm and a pressure gradient of 20 torr m~!,

carrying a fluid with a viscosity of 3 x 1073 Nsm~2 and a density of
103 kgm™3. The scales are different along the axis and radius of the
tube; the tube radius is 2 mm and the entrance region is 240-mm long

small volumes between each red cell, with a velocity profile
that is nearly independent of radius. Second, the entry re-
gion causes deviations from Poiseuille flow in larger vessels.
Suppose that blood flowing with a nearly flat velocity pro-
file enters a vessel, as might happen when blood flowing in a
large vessel enters the vessel of interest, which has a smaller
radius. At the wall of the smaller vessel, the flow is zero.
Since the blood is incompressible, the average velocity is
the same at all values of x, the distance along the vessel. (We
assume the vessel has constant cross-sectional area.) How-
ever, the velocity profile v(r) changes with distance x along
the vessel. At the entrance to the vessel (x = 0), there is a
very abrupt velocity change near the walls. As x increases, a
parabolic velocity profile is attained. The transition or entry
region is shown in Fig. 1.35. In the entry region, the pressure
gradient is different from the value for Poiseuille flow. The
velocity profile cannot be calculated analytically in the en-
try region. Various numerical calculations have been made,
and the results can be expressed in terms of scaled vari-
ables (see, for example, Cebeci and Bradshaw 1977). The
Reynolds number used in these calculations was based on
the diameter of the pipe, D = 2R, and the average velocity.
The length of the entry region is

L =0.05DNg,p =0.1R,Ng.p = 0-2RpNR,Rp~ (1.63)

Blood pressure is, of course, pulsatile. This means that the
average velocity and v(r) are changing with time and also de-
parting from the parabolic profile. Also, at the peak pressure
during systole, the aorta and arteries expand, storing some
of the blood and releasing it gradually during the rest of the
cardiac cycle. Pulsatile flow and the elasticity of vessel walls
are discussed extensively by Caro et al. (1978) and Milnor
(1989).

Blood is not a Newtonian fluid. The viscosity depends
strongly on the fraction of volume occupied by red cells (the

hematocrit). In blood vessels of less than 100-pum radius, the
apparent viscosity decreases with tube radius. Since a red cell
barely fits in a capillary, the velocity profile in capillaries is
not parabolic. Flow in arterioles and arteries is often modeled
as individual particles surrounded by plasma and transported
by laminar flow, each red cell staying at its own distance from
the central axis. However, high-speed motion pictures show
that the red cells often collide with other red cells and with
the wall. (See the articles by Trowbridge (1982, 1983) and
Trowbridge and Meadowcroft (1983), and also the Caro et al.
and Milnor articles.)

Symbols Used in Chapter 1

Symbol  Use Units First
used
page

a, a Acceleration ms~2 3

a,b Small distances m 14

c Constant of integration 14

g Acceleration due to gravity ms~2 14

h Small distance m 13

i Total volume flux or flow rate or current m?3s~! 17

Jv Volume fluence rate or flux density ms~! 17

(flow of volume per unit area per
second)

/ Length of rod m 12

m Mass kg 3

P Pressure Pa 14

Di Pressure in thorax Pa 20

Pa Pressure in alveoli Pa 20

Position m 5

r Distance from origin (radius) in polar m 5

coordinates

S Displacement m 12

Sn Normal stress Pa 12

S Shear stress Pa 13

s Distance along a streamline m 18

t Time s 11

v,V Velocity ms~! 11

X, ¥, 2 Coordinates m 4

X,¥,Z Unit vectors along the x, y, and z axes 6

A Constant of integration 17

dA Small area perpendicular to a streamline  m? 19

D Pipe diameter m 24

E Young’s modulus Pa 13

Ex Kinetic energy J 11

F.F Force N 3

G Shear modulus Pa 13

L Characteristic length m 24

N,N Force N 8

Ngr Reynolds number 22

NRr.D Reynolds number based on diameter 24

NR.R, Reynolds number based on pipe radius 24

P Power W 12

R,R Force N 8

R, Radius of pipe m 17

R Vascular resistance Pam3s 21

N Cross-sectional area m? 12

\%4 Volume m? 15
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1% Velocity ms~! 23
W, W Weight N 4
w Work J 19
8 A small distance m 13
€, Normal strain 12
€ Shear strain 13
n Viscosity Pas 16
o, fB,60,¢ Angle 5
K Compressibility Pa~! 15
P Mass density kgm™3 14
T,T Torque Nm 5
& Dimensionless ratio 23
Problems

Section 1.1

Problem 1. Estimate the number of hemoglobin molecules
in a red blood cell. Red blood cells are little more than
bags of hemoglobin, so it is reasonable to assume that the
hemoglobin takes up all the volume of the cell.

Problem 2. Our genetic information or genome is stored in
the parts of the DNA molecule called base pairs. Our genome
contains about 3 billion (3 x 109) base pairs, and there are
two copies in each cell. Along the DNA molecule, there
is one base pair every one-third of a nanometer. How long
would the DNA helix from one cell be if it were stretched
out in a line? If the entire DNA molecule were wrapped up
into a sphere, what would be the diameter of that sphere?
Problem 3. Estimate the size of a box containing one air
molecule. (Hint: What is the volume of one mole of gas at
standard temperature and pressure?) Compare the size of the
box to the size of an air molecule (about 0.1 nm).

Problem 4. Estimate the density of water (H,O) in kgm ™.
Useful information: an oxygen atom contains eight protons
and eight neutrons. A hydrogen atom contains one proton
and no neutrons. The mass of the electron is negligible.

Section 1.4
Problem 5. A person with mass m =70 kg has a weight
(mg) of about 700 N. If the person is doing push-ups

as shown, what are the vertical components of the forces
exerted by the floor on the hands and feet?

O

!

*?OON

Problem 6. A person with upper arm vertical and forearm
horizontal holds a mass of 4 kg. The mass of the forearm is

1.5 kg. Consider four forces acting on the forearm: F by the
bones and ligaments of the upper arm at the elbow, T by the
biceps, 40 N by the mass, and 15 N as the weight of the arm.
The points of application are shown in the drawing. Calculate
the vertical components of F and T.

T
X
5cm-—-q~|0cm->—|—<~ 23cm —>-{
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Problem 7. When the arm is stretched out horizontally,
it is held by the deltoid muscle. The situation is shown
schematically. Determine T and F.

T
F 7

15¢cm —p—‘
p 33cm ——
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Section 1.6

Problem 8. When a person crouches, the geometry of the
heel is as shown. Determine T and F. Assume all the forces
act in the plane of the drawing.

06cm

Problem 9. A person of weight W is suspended by both
hands from a high bar as shown. The center of mass is
directly below the bar.

(a) Find the horizontal and vertical components Fy and Fy,
where F is the force exerted by the bar on each of the
two hands.

(b) Given the additional information about the arm shown in
the second drawing, calculate the components of R, the
force exerted by the humerus on the forearm through the
elbow, and the tension T in the biceps tendon. Neglect
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the weight of the arm, and assume that T and R are the
only forces exerted on the forearm by the upper arm.

Problem 10. Consider the forces on the spine when lifting.
Approximate the spinal column as a stiff bar of length L that
has three forces acting on it. W is the downward force acting
at the top of the spinal column (via the arms and shoulders),
and equals the weight of the object being lifted. F is the force
applied by the erector spinae muscle, which attaches to the
spine about 1/3 of the way from the top of the column. As-
sume this muscle acts at an angle of 12 ° to the spinal column.
R is the force the pelvis exerts on the spinal column. The
weight of the trunk is neglected. Assume the spinal column
makes an angle 6 with the horizontal.

(a) Determine R and F in terms of W and 6.

(b) The spinal column may be injured if R is too large. Com-
pare R when 6 is 0 and 90 °. This problem explains why
people say, “lift with your legs, not with your back.”

(c) Compare the angle ¢ when 6 is 0 and 90°. If ¢ is
not close to zero, there will be considerable transverse
force at the discs in the lower back, which is not a good
situation.

Section 1.8

Problem 11. Suppose that instead of using a cane, a person
holds a suitcase of weight W /4 in one hand, 0.4 m from the
midline. The person is standing on the opposite leg. Calcu-
late the force exerted by the hip abductor muscles and by the
acetabulum on that leg.

Section 1.10

Problem 12. Young’s modulus for a spider’s thread is about
0.2 x 10'° Pa, and the thread breaks when it undergoes a
strain of about 50 % (Kohler and Vollrath 1995).

(a) Calculate the tensile strength of the thread and compare
it to the tensile strength of steel.

(b) Calculate the strain that steel undergoes when it breaks.
(Assume that a linear relationship between stress and
strain holds until it breaks.) Compare the breaking strain
to the spider’s thread.

Problem 13. Assume an object undergoes a normal strain

in all three directions: €, = Ax/l, €, = Ay/l,, and €; =

Az/l,. Relate the three strains to the change in volume of the

object. Assume the strains are small.

Section 1.11

Problem 14. Relate the shear strain to angle 6 in Fig. 1.22.
How does this relationship simplify if 6 is small?

Section 1.12

Problem 15. The inspirational pressure difference p;, that
the lung can generate is about 86 torr. What would be the
absolute maximum depth at which a person could breathe
through a snorkel device? (A safe depth is only about half
this maximum, since the lung ventilation becomes very small
at the maximum depth. Assume the lungs are 30 cm below
the mouth.)

Problem 16. A person standing erect can in some cases be

modeled by a column of water.

(a) Estimate the hydrostatic pressure difference between a
person’s head and foot in torr.

(b) Explain why blood pressure is measured in the arm at
the same vertical height as the heart.

(c) Our body has adapted to having a larger hydrostatic
pressure in our feet than in our head. Speculate on why
you feel uncomfortable when you “stand on your head.”

Problem 17. A medication dissolved in a saline solution is

infused into a vein in the patient’s arm (IV infusion). The
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density of saline is the same as water. The pressure of the
blood inside the vein is 5 torr above atmospheric pressure.
How high above the insertion point must the container be
hung so that there is sufficient hydrostatic pressure to force
fluid into the vein?
Problem 18. The walls of a cylindrical pipe that has an ex-
cess pressure p inside are subject to a tension force per unit
length T'. (Consider only the force per unit length in the walls
of the cylinder, not the force in any end caps of the pipe.) The
force per unit length in the walls can be calculated by consid-
ering a different pipe made up of two parts as shown in the
figure: a semicircular half-cylinder of radius R and length L
attached to a flat plate of width 2R and length L. What is the
force that the excess pressure exerts on the flat plate? Show
that the tension force per unit length in the wall of the tube is
T = pR. This is called the Law of Laplace. (Do not worry
about any deformation.)

See if you can obtain the same answer by direct integra-
tion of the horizontal and vertical components of the force
due to the excess pressure.

>

\L__

L

Problem 19. Find a relationship among the tension per unit

length T across any element of the wall of a spherical soap

bubble, the excess pressure inside the bubble, p, and the ra-
dius of the bubble, R. (Hint: Use the same technique as for
the previous problem.)

Problem 20. The Law of Laplace, T = pR, relates the

tension in an arterial wall, 7', to the pressure p inside the

artery and its radius R. Assume the wall obeys Hooke’s law,

T = k(R — Ry), where Ry is the radius of the artery when

p = 0 and k is a measure of the wall stiffness.

(a) Derive an expression for R as a function of p. Sketch
plots of r versus p and T versus p.

(b) Determine the critical pressure at which R goes to infin-
ity. Physically, this is the pressure that guarantees a burst
artery (an aneurysm).

(c) Arteries would be unstable if they were to balloon out
and burst as the pressure approaches a critical value.
They avoid this problem by becoming more stiff as the
radius increases. Repeat part (a) using k = cR for the
stiffness. In this case is there a critical pressure at which
the artery will burst?

The law of Laplace has many applications in biology and
medicine (Basford 2002). For a discussion of how arteries
become stiffer as R grows, see Vogel (1992).

Section 1.13

Problem 21. Suppose a fish has an average density of
1030 kgm™3, compared to the density of the surrounding
water, 1000 kg m™3. One way the fish can keep from slowly
sinking is by using an air bladder (the density of air is
1.2 kgm™3). What fraction of the fish’s total volume must
be air in order for the fish to be neutrally buoyant (the buoy-
ant force is equal and opposite to the weight). Assume that
the volume V of the fish’s tissue is fixed, so in order to in-
crease the volume U of the air bladder, the total volume of
the fish V + U must increase.

Problem 22. This problem explores the physics of a cen-

trifuge. A cylinder of fluid of density pquiq and length L

is rotated at an angular velocity o (rads™') in a horizon-

tal plane about a vertical axis through one end of the tube.

Neglect gravity. An object moving in a circle with constant

angular velocity has a centripetal acceleration a = —rw?

toward the center of the circle. Find the pressure in the fluid
as a function of distance from the axis of rotation, assuming

the pressure is pg at » = 0.

Problem 23. Buoyancy plays an important role in the

centrifuge. Consider a small cubic particle of density p

immersed in a fluid of density pfyid-

(a) Write Newton’s second law for the particle, considering
only the centripetal acceleration and the pressure exerted
by the fluid (Problem 22). Find an expression for the
“effective weight” of the particle (analogous to Eq. 1.31)
in terms of p, pauid, @, r, and the particle volume V.
Your result is more general than you might expect: it is
true for a particle of any shape (Wick and Tooby 1977).

(b) Find the ratio of the “effective weight” derived in (a) to
the “effective weight” due to gravity (Eq. 1.31).

(c) If the particle is 10 cm from the axis of a centrifuge spin-
ning at 40,000 revolutions per minute, evaluate the ratio
obtained in (b).

(d) The density gradient technique uses a sucrose solution
of varying concentration to produce a fluid density that
varies with 7, pguiqa(r). Explain how in this case the
centrifuge can be used to separate particles of different
densities.

Problem 24. For the centrifuge of Problem 23, assume there

is one additional force: a viscous force proportional to the

speed u of the particle relative to the fluid.

(a) Derive an expression for u, the sedimentation velocity,
assuming the particle is not accelerating relative to the
fluid.
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(b) The sedimentation velocity per unit acceleration, S, is
a parameter commonly used in centrifuge work. Divide
the expression obtained in (a) by the centripetal accel-
eration to obtain an expression for S. The common unit
for S is the svedberg (1 Sv = 10~ 135).

(c) Consider two particles with S = 50 and 70 Sv. For the
centrifuge of Problem 23(c), how long will it take for the
particles to separate by 3 mm if they were initially at the
same position? How long would this separation take if
gravity were used instead of a centrifuge?

Section 1.14

Problem 25. What is the compressibility of a gas for which
pV =const.? Compare the compressibility of water to that
of air at atmospheric pressure. What are the implications of
this for the volume of the lungs of a swimmer diving deep
below the water surface?

Problem 26. Figure 1.20, showing a rod subject to a force

along its length, is a simplification. Actually, the cross-

sectional area of the rod shrinks as the rod lengthens. Let the
axial strain and stress be along the z axis. They are related by

Eq. 1.25, s, = Ee;. The lateral strains €, and €, are related

tos; by s, = —(E/v)ex = —(E/v)ey, where v is called the

Poisson’s ratio of the material.

(a) Use the result of Problem 13 to relate £ and v to the
fractional change in volume AV /V.

(b) The change in volume caused by hydrostatic pressure is
the sum of the volume changes caused by axial stresses
in all three directions. Relate Poisson’s ratio to the
compressibility.

(c) What value of v corresponds to an incompressible mate-
rial?

(d) For an isotropic material, —1 < v < 0.5. How would a
material with negative v behave?

Elliott et al. (2002) measured Poisson’s ratio for articular

(joint) cartilage under tension and found 1 < v < 2. This

large value is possible because cartilage is anisotropic: its

properties depend on direction.

Section 1.16

Problem 27. Consider the fluid flowing between two slabs
as shown in Fig. 1.25. Since the work done by the external
force on the system in time dt is dW = Fuvdt, the rate of
doing work is P = dW/dt = Fv, where v is the speed of
the moving plate. Find the power dissipated per unit volume
of the fluid in terms of the velocity gradient.

Problem 28. Consider a fluid that is flowing in the x direc-
tion, but with the velocity v, changing in the y direction.

(a) Start with Newton’s second law. Analyze the forces on a
small cube of fluid and derive the equation

0vy n Uy ap 9%,
— Vy— = —— .
o PVx ax T 1oy

ot 0x

This is a simplified version of the Navier—Stokes equa-
tion that governs fluid flow.

(b) Which term in the equation is nonlinear (that is, if p and
vy are doubled, which term does not double)? A non-
linear equation is needed to describe complicated flows
such as turbulence.

Problem 29. Consider the simplified version of the Navier—

Stokes equation in Problem 28. Assume the fluid speed is

approximately V and all spatial changes occur over distances

of order L. Take the ratio of the “inertial term” pvy (dvy/9x)
to the “viscous term” 7(d%v, /dy?) and show that you get the

Reynolds number, Eq. 1.62.

Section 1.17

Problem 30. Consider laminar flow in a pipe of length Ax
and radius R,. Find the total viscous drag exerted by the pipe
on the fluid.

Problem 31. The maximum flow rate from the heart is

500 mls~!. If the aorta has a diameter of 2.5 cm and the flow

is Poiseuille, what are the average velocity, the maximum

velocity at the center of the vessel, and the pressure gradient
along the vessel? Plot the velocity versus distance from the
center of the vessel. As an approximation to the viscosity of

blood, use n = 1073 kg m-Lts L

Problem 32. The glomerular pore described in Eq. 1.41 has

aflowi = 7.2x 1072 m?s~!. How many molecules of water

per second flow through it? What is their average speed?

Problem 33. Organisms may use shear stress to determine

the appropriate size of vessels for fluid transport (LaBarbera

1990). Consider a parent vessel of radius R, that branches

into two daughter vessels of radii Ry; and Ry».

(a) Find a relationship between the radii R, Ry1, and Rg2
such that the shear stress on the vessel wall is the same
in each vessel. (Hint: Use conservation of the volume
flow.) This relationship is called Murray’s Law.

(b) If a 100-um parent vessel branches into two identical
daughter vessels, what is the radius of each daughter
vessel? What is the cross-sectional area of the parent
vessel, and what is the sum of the cross-sectional areas
of the daughter vessels?

(c) If the two daughter vessels branch into subsequent gen-
erations of even smaller vessels, all obeying Murray’s
law, and the daughter vessels of any generation are all
the same size, then find a relationship between the num-
ber of vessels in the nth generation, the radius of the
single parent vessel, and the radii of the nth generation’s
daughter vessels.
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(d) We have one aorta of radius 10 mm. Use Murray’s law
to estimate how many capillaries we have, each of ra-
dius 5 pm. Calculate the cross-sectional area of the aorta
and the sum of the cross-sectional area of all our capil-
laries. Warning: Murray’s law is a good approximation,
but may not be exact for our smallest vessels.

Problem 34. Sap flows up a tree at a speed of about

1 mms~! through its vascular system (xylem), which con-

sists of cylindrical pores of 20-um radius. Assume the vis-

cosity of sap is the same as the viscosity of water. What

pressure difference between the bottom and top of a 100-m

tall tree is needed to generate this flow? How does it compare

to the hydrostatic pressure difference caused by gravity?

Problem 35.

(a) Consider a small cube of incompressible fluid. Analyze
the volume fluence rate for each face of the cube and
show that the divergence of v is zero. (The divergence is
defined in Chap. 4.)

(b) Use the velocity distribution given in Problem 46 and
the material in Appendix L to show that for this flow the
fluid is incompressible.

Problem 36. Consider Eq. 1.54 when viscosity is negligible

and the flow is steady (dv/d¢t = 0). Show that it reduces to

the Bernoulli equation

2 2

U] L)
p1+ /07 +pg821=p2+ ,07 + pg22.

Section 1.18

Problem 37. The accompanying figure shows the negative
pressure (below atmospheric) that must be maintained in the
thorax during the respiratory cycle by a patient with airway
obstruction in order to breathe. Viscous effects are included.
Estimate the work in joules done by the body during a breath.
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Section 1.19

Problem 38. The volume of blood in a typical person is 5 1,
and the volume current through the aorta is about 5 Imin~!.
(a) What is the total volume current through all the systemic
capillaries?
(b) What is the total volume current through all the pul-
monary capillaries?
(c) How long does the blood take to make one complete
circuit through the circulatory system?
Problem 39. Find the conversion factor between PRU and
Pam™3 s. The total resistance of the systemic circulation was
calculated in the text to be 1.66 x 108 Pam™3 s. Express this
in PRU.
Problem 40. Equation 1.59 relates the resistance of a ves-
sel to its radius. In the circulatory system, the resistance of
an arteriole increases when the smooth muscle surrounding
the arteriole contracts, thereby decreasing its radius. By what
factor does the resistance increase if the radius decreases by
10 %?
Problem 41. Derive the equations for resistance in a collec-
tion of vessels in series and in parallel. Remember that when
several vessels are in series, the current is constant and the to-
tal pressure change is the sum of the pressure changes along
the length of each vessel. When vessels are in parallel, each
has the same pressure drop, but the current before the vessels
branch is the sum of the currents in each branch.
Problem 42. The velocity of the blood in the aorta is about
0.5ms~!, and the velocity of the blood in a capillary is about
0.001 ms~!. We have only one aorta, with a diameter of
20 mm, but many capillaries in parallel, each with a diam-
eter of 8 um. Estimate how many capillaries are typically
open at any one time.
Problem 43. Suppose a student asked you, “How can blood
be moving more slowly in a capillary than in the aorta? For
an incompressible fluid, when the cross-sectional area along
a pipe decreases, the velocity increases, so that the volume
current i is the same. The capillary has a much smaller cross-
sectional area than the aorta. Therefore, the blood should
move faster in the capillary than in the aorta!” How would
you respond to this student?
Problem 44. For Poiseuille flow, find an expression for the
maximum shear rate in each vessel from Eq. 1.45. Where
in the vessel does it occur? Typical maximum shear rates are
50 s~ ! in the aorta, 150 s~! in the femoral artery, and 400 g1
in an arteriole.
Problem 45. A sphere of radius a moving through a fluid
with speed v is subject to a viscous drag Fyrag = 6Tnav.
Make an argument similar to that in the text to show that
the ratio of kinetic energy of a sphere of fluid of the same
size moving at the same speed to the viscous work done to
displace the sphere by its own diameter is Ng/18.
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Problem 46. Consider a stationary sphere of radius a placed
in a fluid of viscosity n moving uniformly with speed V. For
low Reynolds number flow, the radial and tangential compo-
nents of the fluid velocity and the pressure surrounding the
sphere are

3 3
vr=Vc039(1——a+a )

2r 23

veing (1= _ 2
vg = —V sin -
0 47 4r3

P 3a
ff— n ‘/ COS _—
P 22

(a) Show that the no-slip boundary condition is satisfied.

(b) Integrate the shear force and the pressure force over the
sphere surface and find an expression for the net drag
force on the sphere (Stoke’s law). What fraction of this
force arises from pressure drag, and what fraction from
viscous drag?

Problem 47. Find an expression for the entry length in terms

of the tube size, the pressure gradient, and the properties of

the fluid. Estimate the length of the entry region in the aorta,
in an artery, and in an arteriole of radius 20 um. Use n =

103 kgm~!s71

Problem 48. Estimate the tension per unit length and the

stress in the walls of various blood vessels using the data in

Table 1.4.

Problem 49. Compare the magnitude of the four terms in

Eq. 1.42 in the following two cases. Ignore branching. As-

sume the vessels are vertical. Use p = 10°kgm™> and

n = 1073 Pas.

(a) The descending aorta. Assume the length is 35 cm, the
radius is 1 cm (independent of distance along the aorta),
the peak acceleration of the blood is 1800 cms~2, and
the peak velocity (during the cardiac cycle) is 70 cm s ™!
at the entrance and 60 cms™! at the exit. (These veloc-
ities are different because some of the blood leaves the
aorta in major arteries.)

(b) An arteriole of radius 50 pm, length 10 mm, and
constant velocity of 5 mms~! at both entrance and exit.

Problem 50. The viscosity of water (and therefore of blood)

is arapidly decreasing function of temperature. Water at 5 °C

is twice as viscous as water at 35 °C. Speculate on the im-

plications of this extreme temperature dependence for the

circulatory system of cold-blooded animals. (For a further

discussion, see Vogel 1994, pp. 27-31.)

Section 1.20

Problem 51. Estimate the Reynolds number for the follow-
ing flows. In each case, determine whether the Reynolds
number is high (> 1) or low (< 1).

(a) E. coli (length 2 pn) swim in water at speeds of about
0.01 mms~".

(b) An Olympic swimmer (length 2 m) swims in water at
speeds of up to 2 ms~ 1.

(c) A bald eagle (wingspan 2 m) flies in air (density =
1.2 kgm™3, viscosity = 1.8 x 107> Pas) at speeds of
20 kmhr~!.

Problem 52. Estimate the Reynolds number of blood flow

in a capillary, using the data in Table 1.4. How does this

compare to that in the aorta?

Problem 53. Consider a sphere of radius R moving at speed

v through a fluid of density p and viscosity 7.

(a) If the Reynolds number is low, then viscous effects dom-
inate and the drag force Fyisc depends on n and not p.
Assume that Fyjsc depends only on R, 1, and v and use
dimensional analysis'3 to determine the form of Stokes’
law (i.e., the power to which each variable is raised).

(b) Athigh Reynolds number, the force needed to accelerate
the fluid out of the way is important, and the drag force
Fpres depends on p and not 1. Find the dependence of
Fpres on the relevant variables.

(c) Find, to within a dimensionless factor, the critical speed
at which Fyise = Fpres.
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Exponential Growth and Decay

The exponential function is one of the most important and
widely occurring functions in physics and biology. In biology
it may describe the growth of bacteria or animal populations,
the decrease of the number of bacteria in response to a ster-
ilization process, the growth of a tumor, or the absorption or
excretion of a drug. (Exponential growth cannot continue for-
ever because of limitations of nutrients, etc.) Knowledge of
the exponential function makes it easier to understand birth
and death rates, even when they are not constant. In physics,
the exponential function describes the decay of radioactive
nuclei, the emission of light by atoms, the absorption of light
as it passes through matter, the change of voltage or current
in some electrical circuits, the variation of temperature with
time as a warm object cools, and the rate of some chemical
reactions.

In this book, the exponential function will be needed to
describe certain probability distributions, the concentration
ratio of ions across a cell membrane, the flow of solute
particles through membranes, the decay of a signal travel-
ing along a nerve axon, and the return of some physiologic
variables to their equilibrium values after they have been
disturbed.

Because the exponential function is so important, and be-
cause we have seen many students who did not understand
it even after having been exposed to it, the chapter starts
with a gentle introduction to exponential growth (Sect. 2.1)
and decay (Sect. 2.2). Section 2.3 shows how to analyze ex-
ponential data using semilogarithmic graph paper. The next
section shows how to use semilogarithmic graph paper to
find instantaneous growth or decay rates when the rate varies.
Some would argue that the availability of computer programs
that automatically produce logarithmic scales for plots makes
these sections unnecessary. We feel that intelligent use of
semilogarithmic and logarithmic (log—log) plots requires an
understanding of the basic principles.

Variable rates are described in Sect. 2.4. Clearance, dis-
cussed in Sect. 2.5, is an exponential decay process that is
important in physiology. Microbiologists often grow cells
in a chemostat, described in Sect. 2.6. Sometimes there are

R. K. Hobbie, B. J. Roth, Intermediate Physics for Medicine and Biology,
DOI 10.1007/978-3-319-12682-1_2, (© Springer International Publishing

competing paths for exponential removal of a substance:
multiple decay paths are introduced in Sect. 2.7. A very ba-
sic and simple model for many processes is the combination
of input at a fixed rate accompanied by exponential decay,
described in Sect. 2.8. Sometimes a substance exists in two
forms, each with its own decay rate. One then must fit two or
more exponentials to the set of data, as shown in Sect. 2.9.

Section 2.10 discusses the logistic equation, one possible
model for a situation in which the growth rate decreases as
the amount of substance increases. The chapter closes with
a section on power—law relationships. While not exponen-
tial, they are included because data analysis can be done with
log—log graph paper, a technique similar to that for semilog
paper. If you feel mathematically secure, you may wish to
skim the first four sections, but you will probably find the
rest of the chapter worth reading.

2.1 Exponential Growth

An exponential growth process is one in which the rate of
increase of a quantity is proportional to the present value
of that quantity. The simplest example is a savings account.
If the interest rate is 5% and if the interest is credited to
the account once a year, the account increases in value by
5 % of its present value each year. If the account starts out
with $ 100, then at the end of the first year, $ 5 is credited
to the account and the value becomes $ 105. At the end of
the second year, 5 % of $ 105 is credited to the account and
the value grows by $ 5.25 to 110.25. The growth of such an
account is shown in Table 2.1 and Fig. 2.1. These amounts
can be calculated as follows: At the end of the first year, the
original amount, yo, has been augmented by (0.05)yo:

y1 = yo(1 + 0.05).
During the second year, the amount y; increases by 5 %, so

2 = y1(1.05) = yo(1.05)(1.05) = yo(1.05)2.
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Table 2.1 Growth of a savings account earning 5% interest com-
pounded annually, when the initial investment is $ 100

Table 2.2 Amount of an initial investment of $ 100 at 5% annual
interest, with different methods of compounding

Year  Amount ($) Year  Amount ($) Year  Amount ($)
1 105.00 10 162.88 100 1.31 x 104
2 110.25 20 265.33 200 1.73 x 100
3 115.76 30 432.19 300 227 x 108
4 121.55 40 704.00 400 2.99 x 10'°
5 127.63 50 1146.74 500 3.93 x 1012
6 134.01 60 1867.92 600  5.17 x 10
7 140.71 70 3042.64 700 6.80 x 10'©
8 147.75 80 4956.14 800 8.94 x 108
9 155.13 90 8073.04 900 1.18 x 102!
900 JI
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600 —'I
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©
= 500
g -
@ 400 A
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Fig. 2.1 The amount in a savings account after # years, when the
amount is compounded annually at 5 % interest

After ¢ years, the amount in the account is

yr = y0(1.05)".

In general, if the growth rate is b per compounding period,
the amount after ¢ periods is

ye = yo(1 +b)". 2.1

It is possible to keep the same annual growth (interest)
rate, but to compound more often than once a year. Ta-
ble 2.2 shows the effect of different compounding intervals
on the amount, when the interest rate is 5 %. The last two
columns, for monthly compounding and for “instant inter-
est,” are listed to the nearest tenth of a cent to show the slight
difference between them.

The table entries were calculated in the following way:
Suppose that compounding is done N times a year. In ¢ years,
the number of compoundings is Nt. If the annual fractional

Month  Annual  Semiannual %uanerly Monthly  Instant
) (%) )

0 100.00  100.00 100.00 100.000  100.000
1 100.00  100.00 100.00 100.417  100.418
2 100.00  100.00 100.00 100.835 100.837
3 100.00  100.00 101.25 101.255  101.258
4 100.00  100.00 101.25 101.677  101.681
5 100.00  100.00 101.25 102.101 102.105
6 100.00  102.50 102.52 102.526  102.532
7 100.00  102.50 102.52 102,953  102.960
8 100.00  102.50 102.52 103.382  103.390
9 100.00  102.50 103.80 103.813  103.821
10 100.00  102.50 103.80 104.246  104.255
11 100.00  102.50 103.80 104.680  104.690
12 105.00  105.06 105.09 105.116  105.127

Table 2.3 Numerical examples of the convergence of (1 + b/N)" to
¢” as N becomes large

N b=1 b =0.05
10 2.594 1.0511
100 2.705 1.0513
1000 2.717 1.0513
eb 2.718 1.0513

rate of increase is b, the increase per compounding is b/N.
For 6 months at 5% (b = 0.05), the increase is 2.5, for 3
months it is 1.25, etc. The amount after ¢ units of time (years)
is, in analogy with Eq. 2.1,

y=yo(1+b/N)M. 2.2)

Recall (refer to Appendix C) that (a)?* = (a®)¢. The
expression for y can be written as
N t
y=yo[a+6/MV] . 23)
Most calculus textbooks show that the quantity
1 +b/N)N = ¢

as N becomes very large. (Rather than proving this fact here,
we give numerical examples in Table 2.3 for two different
values of b.) Therefore, Eq. 2.3 can be rewritten as

y = o’ = yoexp(br). (2.4)

(The exp notation is used when the argument is compli-
cated.) To calculate the amount for instant interest, it is
necessary only to multiply the fractional growth rate per
unit time b by the length of the time interval and then look
up the exponential function of this amount in a table or
evaluate it with a computer or calculator. The number e is
approximately equal to 2.71828 ... and is called the base of
the natural logarithms. Like 1 (3.14159...), e has a long
history (Maor 1994).
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Fig.2.2 A graph of the exponential function y = e’

The exponential function is plotted in Fig. 2.2. (The mean-
ing of negative values of ¢ will be considered in the next
section.) This function increases more and more rapidly as ¢
increases. This is expected, since the rate of growth is always
proportional to the present amount. This is also reflected in
the following property of the exponential function:

4 (eb’) = be.

- 2.5)

This means that the function y = yge” has the property that

dy_

= by. 2.6
7 y (2.6)

Any constant multiple of the exponential function e®' has the
property that its rate of growth is b times the function itself.
Whenever we see the exponential function, we know that it
satisfies Eq. 2.6. Equation 2.6 is an example of a differen-
tial equation. If you learn how to solve only one differential
equation, let it be Eq. 2.6. Whenever we have a problem in
which the growth rate of something is proportional to the
present amount, we can expect to have an exponential solu-
tion. Notice that for time intervals ¢ that are not too large,
Eq. 2.6 implies that Ay = (bAt)y. This again says that the
increase in y is proportional to y itself.

The independent variable in this discussion has been 7. It
can represent time, in which case b is the fractional growth
rate per unit time; distance, in which case b is the fractional
growth per unit distance; or something else. We could, of
course, use another symbol such as x for the independent
variable, in which case we would have dy/dx = by, y =
Y0 gbx )
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Fig. 2.3 A plot of the fraction of nuclei of **"Tc surviving at time

2.2 Exponential Decay

Figure 2.2 shows the exponential function for negative values
of ¢ as well as positive ones. (Remember that e’ = 1/¢'.)
To see what this means, consider a bank account in which no
interest is credited, but from which 5 % of what remains is
taken each year. If the initial balance is $ 100, $ 5 is removed
the first year to leave $ 95.00. In the second year, 5% of
$ 95 or $ 4.75 is removed. In the third year, 5 % of $ 90.25
or $ 4.51 is removed. The annual decrease in y becomes less
and less as y becomes less and less. The equations developed
in the preceding section also describe this situation. It is only
necessary to call b the fractional decay and allow it to have
a negative value, — |b|. Equation 2.1 then has the form y =
yo(1 — |b])! and Eq. 2.4 is

y = yoe 1P, 2.7)
Often b is regarded as being intrinsically positive, and Eq. 2.7
is written as

y = yoe . (2.8)

One could equally well write y = ype?” and regard b as be-
ing negative, but this can cause confusion, for example with
Eq. 2.10 below.

The radioactive isotope 9mTe (read as technetium-99)
has a fractional decay rate b = 0.1155h™!. If the number
of atoms at t = 0 is yp, the fraction f = y/yy remaining at
later times decreases as shown in Fig. 2.3. The equation that
describes this curve is

f = l = e_ht’
Yo

(2.9)

where ¢ is the elapsed time in hours and » = 0.1155h~!. The
product bt must be dimensionless, since it is in the exponent.

People often talk about the half-life Ty, which is the
length of time required for f to decrease to one-half. From
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inspection of Fig. 2.3, the half-life is 6 h. This can also be
determined from Eq. 2.9:

0.5 =e T2,

From a table of exponentials, one finds that e™* = 0.5 when
x = 0.69315. This leads to the very useful relationship
bT1/2 = 0.693 or

oo 0.693
2=

For the case of %" Tc, the half-life is T12 =0.693/0.1155 =
6h.

One can also speak of a doubling time if the exponent is
positive. In that case, 2 = /2, from which

(2.10)

0.693
Ty = _b9 : (2.11)

2.3 Semilog Paper

A special kind of graph paper, called semilog paper, makes
the analysis of exponential growth and decay problems much
simpler. If one takes logarithms (to any base) of Eq. 2.4, one
has

logy = log yo + bt loge. (2.12)

If the dependent variable is considered to be u = log y, and
since log yo and loge are constants, this equation is of the
form

u = cy+ cot. (2.13)

The graph of u vs ¢ is a straight line with positive slope if b
is positive and negative slope if b is negative.

On semilog paper the vertical axis is marked in a loga-
rithmic fashion. The graph can be plotted without having to
calculate any logarithms. Figure 2.4 shows a plot of the ex-
ponential function of Fig. 2.2, for both positive and negative
values of ¢. First, note how to read the vertical axis. A given
distance along the axis always corresponds to the same mul-
tiplicative factor. Each cycle represents a factor of ten. To use
the paper, it is necessary first to mark off the decades with the
desired values. In Fig. 2.4, the decades have been marked 0.1,
1, 10, and 100. The 6 that lies between 0.1 and 1 is 0.6; the 6
between 1 and 10 is 6.0; the 6 between 10 and 100 represents
60; and so forth. The paper can be imagined to go vertically
forever in either direction; one never reaches zero. Figure 2.4
has two examples marked on it with dashed lines. The first
shows that for t = —1.0, y = 0.36; the second shows that
fort = +1.5,y =4.5.

Semilog paper is most useful for plotting data that you
suspect may have an exponential relationship. If the data plot
as a straight line, your suspicions are confirmed. From the

100

@
LREERE
[=2]
S
I

Fig. 2.4 A plot of the exponential function on semilog paper

straight line, you can determine the value of b. Figure 2.5
is a plot of the intensity of light that passed through an ab-
sorber in a hypothetical example. The independent variable
is absorber thickness x. The decay is exponential, except for
the last few points, which may be high because of experimen-
tal error. (As the intensity of the light decreases, it becomes
harder to measure accurately.) We wish to determine the de-
cay constant in y = ype ?*. One way to do it would be
to note (dashed line A in Fig. 2.5) that the half-distance is
0.145 cm, so that, from Eq. 2.10,

b= 0.693 _ 4.8 cm~ .
0.145

This technique can be inaccurate because it is difficult to read
the graph accurately. It is more accurate to use a portion of
the curve for which y changes by a factor of 10 or 100. The
general relationship is y = ype?*, where the value of b can be
positive or negative. If two different values of x are selected,
one can write

bx
y2 — M — eP2—x1)
yi o yoebn

If y»/y1 = 10, then this equation has the form 10 = /X1

where X190 = x2 — x1 when y/y; = 10. From a table of
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Fig. 2.5 A semilogarithmic plot of the intensity of light after it has
passed through an absorber of thickness x

exponentials, bX 19 = 2.303, so that

2.303
b= .
X0

(2.14)

The same procedure can be used to find b using a factor of
100 change in y:

b 4.605 ‘

X100

If the curve represents a decaying exponential, then y,/y; =
10 when x; < x1, so that X19 = x» — x1 is negative. Equa-
tion 2.14 then gives a negative value for b. It is customary to
state separately that we are dealing with decay and regard b
as positive.

As an example, consider the exponential decay in Fig. 2.5.
Using points B and C, we have x; = 0.97, y; = 1072, Xy =
0.48, yo = 1071, X10 = 0.480 — 0.97 = —0.49. Therefore,
b = 2.303/(0.49) = 4.7 cm~!, which is a more accurate
determination than the one we made using the half-life.

When we are dealing with real data, we must consider
the fact that each measurement has an experimental error as-
sociated with it. If we make several measurements of y for
a particular value of the independent variable x, the values
of y will be scattered. We indicate this by the error bars in

(2.15)
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Fig. 2.6 Plot of y = ¢~ with error bars £0.05 on linear (a) and
semilog paper (b)

Fig. 2.6. (Determining the size of these error bars is discussed
in Chap. 11.) The data points in Fig. 2.6 are given exactly by
y = e 3% where y is the fraction remaining at time x.
There is no data point for x = 0, but we must make sure that
our fitting line passes through the point (0,1). The error bars
show an error of £0.09. The error bars on the semilog plot
are not all the same length, being much larger for long times
(small values of y). If we do not plot the error bars before
drawing our line, we will give too much emphasis to the data
points for small y.

Equal error bars for all the points on a semilog plot corre-
spond to the same percentage error for each point, as shown
in Fig. 2.7.
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Fig.2.7 Plotof y = ¢~0 with 5 % error bars in linear (a) and semilog
paper (b)

2.4 \Variable Rates

The equation dy/dx = by (or dy/dt = by) says that y
grows or decays at a rate that is proportional to y. The con-
stant b is the fractional rate of growth or decay. It is possible
to define the fractional rate of growth or decay even if it is
not constant but is a function of x:

b(x) = ld_y

2.16
ydx (2.16)

Semilogarithmic graph paper can be used to analyze the
curve even if b is not constant. Since d(Iny)/dy = 1/y, the

log y

Fig. 2.8 A semilogarithmic plot of y vs x when the decay rate is not
constant. Each tangent line represents the instantaneous decay rate for
that value of x

chain rule for evaluating derivatives gives

d 1d
Ly =-2 .
dx

= ;dx =
This means that b(x) is the slope of a plot of Iny vs x. A
semilogarithmic plot of y vs x is shown in Fig. 2.8. The
straight lines are tangent to the curve and decay with a con-
stant rate equal to b(x) at the point of tangency. The ordinate
in Fig. 2.8 can be the log of y to any base; the value of b
for the tangent line is determined using the methods in the
previous section.

If finite changes Ax and Ay have been measured, they
may be used to estimate b(x) directly from Eq. 2.16. For
example, suppose that y=100,000 people and that in Ax =
lyear there is a change Ay = —37. In this case, Ay
is very small compared to y, so we can say that b =
(1/y)(Ay/Ax) = —37 x 107 y~! If the only cause of
change in this population is deaths, the absolute value of b
is called the death rate.

A plot of the number of people surviving in a population,
all of whom have the same disease, can provide informa-
tion about the prognosis for that disease. The death rate is
equivalent to the decay constant. An example of such a plot
is shown in Fig. 2.9. Curve A shows a disease for which
the death rate is constant. Curve B shows a disease with an
initially high death rate that decreases with time; if the pa-
tient survives the initial period, the prognosis is much better.
Curve C shows a disease for which the death rate increases
with time.

Surprisingly, there are a few diseases that have death rates
independent of the duration of the disease (Zumoff et al.
1966). Any discussion of mortality should be made in terms
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Fig. 2.9 Semilogarithmic plots of the fraction of a population surviv-
ing in three different diseases. The death rates (decay constants) depend
on the duration of the disease
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Fig. 2.10 Survival of patients with congestive heart failure. (Data are
from McKee et al. 1971)

of the surviving population, since any further deaths must
come from that group. Nonetheless, one often finds results
in the literature reported in terms of the cumulative fraction

of patients who have died. Figure 2.10 shows the survival of

patients with congestive heart failure for a period of 9 years.
The data are taken from the Framingham study (McKee et al.
1971; Levy and Brink 2005); the death rate is constant dur-
ing this period. For a more detailed discussion of various
possible survival distributions, see Clark (1975).

As long as b has a constant value, it makes no differ-
ence what time is selected to be r = 0. To see this, suppose
that the value of y decays exponentially with constant rate:
y = yoe?*. Consider two different time scales, shifted with
respect to each other so that ¢’ = #9+1. In terms of the shifted
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Fig. 2.11 The fraction of patients surviving after a myocardial infarc-
tion (heart attack) at 1 = 0. The mortality rate decreases with time.
(From data in Bland and White 1941)

time ¢/, the value of y is

y= yoe—bt _ yoe—b(t’—to) _ (yoebto) o bt

This has the same form as the original expression for y(z).
The value of y; is yoe?, which reflects the fact that 1/ = 0
occurs at an earlier time than r = 0, so y,, > yo.

If the decay rate is not constant, then the origin of time
becomes quite important. Usually there is something about
the problem that allows # = 0 to be determined. Figure 2.11
shows survival after a heart attack (myocardial infarct). The
time of the initial infarct defines # = 0; if the origin had been
started 2 or 3 years after the infarct, the large initial death
rate would not have been seen.

As long as the rate of increase can be written as a func-
tion of the independent variable, Eq. 2.16 can be rewritten as
dy/y = b(x)dx. This can be integrated:

» d X2
/ & / b(x)dx,
i Y x1

In(ya/y1) = /

X1

X2
22 =exp(/ b(x)dx).
Y1 X1

If we can integrate the right-hand side analytically, numeri-
cally, or graphically, we can determine the ratio y;/y;.

2
b(x)dx,

(2.17)
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Fig. 2.12 A case in which the rate of removal of a substance from
the a fluid compartment depends on the concentration, not on the total
amount of substance in the compartment. Increasing the compartment
volume with the same concentration of the substance would not change
the rate of removal

2.5 Clearance

In some cases in physiology, the amount of a substance may
decay exponentially because the rate of removal is propor-
tional to the concentration of the substance (amount per unit
volume) instead of to the total amount. For example, the rate
at which the kidneys excrete a substance may be propor-
tional to the concentration in the blood that passes through
the kidneys, while the total amount depends on the total fluid
volume in which the substance is distributed. This is shown
schematically in Fig. 2.12. The large box on the left repre-
sents the total fluid volume V. It contains a total amount of
some substance, y. If the fluid is well mixed, the concen-
tration is C = y/V. The removal process takes place only
at the dashed line, at a rate proportional to C. The equation
describing the change of y is

dl:—KC:—K(%).

o (2.18)

The proportionality constant K is called the clearance. Its
units are m> s~!. The equation is the same as Eq. 2.6 if K/ V
is substituted for b. The solution is
y= yoef(K/V)’. (2.19)
The basic concept of clearance is best remembered in
terms of Fig. 2.12. Other definitions are found in the litera-
ture. It sometimes takes considerable thought to show that the
definitions are equivalent. A common definition in physiol-
ogy books is “clearance is the volume of plasma from which
y is completely removed per unit time.” To see that this defi-
nition is equivalent, imagine that y is removed from the body
by removing a volume V of the plasma in which the concen-
tration of y is C. The rate of loss of y is the concentration
times the rate of volume removal:

dy  |dV
dr | dt

C. (2.20)

(dV/dt is negative for removal.) Comparison with Eq. 2.18
shows that |dV /dt| = K.

As long as the compartment containing the substance
is well mixed, the concentration will decrease uniformly
throughout the compartment as y is removed. The concen-
tration also decreases exponentially:

C = Coe~K/V)1, (2.21)

An example may help to clarify the distinction between
b and K. Suppose that the substance is distributed in a fluid
volume V = 181. The substance has an initial concentration
Co = 3mgl~'and the clearance is K = 21h~!. The total
amount is yg = CoV = 3 x 18 = 54mg. The fractional
decay rate is b = K/V = 1/9h~!. The equations for C and
yare C = 3mgl e /7 y = (54mg)e/°. At1 = 0, the
initial rate of removal is —dy/dt = 54/9 = 6mgh~.

Now double the fluid volume to V. = 361 without
adding any more of the substance. The concentration falls
to 1.5mg 1! although yj is unchanged. The rate of removal
is also cut in half, since it is proportional to K/V and the
clearance is unchanged. The concentration and amount are
now C = 1.5¢ /18y = 54¢='/18 The initial rate of re-
moval is dy/dt = 54/18 = 3mgh~'. It is half as large as
above, because C is now half as large.

If more of the substance were added along with the
additional fluid, the initial concentration would be un-
changed, but yy would be doubled. The fractional decay
rate would still be K/V = 1/18h~!: C = 3.0e7"/18,
y = 108e~!/18_ The initial rate of disappearance would be
dy/dt = 108/18 = 6mgh~!. It is the same as in the first
case, because the initial concentration is the same.

2.6 The Chemostat

The chemostat is used by bacteriologists to study the growth
of bacteria (Hagen 2010). It allows the rapid growth of bac-
teria to be observed over a longer time scale. Consider a
container of bacterial nutrient of volume V. It is well stirred
and contains y bacteria with concentration C = y/V. Some
of the nutrient solution is removed at rate Q and replaced by
fresh nutrient. The bacteria in the solution are reproducing at
rate b. The rate of change of y is

d
l:by—QC:by—%.

7 (2.22)

Therefore the growth rate is slowed to

p- 2
Vv

and can be adjusted by varying Q.
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2.7 Multiple Decay Paths

It is possible to have several independent paths by which y
can disappear. For example, there may be several competing
ways by which a radioactive nucleus can decay, a radioactive
isotope given to a patient may decay radioactively and be ex-
creted biologically at the same time, a substance in the body
can be excreted in the urine and metabolized by the liver, or
patients may die of several different diseases.

In such situations the total decay rate b is the sum of the
individual rates for each process, as long as the processes
act independently and the rate of each is proportional to the
present amount (or concentration) of y:

dt
(2.23)

The equation for the disappearance of y is the same as before,
with the total decay rate being the sum of the individual rates.
The rate of disappearance of y by the ith process is not dy/dt
but is —b;y. Instead of decay rates, one can use half-lives.
Since b = by + by + bz + - - -, the total half-life T is given
by

0.693 0.693 0.693 0.693
R
or
(I S T

— = —  — .,

(2.24)
T T T T3

2.8 Decay Plus Input at a Constant Rate

Suppose that in addition to the removal of y from the system
at arate —by, y enters the system at a constant rate a, inde-
pendent of y and 7. The net rate of change of y is given by

— =a — by. (2.25)

dt

It is often easier to write down a differential equation
describing a problem than it is to solve it. In this case the
solution to the equation and the techniques for solving it
are well known. However, a good deal can be learned about
the solution by examining the equation itself. Suppose that
y(0) = 0. Then the equation at t = 0 is dy/dt = a, and y
initially grows at a constant rate a. As y builds up, the rate of
growth decreases from this value because of the —by term.
Finally when a —by = 0, dy/dt is zero and y stops growing.
This is enough information to make the sketch in Fig. 2.13.

The equation is solved in Appendix F. The solution is

a
- - (1= 7171‘).
Y b( ¢

The derivative of y is dy/dt = (%) (=1)(=b)e™"" = ae™"".

(2.26)

d
=L = —biy—boy—byy— - = —(bi+batby+- )y = —by.

oo

s
i Initial value is O

Fig. 2.13 Sketch of the initial slope a and final value a/b of y when
y@0)=0

(a)

Fig.2.14 aPlot of y(¢). b Plot of dy/dt

You can verify by substitution that Eq. 2.26 satisfies
Eq. 2.25. The solution does have the properties sketched in
Fig. 2.13, as you can see from Fig. 2.14. The initial value of
dy/dt is a, and it decreases exponentially to zero. When ¢ is
large, the exponential term in y vanishes, leaving y = a/b.

29 Decay With Multiple Half-Lives and Fitting
Exponentials

Sometimes y is a mixture of two or more quantities, each
decaying at a constant rate. It might represent a mixture of
radioactive isotopes, each decaying at its own rate. A bio-
logical example is the survival of patients after a myocardial
infarct (Fig. 2.11). The death rate is not constant, and many
models can be proposed to explain why. One possible model
is that there are two distinct classes of patients immediately
after the infarct. Each class has an associated death rate that
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Fig.2.15 Fitting a curve with two exponentials

is constant. After 3 years, virtually none of the subgroup
with the higher death rate remains. Another model is that
the death rate is higher right after the infarct for all patients.
This higher death rate is due to causes associated with the
myocardial injury: irritability of the muscle, arrhythmias in
the heartbeat, the weakening of the heart wall at the site of
the infarct, and so forth. After many months, the heart has
healed, scar tissue has replaced the necrotic (dead) muscle,
and deaths from these causes no longer occur.

Whatever the cause, it is sometimes useful to fit a set
of experimental data with a sum of exponentials. It should
be clear from the discussion of survival after myocardial
infarction that simply fitting with an exponential or a sum
of exponentials does not prove anything about the decay
mechanism.

If y consists of two quantities, y; and y,, each with its
own decay rate, then

y=yi+y=Are " 4+ Aye . (2.27)

Suppose that b1 > by, so that y; decays more rapidly than
y». After enough time has elapsed, y; will be much less than
y2, and its effect on a semilog plot will be negligible. A typ-
ical plot of y is curve A in Fig. 2.15. Line B can then be
drawn through the data and used to determine A, and b;.
This line is extrapolated back to earlier times, so that y, can

be subtracted from y to give an estimate for y;. For example,
at point C (t = 4), y = 400, y» = 300, and y; = 100. At
t =0, y; = 1500 — 500 = 1000. For times greater than
5 s, the curves for y and y; are close together, and error in
reading the graph produces considerable scatter in y;. Once
several values of y; have been determined, line D is drawn,
and parameters A and b; are estimated.

This technique can be extended to several exponentials.
However it becomes increasingly difficult to extract mean-
ingful parameters as more exponentials are used, because the
estimated parameters for the short-lived terms are very sensi-
tive to the initial guess for the parameters of the longest-lived
term. Fig. 2.6 suggests that estimating the parameters for the
longest-lived term may be difficult because of the potentially
large error bars associated with the data for small values
of y. For a discussion of this problem, see Riggs (1970,
pp. 146-163). A more modern and better way to fit multi-
ple exponentials is the technique of nonlinear least squares.
This is discussed in Sect. 11.2.

2.10 The Logistic Equation

Exponential growth cannot go on forever. This fact is often
ignored by economists and politicians. Albert Bartlett has
written extensively on this subject. You can find several ref-
erences in The American Journal of Physics and The Physics
Teacher. See the summary in Bartlett (2004).

Sometimes a growing population will level off at some
constant value. Other times the population will grow and
then crash. One model that exhibits leveling off is the logistic
model, described by the differential equation

d
_y:,,oy(l_L),
dt Yoo

where by and ys, are constants. This equation has constant
solutions y = 0 and y = yeo. If y < Yoo, then the equation
is approximately dy/dt = boy and y grows exponentially.
As y becomes larger, the term in parentheses reduces the rate
of increase of y, until y reaches the saturation value y.. This
might happen, for example, as the population begins to con-
sume a significant fraction of the food supply, causing the
birth rate to decrease or the mortality rate to increase.
If the initial value of y is yg, the solution of Eq. 2.28 is

(2.28)

1

() =
(i D)ew
Yoo Yo Yoo

— yoyOO
Y0 + (Yoo — yp)e b0t

(2.29)
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Fig. 2.16 Plot of the solution of the logistic equation when yg = 0.1,
Yoo = 1.0, bp = 0.0667. Exponential growth with the same values of
yo and b is also shown

You can easily verify that y(0) = yp and y(c0) = yo. A plot
of the solution is given in Fig. 2.16, along with exponential
growth with the same value of by.

Another way to think of Eq. 2.28 is that it has the form
dy/dt = b(y)y, where b(y) = bo(l — y/yoo) 1S NOW a
function of the dependent variable y instead of the indepen-
dent variable r. As y grows toward the asymptotic value,
the growth rate b(y) decreases linearly to zero. The logistic
model was an early and very important model for popula-
tion growth. It provides good fits in a few cases, but there are
now many more sophisticated models in population biology
(Murray 2001) and bacterial growth (Hagen 2010).

2.11 Log-log Plots, Power Laws, and Scaling
This section considers the use of plots in which both scales
are logarithmic: log—log plots. They are useful when x and y
are related by the power law

y = Bx". (2.30)
Notice the difference between this and the exponential func-
tion: here the independent variable x is raised to a constant
power, while in the exponential case, x (or ?) is in the expo-
nent. It also leads to a discussion of scaling, whereby simple
physical arguments lead to important conclusions about the

variations between species in size, shape, metabolic rate, and
the like.

Fig. 2.17 Log-log plots of y = x" for different values of n. When
x =1,y =l in every case

2.11.1 Log-log Plots and Power Laws

By taking logarithms of both sides of Eq. 2.30, we get

logy =log B +nlogx. (2.31)
This is a linear relationship between u = logy and v =
log x:

u = const + nv. (2.32)

Therefore a plot of u vs v is a straight line with slope n.
The slope can be positive or negative and need not be an
integer. Figure 2.17 shows plotsof y = x, y = x2, y= x1/2,
and y = x~!. The slope can be determined from the graph
by taking Au/Awv. The value of B is determined either by
substituting particular values of y and x in Eq. 2.30 after n
is known, or by determining the value of y when x = 1,
in which case x” = 1 for any value of n, so n need not be
known.

Figure 2.18 shows how the curves change when B is
changed while n = 1. The curves are all parallel to each
other. Multiplying by B is equivalent to adding a constant to
log y.

If the expression is not of the form y = Bx" but has an
added term, it will not plot as a straight line on log—log paper.
Figure 2.18 also shows a plot of y = x 4 1, which is not
a straight line. (Of course, for very large values of x, log
(x 4+ 1) becomes nearly indistinguishable from log x, and the
line appears straight.)

When the slope is constant, n can be determined from the
slope Au/Av measured with a ruler on the log—log paper.
When determining the slope in this way one must be sure
that the length of a cycle is the same in each direction on the
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Fig. 2.18 Log-log plots of y = Bx, showing how the curves shift on
the paper as B changes. Since n = 1 for all the curves, they all have the
same slope. There is also a plot of y = x + 1 to show that a polynomial
does not plot as a straight line

graph paper. To repeat the warning: it is easy to get a rough
idea of the exponent from inspection of the slope of the log—
log plot in Fig. 2.17 because on commercial log—log graph
paper, the distance spanned by a decade or cycle is the same
on both axes. Some magazines routinely show log—log plots
in which the distance spanned by a decade is not the same
on both axes. Moreover, commercial graphing software does
not impose this constraint on log—log plots, so it is becoming
less and less likely that you can determine the exponent by
glancing at the plot. Be careful!

When using a spreadsheet or other graphing software, it
is often useful to make an extra column that contains the cal-
culated variable yc,c = Ax™ with the values for A and m
stored in two cells of the spreadsheet. If you plot this column
as a line, and your real data as points without a line, then you
can change the parameters while inspecting the graph to find
the values that give the best fit.

An example of the use of a log—log plot is Poiseuille flow
of fluid through a tube vs tube radius when the pressure gra-
dient along the tube is constant (Problem 39). It was shown
in Chap. 1 that an * dependence is expected.

2.11.2 Food Consumption, Basal Metabolic
Rate, and Scaling

Consider the relation of daily food consumption to body
mass. This will introduce us to simple scaling arguments.
As a first model, we might suppose that each kilogram of

10* | ——— - — T

;7= ® Energy vs. Massy—Slope = 0.757

64 o Height vs. Mass } } T
€ Slope = 0.62
g/ : i T
= 5
2 ) o2
T b |2+ F
5 | BLor
% 103 /ﬁ%
© 7
o 6
g 5
= 4 Slope = 0.33
9 3
(0]
c
L 2

2

10 2 3 4567 2 3 4567
1 10 100

Body Mass (kg)

Fig. 2.19 Plot of daily food requirement F and height H vs mass M
for growing children. (Data are from Kempe et al. 1970, p. 90)

tissue has the same metabolic requirement, so that food
consumption should be proportional to body mass. However,
there is a problem with this argument. Most of the food that
we consume is converted to heat. The various mechanisms
to lose heat—radiation, convection, and perspiration—are
all roughly proportional to the surface area of the body
rather than its mass. (This statement neglects the fact that
considerable evaporation takes place through the lungs
and that the body can control the rate of heat loss through
sweating and shivering.) If all persons were the same shape,
then the total surface area would be proportional to H?,
where H is the height. The total volume and mass would be
proportional to H3, so H would be proportional to M!/3.
Therefore the surface area would be proportional to (M'/3)?
or M?/3. (See Problem 44 for a discussion of other possible
dependences of surface area on mass.) Figure 2.19 plots H
and the total daily food requirement F vs body mass M for
growing children (Kempe et al. 1970, p. 90).

Neither of the models proposed above fits the data very
well. At early ages, H is more nearly proportional to M6
than to M'/3. For older children, when the shape of the body
has stopped changing, an M%33 dependence does fit better.
This better fit occurs for masses greater than 23 kg, which
correspond to ages over 6 years. The slope of the F(M)
curve is 0.75. This is less than the 1.0 of the model that food
consumption is proportional to the mass and greater than the
0.67 of the model that food consumption is proportional to
surface area.

This %—power dependence is remarkable because it is
seen across many species, from one-celled organisms to
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Symbols Used in Chap. 2
1 Symbol Use Units First
used
1 page
& a Rate of input of a substance 57! 41
;;Z 4 b,by  Rate of growth or decay sl h! 33
s c1,cp  Constants 36
e f Fraction 35
E 10-¢ m,n Exponent in power—law relationship 43
. t Time S 34
u Logarithm of dependent variable 36
10771 v Logarithm of independent variable 43
X General independent variable 35
10712 y General dependent variable 33
y Amount of substance in plasma kg, mg 40
R s e ll T x0,yo Initial value of x or y 33
Body mass (kg) Voo Saturation value of y 42
A Constant 42
B Constant 43
Fig.2.20 Plot of resting metabolic rate vs. body mass for many differ- € Concentration kgm™, 40
ent organisms. (Graph is from R. H. Peters 1983. Modified from A. M. etc.
Hemmingsen 1960). Used with permission F Food requirement keal day™! 44
H Body height m 44
K Clearance m3 s~! 40
M Body mass kg 44
large mammals. It is called Kleiber’s law. Peters (1983) N Number of compoundings per year 34
quotes work by Hemmingsen (1960) that shows the stan- Q Flow through chemostat m3s~! 40
dard metabolic rates for many species can be fitted by the X Standard metabolic rate w 45
followi The standard taboli te is i it d T Half—h.fe ‘ s, etc. 35
ollowing. The standard metabolic rate is in watts and mass . Doubline time s 36
2 g
in kilograms. (Standard means as close to resting or basal as v Volume m3 40
possible.) For unicellular organisms at 20 °C, X10 Change in x for a factor-of-10 change 36
iny
Runicellular = 0.01 {MmO-751 (2.33a) X100 Change in x for a factor-of-100 37
change in y
The range of masses extended from 10~ to 107 kg. For
poikilotherms (organisms such as fish whose body tempera-
ture is the same as the surroundings) at 20 °C (masses from
Problems

1078 to 102 kg),

Rpoikilotherm = 0.14M°7! , (2.33b)

and for homeotherms (animals that can maintain their
body temperature independent of the surroundings) at 39 °C
(masses from 1072 to 103 kg),

Rhomeotherm = 4.1M0731, (2.33¢)

Peters’ graph is shown in Fig. 2.20.

A number of models have been proposed to explain a 3.
power dependence (McMahon 1973; Peters 1983; West et al.
1999; Banavar et al. 1999). West and his coworkers argue
that the %—power law is universal (Brown et al. 2004; West
and Brown 2004). They derive it from a model that supplies
nutrients through a branching network that reaches all parts
of the organism, minimizes the energy required for distribu-
tion, and ends in capillaries (or terminal xylem in plants) that
are all the same size. Whether it is universal is still debated
(White and Seymour 2003; Glazier 2005).

Section 2.1

Problem 1. Suppose that you are 20 years old and have an
annual income of $20,000. You plan to work for 40 years. If
inflation takes place at a rate of 3 % per year, what income
would you need at age 60 to have the same buying power you
have now? Ignore taxes. Make the calculation assuming that
(a) inflation is 3 % and occurs once a year and (b) inflation is
continuous but at a 3 % annual rate.

Problem 2. The number e is defined by lim,,— o (1 4+ 1/n)".

(a) Calculate values of (1 4+ 1/n)" forn = 1, 2,4, 8, and
16.

(b) Use the binomial formula (1 + @)" = 1 + na +
"("2!_1)(12 + "("_13),("_2)(13 + .- to obtain a series for e¥ =
lim,, 0o (1 + x/n)"’. [See also Appendix D, Eq. D.3.]
Problem 3. A child with acute lymphocytic leukemia (ALL)
has approximately 10'? leukemic cells when the disease is
clinically apparent.

(a) If a cell is about 8 wm in diameter, estimate the total
mass of leukemic cells.
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(b) Cure requires killing every single cell. The doubling
time for the cells is about 5 days. If all cells were killed
except for one, how long would it take for the disease to
become apparent again?

(c) Suppose that chemotherapy reduces the number of cells
to 10° and there are no changes of ALL cell proper-
ties (no mutations). How long a remission would you
expect? What if the number were reduced to 10°?

Problem 4. Suppose that tumor cells within the body repro-

duce at rate r, so that the number is given by y = ype’’. Each

time a chemotherapeutic agent is given, it destroys a fraction

f of the cells then existing. Make a semilog plot showing y

as a function of time for several administrations of the drug,

separated by time 7. What different cases must you consider

for the relation among f, T, and r?

Problem 5. An exponentially growing culture of bacteria in-

creases from 10°% to 5 x 108 cells in 6h. What is the time

between successive cell divisions if there is no cell mortality?

Problem 6. The following data on railroad tracks were

obtained from R. H. Romer (1991).

Year Miles of track
1860 30,626
1870 52,922
1880 93,262
1890 166,703

(a) What is the doubling time?

(b) Estimate the surface area of the contiguous USA. As-
sume that a railroad roadbed is 7-m wide. In what year
would an extrapolation predict that the surface of the
USA would be completely covered with railroad track?

Section 2.2

Problem 7. A dose D of drug is given that causes the plasma
concentration to rise from 0 to Cq. The concentration then
falls according to C = Coe_b’. At time T, what dose must be
given to raise the concentration to Cy again? What will hap-
pen if the original dose is administered over and over again
at intervals of T'?

Problem 8. Consider the atmosphere to be at constant tem-
perature but to have a pressure p that varies with height
y. A slab between y and y + dy has a different pressure
on the top than on the bottom because of the weight of
the air in the slab. (The weight of the air is the number of
molecules N times mg, where m is the mass of a molecule
and g is the gravitational acceleration.) Use the ideal gas law,
pV = NkpT (where kp is the Boltzmann constant and 7,
the absolute temperature, is constant), and the fact that the
air is in equilibrium to write a differential equation for p as

a function of y. The equation should be familiar. Show that
p(y) = Cemey/kal,

Problem 9. The mean life of a radioactive substance is
defined by the equation

— Jo Tt (dy/drydt
T= = .
— Jo% (dy/dtydt

Show that if y = ype "', then © = 1/b.

Section 2.3

Problem 10. R. Guttman (1966) measured the temperature
dependence of the current pulse necessary to excite the squid
axon. She found that for pulses shorter than a certain length
7, a fixed amount of electric charge was necessary to make
the nerve fire; for longer pulses, the current was fixed. This
suggests that the axon integrates the current for a time t
but no longer. The following data are for the integrating
time t vs temperature 7' (°C). Find an empirical exponential
relationship between 7" and t.

T (°C) T (ms)
5 4.1
10 34
15 1.9
20 1.4
25 0.7
30 0.6
35 0.4

Problem 11. A normal rabbit was injected with 1 cm?® of
Staphylococcus aureus culture containing 10® organisms. At
various later times, 0.2 cm® of blood was taken from the
rabbit’s ear. The number of organisms per cm> was calcu-
lated by diluting the material, smearing it on culture plates,
and counting the number of colonies formed. The results are
shown below. Plot these data and see if they can be fit by a
single exponential. Can you also estimate the blood volume
of the rabbit?

¢t (min) Bacteria (cm™2)
0 5% 10°
3 2x10°
6 5x 10%
10 7 x 103
20 3 x 102
30 1.7 x 102

Section 2.4

Problem 12. All members of a certain population are born
at ¢+ = 0. The death rate in this population (deaths per unit
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population per unit time) is found to increase linearly with
age t: (death rate) = a+bt. Find the population as a function
of time if the initial population is yy.

Problem 13. The accompanying table gives death rates (in
yr~1) as a function of age. Plot these data on linear graph
paper and on semilog paper. Find a region over which the
death rate rises approximately exponentially with age, and
determine parameters to describe that region.

Age Death rate Age Death rate
0 0.000 863 45 0.005776
5 0.000421 50 0.008 986
10 0.000 147 55 0.013748
15 0.001 027 60 0.020281
20 0.001 341 65 0.030705
25 0.001 368 70 0.046 031
30 0.001 697 75 0.066 196
35 0.002467 80 0.101443
40 0.003702 85 0.194 197

Problem 14. Suppose that the amount of a resource at time

tis y(t). At t = 0, the amount is yg. The rate at which it

is consumed is r = —dy/dt. Let r = roe”, that is, the rate
of use increases exponentially with time. (For example, until
recently the world use of crude oil had been increasing about

7 % per year since 1890.)

(a) Show that the amount remaining at time ¢ is y(t) = yp —
(ro/b)(e” = 1).

(b) If the present supply of the resource were used up at con-
stant rate rg, it would last for a time 7. Show that when
the rate of consumption grows exponentially at rate b,
the resource lasts a time 7, = (1/b) In(1 + bT,).

(c) An advertisement in Scientific American, September
1978, p. 181, said, “There’s still twice as much gas un-
derground as we’ve used in the past 50 years—at our
present rate of use, that’s enough to last about 60 years.”
Calculate how long the gas would last if it were used at
a rate that increases 7 % per year.

(d) If the supply of gas were doubled, how would the answer
to part (c) change?

(e) Repeat parts (c) and (d) if the growth rate is 3 % per year.
Problem 15. When we are dealing with death or compo-
nent failure, we often write Eq. 2.17 in the form y(f) =
Yo exp [— fot m(t’)dt’] and call m(t) the mortality function.
Various forms for the mortality function can represent fail-
ure of computer components, batteries in pacemakers, or
the death of organisms. (This is not the most general possi-
ble mortality model. For example, it ignores any interaction
between organisms, so it cannot account for effects such as
overcrowding or a limited supply of nutrients.)

(a) For human populations, the mortality function is often
written as m(¢) = mie~"1" 4+ my + mzetP3’. What sort
of processes does each of these terms represent?

(b) Assume that m and my are zero. Then m (¢) is called the
Gompertz mortality function. Obtain an expression for
y(¢) with the Gompertz mortality function. Time #pax
is sometimes defined to be the time when y(¢) = 1. It
depends on yg. Obtain an expression for fyax.

Problem 16. The incidence of a disease is the number of

new cases per unit time per unit population (or per 100,000).

The prevalence of the disease is the number of cases per

unit population. For each situation below, the size of the gen-

eral population remains fixed at the constant value y, and the
disease has been present for many years.

(a) The incidence of the disease is a constant, i cases per
year. Each person has the disease for a fixed time of
T years, after which the person is either cured or dies.
What is the prevalence p? Hint: the number who are sick
at time ¢ is the total number who became sick between
t—Tandt.

(b) The patients in part (a) who are sick die with a constant
death rate b. What is the prevalence?

(c) A new epidemic begins at ¢+ = 0, and the incidence in-
creases exponentially with time: i = igeX’. What is the
prevalence if each person has the disease for 7" years?

Section 2.5

Problem 17. The creatinine clearance test measures a pa-
tient’s kidney function. Creatinine is produced by muscle at
arate p gh~!. The concentration in the blood is C g1~!. The
volume of urine collected in time 7" (usually 24 h) is V' 1. The
creatinine concentration in the urine is U g1~!. The clear-
ance is K. The plasma volume is V,. Assume that creatinine
is stored only in the plasma.

(a) Draw a block diagram for the process and write a
differential equation for C.

(b) Find an expression for the creatinine clearance K in
terms of p and C when C is not changing with time.

(c) If C is constant, all creatinine produced in time 7" ap-
pears in the urine. Find K in terms of C, V, U, and
T.

(d) If p were somehow doubled, what would be the new
steady-state value of C? What would be the time con-
stant for change to the new value?

Problem 18. A liquid is injected in muscle and spreads

throughout a spherical volume V = 4mr3/3. The volume

is well supplied with blood, so that the liquid is removed
at a rate proportional to the remaining mass per unit vol-
ume. Let the mass be m and assume that r remains fixed.

Find a differential equation for m (¢) and show that m decays

exponentially.

Problem 19. A liquid is injected as in Problem 18, but this

time a cyst is formed. The rate of removal of mass is pro-

portional to both the pressure of liquid within the cyst, and
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to the surface area of the cyst, which is 4772, Assume that
the cyst shrinks so that the pressure of liquid within the cyst
remains constant. Find a differential equation for the rate of
mass removal and show that dm /dt is proportional to m?/3.

Problem 20. The following data showing ethanol concen-
tration in the blood vs time after ethanol ingestion are from
Bennison and Li (1976, pp. 9-13). Plot the data and discuss
the process by which alcohol is metabolized.

t (min)  Ethanol concentration (mg di=h
90 134
120 120
150 106
180 93
210 79
240 65
270 50

Problem 21. Consider the following two-compartment
model. Compartment 1 is damaged myocardium (heart mus-
cle). Compartment 2 is the blood of volume V. At ¢t = 0,
the patient has a heart attack and compartment 1 is created.
It contains g molecules of some chemical that was released
by the dead cells. Over the next several days, the chemi-
cal moves from compartment 1 to compartment 2 at a rate
i(t), such that g = fooo i(t)dt. The amount of substance in
compartment 2 is y(¢) and the concentration is C(¢). The
only mode of removal from compartment 2 is clearance with
clearance constant K.
(a) Write a differential equation for C(¢) that may also
involve i (7).
(b) Integrate the equation and show that g can be determined
by numerical integration if C(¢) and K are known.
(c) Show that volume V need not be known if C(0) =
C(00).

Section 2.7

Problem 22. The radioactive nucleus %*Cu decays indepen-
dently by three different paths. The relative decay rates of
these three modes are in the ratio 2:2:1. The half-life is
12.8 h. Calculate the total decay rate b, and the three partial
decay rates b1, by, and b3.

Problem 23. The following data were taken from Berg et al.
(1982). At t = 0, a 70-kg subject was given an intravenous
injection of 200 mg of phenobarbital. The initial concentra-
tion in the blood was 6 mg 17!, The concentration decayed
exponentially with a half-life of 110 h. The experiment was
repeated, but this time the subject was fed 200 g of activated
charcoal every 6 h. The concentration of phenobarbital again
fell exponentially, but with a half-life of 45 h.

(a) What was the volume in which the phenobarbital was

distributed?

(b) What was the clearance in the first experiment?
(c) What was the clearance due to charcoal?

Section 2.8

Problem 24. You are treating a severely ill patient with an
intravenous antibiotic. You give a loading dose D mg, which
distributes immediately through blood volume V to give a
concentration C mg dI~!' (1 d1=0.11). The half-life of this
antibiotic in the blood is T h. If you are giving an intravenous
glucose solution at a rate R ml h~!, what concentration of
antibiotic should be in the glucose solution to maintain the
concentration in the blood at the desired value?

Problem 25. The solution to the differential equation

dy/dt = a — by for the initial condition y(0) = O is

y = (a/b)(1 — e~"). Plot the solution for @ = 5 g min~!

and for » = 0.1, 0.5, and 1.0 min—!. Discuss why the final

value and the time to reach the final value change as they do.

Also make a plot for » = 0.1 and a = 10 to see how that

changes the situation.

Problem 26. Derive an approximate expression for

(a/b) (1 — e b ) which is accurate for small times (r <«

1/b). Use the Taylor expansion for an exponential given in

Appendix D.

Problem 27. We can model the repayment of a mortgage

with a differential equation. Suppose that y(¢) is the amount

still owed on the mortgage at time ¢, the rate of repayment
per unit time is a, b is the interest rate, and the initial amount
of the mortgage is yj.

(a) Find the differential equation for y(¢).

(b) Try a solution of the form y(¢t) = a/b + C el where
C is a constant to be determined from the initial condi-
tions. Find C, plot the solution, and determine the time
required to pay off the mortgage.

Problem 28. When an animal of mass m falls in air, two

forces act on it: gravity, mg, and a force due to air friction.

Assume that the frictional force is proportional to the speed

v.

(a) Write a differential equation for v based on Newton’s
second law, F = m(dv/dt).

(b) Solve this differential equation (hint: compare your
equation to Eq. 2.25).

(c) Assume that the animal is spherical, with radius a and
density p. Also, assume that the frictional force is pro-
portional to the surface area of the animal. Determine
the terminal speed (speed of descent in steady state) as
a function of a.

(d) Use your result in part (c) to interpret the following
quote by J. B. S. Haldane (1985): “You can drop a
mouse down a thousand-yard mine shaft; and arriving
at the bottom, it gets a slight shock and walks away. A
rat is killed, a man is broken, a horse splashes.”
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Problem 29. In Problem 28, we assumed that the force of

air friction is proportional to the speed v. For flow at high

Reynolds numbers, a better approximation is that the force is

—kv?.

(a) Write the differential equation for v as a function of 7.

(b) This differential equation is nonlinear because of the v>
term and thus difficult to solve analytically. However,
the terminal speed can easily be obtained directly from
the differential equation by setting dv/dt = 0. Find the
terminal speed as a function of a (defined in Problem
28).

(¢) Verify that v(r) = /mg/k tanh (y/kg/mt) is a solution.

Problem 30. A drug is infused into the body through an in-

travenous drip at a rate of 100mgh~!. The total amount of

drug in the body is y. The drug distributes uniformly and

instantaneously throughout the body in a compartment of

volume V = 181. It is cleared from the body by a single

exponential process. In the steady state, the total amount in

the body is 200 mg.

(a) Atnoon (¢t = 0), the intravenous line is removed. What
is y(t) fort > 0?

(b) What is the clearance of the drug?

Section 2.9

Problem 31. You are given the following data:

X y X y
0 1.000 5 0444
1 0.800 6 0.400
2 0.667 7 0.364
3 0.571 8 0.333
4 0.500 9 0.308

10 0.286

Plot these data on semilog graph paper. Is this a single expo-
nential? Is it two exponentials? Plot 1/y vs x. Does this alter
your answer?

Problem 32. Cells can repair DNA damage caused by x-ray
exposure (see Sect. 16.9). Wang et al. (2001) found that the
amount of damage is characterized by two time constants.
Assume the DNA damage, D, as a function of time, ¢, is
given by the following data

t(h)  D(%) t(h) D(%)
0 100 1.5 16
025 46 2 14
0.50 28 4 9.0
075 21 6 5.8
1.0 18 8 3.7

Plot the data on semilog paper. Fit the data to Eq. 2.27 by
eye or using a spreadsheet and determine A1, A, b1, and b;.

Note that the data are normalized to 100 % at t = 0. What
does this mean in terms of A; and Aj?

Section 2.10

Problem 33. Suppose that the rate of consumption of a re-
source increases exponentially. (This might be petroleum, or
the nutrient in a bacterial culture.) During the first doubling
time, the amount used is 1 unit. During the second doubling
time, it is 2 units, the next 4, etc. How does the amount con-
sumed during a doubling time compare to the total amount
consumed during all previous doubling times?

Problem 34. Suppose that the rate of growth of y is de-

scribed by dy/dt = b(y)y. Expand b(y) in a Taylor’s

series and relate the coefficients to the terms in the logistic
equation.

Problem 35. Verify that the solution y(7) in Eq. 2.29 obeys

the differential Eq. 2.28.

Problem 36. In the logistic model (Eq. 2.28), what value of

y corresponds to the maximum rate of change of y?

Problem 37. The consumption of a finite resource is

often modeled using the logistic equation. Let y(¢) be the

cumulative amount of a resource consumed and y., be

the total amount that was initially available at t = —oo.

Model the rate of consumption using Eq. 2.29 over the range

—00 <t < 00.

(@) Set yo = Yoo/2, so that the zero of the time axis
correponds to when half the resource has been used.
Show that this simplifies Eq. 2.29.

(b) Differentiate y(¢) to find an expression for the rate
of consumption. Sketch plots of dy/dt vs t on linear
and semilog graph paper. When does the peak rate of
consumption occur?

When this model is applied to world oil consumption, the
maximum is called Hubbert’s peak (Deffeyes 2008).
Problem 38. Consider a classic predator—prey problem. Let
the number of foxes be F and the number of rabbits be R.
The rabbits eat grass, which is plentiful. The foxes eat only
rabbits. The number of foxes and rabbits can be modeled by
the Lotka—Volterra equations

dR

— =aR — bRF
dt

dF

— = —cF +dRF.
dt

(a) Describe the physical meaning of each term on the right-
hand side of each equation. What does each of the
constants a, b, ¢, and d denote?

(b) Solve for the steady-state values of F and R.

These differential equations are difficult to solve because
they are nonlinear (see Chap. 10). Typically, R and F oscil-
late about the steady-state solutions found in (b). For more
information, see Murray (2001).
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Section 2.11

Problem 39. Plot the following data for Poiseuille flow on
log—log graph paper. Fit the equation i = CR), to the data by
eye (or by trial and error using a spread sheet), and determine
C and n.

Ry (um) i(um’s™")
5 0.000 10

7 0.00038
10 0.0016

15 0.008 1

20 0.026

30 0.13

50 1.0

Problem 40. Below are the molecular weights and radii
of some molecules. Use log—log graph paper to develop an
empirical relationship between them.

Substance M R (nm)
Water 18 0.15
Oxygen 32 0.20
Glucose 180 0.39
Mannitol 180 0.36
Sucrose 390 0.48
Raffinose 580 0.56
Inulin 5000 1.25
Ribonuclease 13,500 1.8
B-lactoglobin 35,000 2.7
Hemoglobin 68,000 3.1
Albumin 68,000 3.7
Catalase 250,000 5.2

Problem 41. How well does Eq. 2.33c explain the data of
Fig. 2.197 Discuss any differences.

Problem 42. Compare the mass and metabolic requirements
(and hence waste output, including water vapor) of 180 peo-
ple each weighing 70 kg with 12,600 chickens of average
mass 1 kg.

Problem 43. Figure 2.19 shows that in young children,
height is more nearly proportional to M%2 than to M/3.
Find pictures of children and adults and compare ratios of
height to width, to see what the differences are.

Problem 44. Consider three models of an organism. The first
is a sphere of radius R. The second is a cube of length L.
These are crude models for animals. The third is a broad leaf
of surface area A on each side and thickness 7. Assume all
have density p. In each case, calculate the surface area S as
a function of mass, M. Ignore the surface area of the edge of
the leaf. (For a comparison of scaling in leaves and animals,
see Reich (2001). He shows that for broad leaves, S o« M!-1)
Problem 45. If food consumption is proportional to M3/4
across species, how does the food consumption per unit

mass scale with mass? Qualitatively compare the eating

habits of hummingbirds to eagles and mice to elephants. (See

Schmidt-Nielsen 1984, pp. 62-64.)

Problem 46. In Problem 45, you found how the specific

metabolic rate (food consumption per unit mass) varies with

mass. If all animal heart volumes and blood volumes are pro-
portional to M, then the only way for the heart to increase the
oxygen delivery to the body is by increasing the frequency of

the heart rate (Schmidt-Nielsen 1984, pp. 126—150).

(a) Using the result from Problem 45, if a 70 kg man has a

heart rate of 80 beats min~!, determine the heart rate of

a guinea pig (M = 0.5kg).

To a first approximation, all hearts beat about

800,000,000 times in a lifetime. A 30-g mouse lives

about 3 years. Estimate the life span of a 3000-kg

elephant.

(c) Humans live longer than what their mass would indi-
cate. Calculate the life span of a 70-kg human based on
scaling, and compare it to a typical human life span.

Problem 47. Let us examine how high animals can jump

(Schmidt-Nielsen 1984, pp. 176-179). Assume that the en-

ergy output of the jumping muscle is proportional to the body

mass, M. The gravitational potential energy gained upon
jumping to a height 4 is Mgh (g = 9.8 ms~2). If a 3-g lo-
cust can jump 60 cm, how high can a 70-kg human jump?

Use scaling arguments.

Problem 48. In Problem 47, you should have found that all

animals can jump to about the same height (approximately

0.6 m), independent of their mass M.

(a) Equate the kinetic energy at the bottom of the jump
(Mv?/2, where v is the“take-off speed”) to the poten-
tial energy M gh at the top of the jump to find how the
take-off speed scales with mass.

(b) Calculate the take-off speed.
(c) In order to reach this speed, the animal must accelerate
upward over a distance L. If we assume a constant ac-
celeration a, then a = v? /(2L). Assume L scales as the
linear size of the animal (and assume all animals are ba-
sically the same shape but different size). How does the
acceleration scale with mass?

For a 70-kg human, L is about 1/3m. Calculate the

acceleration (express your answer in terms of g).

(e) Use your result from part (c) to estimate the acceleration
for a 0.5-mg flea (again, express your answer in terms of
8)

(f) Speculate on the biological significance of the result in
part (e) (See Schmidt-Nielsen 1984, pp. 180-181).

(®)

(d)
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Systems of Many Particles

It is possible to identify all the external forces acting on a
simple system and use Newton’s second law (F = ma) to
calculate how the system moves. (Applying this technique
in a complicated case such as the femur may require the de-
velopment of a simplified model, because so many muscles,
other bones, and ligaments apply forces at so many different
points.) In an atomic-size system consisting of a single atom
or molecule, it is possible to use the quantum-mechanical
equivalent of F = ma, the Schrodinger equation, to do the
same thing. (The Schrodinger equation takes into account the
wave properties that are important in small systems.)

In systems of many particles, such calculations become
impossible. Consider, for example, how many particles there
are in a cubic millimeter of blood. Table 3.1 shows some of
the constituents of such a sample. To calculate the transla-
tional motion in three dimensions, it would be necessary to
write three equations for each particle! using Newton’s sec-
ond law. Suppose that at time ¢ the force on a molecule is F.
Between ¢ and ¢ 4+ At, the velocity of the particle changes
according to the three equations

vit + At) =v;(t) + F;At/m, (i =x,y,2).

The three equations for the change of position of the par-
ticle are of the form x(t + Ar) x(t) + v ()AL +
Fe()(AD)?/(2m). If At is small enough the last term can be
neglected. Solving these equations requires at least six multi-
plications and additions for each particle. For 10'° particles,
this means about 10?° arithmetic operations per time interval.
If a computer can do 10'? operations/s, then the complete
calculation for a single time interval will require 108 s or 3
years!

Another limitation arises in the physics of the processes.
Relatively simple systems can exhibit deterministic chaos:

! In computational biology, a mole of differential equations is some-
times called a leibniz (Huang and Wikswo 2006). Solving for the
motion of each water molecule in a cubic millimeter of blood requires
solving 0.16 millileibniz of equations.

R. K. Hobbie, B. J. Roth, Intermediate Physics for Medicine and Biology,
DOI 10.1007/978-3-319-12682-1_3, (© Springer International Publishing

Table 3.1 Some constituents of 1 mm?> of blood

Constituent Concentration in Number in 1 mm?
customary units

Water lgem™ 3.3 x 10"
Sodium 32mgcem™? 8.3 x 1016
Albumin 45gdl! 3.9 x 1014
Cholesterol 200 mg d1~! 3.1 x 10
Glucose 100 mg d1~! 3.3 x 101
Hemoglobin 15gd! 1.4 x 101
Erythrocytes 5%10® mm~3 5% 100

a collection of identical systems differing in their initial
conditions by an infinitesimally small amount can become
completely different in their subsequent behavior in a sur-
prisingly short period of time. It is impossible to trace the
behavior of this many molecules on an individual basis.

Nor is it necessary. We do not care which water molecule
is where. The properties of a system that are of interest
are averages over many molecules: pressure, concentration,
average speed, and so forth. These average macroscopic
properties are studied in statistical or thermal physics or
statistical mechanics.

Unfortunately, this chapter relies heavily on your ability
to accept delayed gratification. It has only a few biological
examples, but the material developed here is necessary for
understanding some topics in most of the later chapters, es-
pecially Chaps. 4-9 and 14-18. In addition to developing a
statistical understanding of pressure, temperature, and con-
centration, this chapter derives four quantities or concepts
that are used later:

1. The Boltzmann factor, which tells how concentrations of

particles vary with potential energy (Sect. 3.7).

The principle of equipartition of energy, which under-

lies the diffusion process that is so important in the body

(Sect. 3.10).

. The chemical potential, which describes the condition
for equilibrium of two systems for the exchange of
particles, and how the particles flow when the systems
are not in equilibrium (Sects. 3.12, 3.13, and 3.18).

2.
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4. The Gibbs free energy, which tells the direction in which
a chemical reaction proceeds and allows us to understand
how the cells in the body use energy (Sect. 3.17).

The first six sections form the basis for the rest of the
chapter, developing the concepts of microstates, heat flow,
temperature, and entropy. Sections 3.7 and 3.8 develop the
Boltzmann factor and its corollary, the Nernst equation. Sec-
tion 3.9 applies the Boltzmann factor to the air molecules
in the atmosphere. Section 3.10 discusses the very important
equipartition of energy theorem. Section 3.11 discusses heat
capacity—the energy required to increase the temperature of
a system.

The transport of particles between two systems is de-
scribed most efficiently using the chemical potential. The
chemical potential is introduced in Sect. 3.12, and an exam-
ple of its use is shown in Sect. 3.13.

Section 3.14 considers systems that can exchange volume.
An idealized example is two systems separated by a flexible
membrane or a movable piston. The next two sections ex-
tend the idea of systems that exchange energy, particles, or
volume to the exchange of other variables such as electric
charge.

The Gibbs free energy, introduced in Sect. 3.17, is used
to describe chemical reactions that take place at constant
temperature and pressure. It is closely related to the chem-
ical potential. The chemical potential of an ideal solution is
derived in Sect. 3.18 and is used extensively in Chap. 5.2

3.1 Gas Molecules in a Box

Statistical physics or statistical mechanics deals with average
quantities such as pressure, temperature, and particle concen-
tration and with probability distributions of variables such as
velocity. Some of the properties of these averages can be il-
lustrated by considering a simple example: the number of
particles in each half of a box containing a fixed number of
gas molecules. (This is a simple analog for the concentra-
tion.) We will not be concerned with the position and velocity
of each molecule, since we have already decided not to use
Newtonian mechanics. Nor will we ask for the velocity dis-
tribution at this time. This simplified example will describe
only how many molecules are in the volume of interest. The
number will fluctuate with time. We will deal with probabil-
ities:> if the number of particles in the volume is measured

2 Many excellent introductory textbooks on thermodynamics and sta-
tistical mechanics exist, such as those by Reif (1964) and Schroeder
(2000). To learn more about how thermodynamics is applied to biolog-
ical problems, see Haynie (2008).

3 A good book on probability is Weaver (1963).

Fig. 3.1 An ensemble of boxes, each divided in half by an imaginary
partition

repeatedly, what values are obtained, and with what relative
frequency?

If we were willing to use Newtonian mechanics, we could
count periodically how many molecules are in the volume of
interest. (This has actually been done for small numbers of
particles. See Reif (1964), pp. 8-9.) For larger numbers of
particles, it is easier to use statistical arguments to obtain the
probabilities. The particles travel back and forth, colliding
with the walls of the box and occasionally with one another.
After some time has elapsed, all memory of the particles’
original positions and velocities has been lost because of col-
lisions with the walls of the box, which have microscopic
inhomogeneities. Therefore, the result can be obtained by
imagining a whole succession of completely different boxes,
in which the particles have been placed at random. We can
count the number of molecules in the volume of interest in
each box. Such a collection of similar boxes is called an en-
semble. Ensembles of similar systems will be central to the
ideas of this chapter.

Imagine an ensemble of boxes, each divided in half as
in Fig. 3.1. We want to know how often a certain number
of particles is found in the left half. If one particle is in a
box (N = 1), two cases can be distinguished, depending on
which half the particle is in. Call them L and R. Each case is
equally likely to occur, since nothing distinguishes one half
of a box from the other. If n is the number of particles in
the left half, then case L corresponds to n = 1 and case R
corresponds to n = 0.

The probability of having a particular value of » is defined
to be

(number of systems in the ensemble in which 7 is found)

P(n) =
(total number of systems)

3.1

in the limit as the number of systems becomes very large.
As there are only two possible values of n, 0 or 1, and
because each corresponds to one of the equally likely con-
figurations, P(0) = 0.5, P(1) = 0.5. The sum of the
probabilities is 1. A histogram of P(n) for N = 1 is given in
Fig. 3.2a. To recapitulate: n is the number of molecules in the
left half of the box, and N is the total number of molecules in
the entire box. Since N will change in the discussion below,
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Fig. 3.2 Histograms of P (n; N) for different values of N

we will call the probability P(n; N). (The fixed parameters
that determine the probability distribution are located after
the semicolon.)

Now let N = 2. Each molecule can be on the left or the
right with equal probability. The possible outcomes are listed
in the following table, along with the corresponding values of
n and P (n; 2).

Molecule 1 Molecule 2 n Pn;?2)
R R 0 i
R L 1 .
L R 1 2
L L 2 1

Each of the four outcomes is equally probable. To see this,
note that L or R is equally likely for each molecule. In half of
the boxes in the ensemble, the first molecule is found on the
left. In half of these, the second molecule is also on the left.
Therefore LL occurs in one-fourth of the systems in the en-
semble. (This is not strictly true, because there can be fluctu-
ations. If we throw a coin six times, we cannot say that heads
will always occur three times. If we repeat the experiment
many times, the average number of heads will be three.)

If three molecules are placed in each box, there are two
possible locations for the first particle, two for the second,
and two for the third. If the three particles are all indepen-
dent, then there are 23 = § different ways to locate the
particles in a box. If a box is divided in half, each of these
ways has a probability of 1/8.

Molecule 1 Molecule 2 Molecule 3 n P(n; 3)
R R R 0 %
R R L 1
R L R 1 3
L R R 1
L L R 2
L R L 2 3
R L L 2
L L L 3 3

The cases of two and three molecules in the box are also
plotted in Fig. 3.2.

In each case, P(n; N) has been determined by listing all
the ways that the N particles can go into a box. This can be-
come tedious if the number of particles is large. Furthermore,
it does not provide a way to calculate P if the two volumes of
the box are not equal. We will now introduce a more general
technique that can be used for any number of particles and
for any fractional volume of the box.

Each box is divided into two volumes, v and v’, with total
volume V = v + v’. Call p the probability that a single par-
ticle is in volume v. The probability that the particle is in the
remainder of the box, v’, is g:

ptqg=1 (3.2

As long as there is nothing to distinguish one part of a box
from the other, p is the ratio of v to the total volume:

p=—. 3.3)

1%
By the same argument, ¢ = ©'/V. These values satisfy
Eq. 3.2. If N particles are distributed between the two vol-
umes of the box, the number in v is n and the number in
v isn’ = N — n. The probability that n of the N particles
are found in volume v is given by the binomial probability
distribution (Appendix H):

N!
P(H;N)=P(H2N»P)=ml’”(l—P)N_”-
' ' (3.4)

Table 3.2 shows the calculation of P (n; 10) using this equa-
tion. Histograms for N = 4 and 10 are also plotted in
Fig. 3.2. In each case there is a value of n for which P is
a maximum. When N is even, this value is N/2; when N is
odd, the values on either side of N /2 share the maximum
value. The probability is significantly different from zero
only for a few values of n on either side of the maximum.

A probability distribution, in the form of an expression, a
table of values, or a histogram, usually gives all the informa-
tion that is needed about the number of molecules in v; it is
not necessary to ask which molecules are in v. The number
of molecules in v is not fixed but fluctuates about the number
for which P is a maximum. For example, if N = 10, and
we measure the number of molecules in the left half many
times, we find n = 5 only about 25 % of the time. On the
other hand, we find that n = 4, 5, or 6 about 65 % of the
time, while n = 3, 4, 5, 6, or 7 about 90 % of the time.
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Table 3.2 Calculation of P(n; 10) using the binomial probability
distribution. Note that 0! = 1

Po10= g (1) (4)" = (3) " =000
P(1;10) = llg'! (%)' (%)°= 10(%)1():0010
P(2;10) = 218;! (%)2 (%)8 =45 (%)10 =0.044
P(3;10) = 31‘07'! (%)3 (%)7 =120 (%)10 =0.117
P (4:10) = i'%'! (%)4 (%)6 =210 (%)10 =0.205
P(5:10) = 512! (%)5 (%)5 =252 (%)w =0.246
P (6;10) = 613'! (%)6 (%)4 =210 (%)w = 0.205
P(7:10) = 712'! (%)7 (%)3 =120 (%)10 —0.117
P (8;10) = Slg'! (%)8 (%)2 =45 (%)10 =0.044
P(9;10) = 912'! (%)9 (%)1 =10 (%)m =0.010
P00 = (1) (1) = (3) " <oom

3.2 Microstates and Macrostates

If we know “enough” about the detailed properties (such
as position and momentum) of every particle in a system,*
then we say that the microstate of the system is specified.
(The criterion for “enough” will be discussed shortly.) We
may know less than this but know the macrostate of the sys-
tem. (In an ideal gas, for example, the macrostate would be
defined by knowing the number of molecules and volume,
and the pressure, temperature, or total energy.) Usually there
are many microstates corresponding to each macrostate. The
large-scale average properties (such as pressure and number
of particles per unit volume in the ideal gas) fluctuate slightly
about well-defined mean values.

In the problem of how many molecules are in half of
a box, the macrostate is specified if we know how many
molecules there are, while a microstate would specify the
position and momentum of every molecule. In other cases,
internal motions of the molecule may be important, and it
will be necessary to know more than just the position and
momentum of each particle.

The relation between microstates and macrostates may be
clarified by the following example, which contains the es-
sential features, although it is oversimplified and somewhat
artificial. A room is empty except for some toys on the floor.
Specifying the location of each of the toys on the floor would

4 A system is that part of the universe that we choose to examine. The
surroundings are the rest of the universe. The system may or may not
be isolated from the surroundings.

Fig. 3.3 A room with toys. If all the toys are in the shaded area, the
macrostate is “picked up.” Otherwise, the macrostate is “mess”

specify the microstate of the system. If the toys are in the
shaded corner in Fig. 3.3, the macrostate is “picked up.” If
the toys are in any place else in the room, the macrostate
is “mess.” There are many more microstates corresponding
to the macrostate “mess” than there are corresponding to
the macrostate “picked up.” We know from experience that
children tend to regard any microstate as equally satisfactory;
the chances of spontaneously finding the macrostate “picked
up” are relatively small.

A situation in which P is small is called ordered or
nonrandom. A situation in which P is large is called disor-
dered or random. Macrostate “mess” is more probable than
macrostate “picked up” and is disordered or random.

The same idea can be applied to a box of gas molecules.
Initially, the molecules are all kept in the left half of the
box by a partition. If the partition is suddenly removed, a
large number of additional microstates are suddenly avail-
able to the molecules. The macrostate in which they find
themselves—all in the left half of the box, even though the
partition has been removed—is very improbable or highly
ordered. The molecules soon fill the entire box; it is quite
unlikely that they will all be in the left half again if the num-
ber of molecules is very large. (Suppose that there are 80
molecules in the box. The probability that all are in the left
half is (%)80 = 10724 1f samples were taken 10° times/s,

it would take 10'® s to sample 10%* boxes, one of which, on

the average, would have all of the molecules in the left half.
This is greater than the age of the universe.)

Just after the partition in the box was removed, the
situation was very ordered. The system spontaneously ap-
proached a much more random situation in which nearly half
the molecules were in each half of the box. The actual num-
ber n fluctuates about N /2, but in such a way that the average
(n) (taken, say, over several seconds) no longer changes with
time. Typical fluctuations with a constant (n) are shown in
Fig. 3.4a. When the average® of the macroscopic parame-
ters is not changing with time, we say that the system is in

5 There is a subtlety about the meaning of average that we are gloss-
ing over here. If we take a whole ensemble of identical systems, which
were all prepared the same way, and measure n in each one, we have
the ensemble average n. This is calculated in the way described in Ap-
pendix G. If we watch one system over some long time interval, as in
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Fig. 3.4 a Fluctuations of n about N /2. b The approach of the system
to the equilibrium state after the partition is removed

an equilibrium state. Figure 3.4b shows the system moving
toward the equilibrium state after the partition is removed.

An equilibrium state is characterized by macroscopic pa-
rameters whose average values remain constant with time, al-
though the parameters may fluctuate about the average value.
It is also the most random (i.e., most probable) macrostate
possible under the prescribed conditions. It is independent
of the past history of the system and is specified by a few
macroscopic parameters.®

The definition of a microstate of a system has so far been
rather vague; we have not said precisely what is required to
specify it. It is actually easier to specify the microstate of
a system when using quantum mechanics than when using
classical mechanics. When the energy of an individual parti-
cle in a system (such as one of the molecules in the box) is
measured with sufficient accuracy, it is found that only cer-
tain discrete values of the energy occur. This is because of the
wave nature of the particles. The allowed values of the energy
are called energy levels. You are probably familiar with the
idea of energy levels from a previous physics or chemistry
course; for example, the spectral lines of atoms are due to
the emission of light when an atom changes from one energy
level to another. Because the energy levels are well defined,
the energy difference, and hence the frequency or color of
the light, is also well defined (see Chap. 14).

A particle in a box has a whole set of energy levels at
energies determined by the size and shape of the box. Com-
pared to macroscopic measurements of energy, these levels

Fig. 3.4, we can take the time average (n). It is taken by recording val-
ues of n for a large number of discrete times in some interval. Strictly
speaking, an equilibrium state is one in which the ensemble average is
not changing with time.

6 A more detailed discussion of equilibrium states is found in Reif
(1964).

are very close together. The particle can be in any one of
these levels; which energy the particle has is specified by a
set of quantum numbers. If the particle moves in three di-
mensions, three quantum numbers are needed to specify the
energy level. If there are N particles, it will be necessary to
specify three quantum numbers for each particle or 3N num-
bers in all. (If there are M molecules, each made up of a
atoms, then N = aM. The number of quantum numbers is
less than 3N because the atoms cannot all move indepen-
dently. If the molecules were thought of as single particles,
there would be 3M quantum numbers. But the molecules can
rotate and vibrate, so that the number of quantum numbers is
greater than 3M and less than 3N .)

The total number of quantum numbers required to specify
the state of all the particles in the system is called the number
of degrees of freedom of the system, f.

A microstate of a system is specified if all the quantum
numbers for all the particles in the system are specified.

In most of this chapter, it will not be necessary to consider
the energy levels in detail. The important fact is that each par-
ticle in a system has discrete energy levels, and a microstate
is specified if the energy level occupied by each particle is
known.

3.3 The Energy of a System: The First Law of
Thermodynamics

Figure 3.5 shows some energy levels in a system occupied
by a few particles. The total energy of the system U is the
sum of the energy of each particle. In making this drawing,
we have assumed that all the particles are the same and that
they do not interact with one another very much. Then each
particle has the same set of energy levels, and the presence of
other particles does not change them. In that case, we can say
that there is a certain set of energy levels in the system and
that each level can be occupied by any number of particles.
The energy of the ith level, occupied or not, will be called

Fig. 3.5 A few of the energy levels in a system. If a particle has a
particular energy, a dot is drawn on the level. More than one particle in
this system can have the same quantum numbers
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u;. For the example of Fig. 3.5, the total energy is
U = 2uy3 + uas + uz6 + 3uog.

Suppose that the system is isolated so that it does not
gain or lose energy. It is still possible for particles within the
system to exchange energy and move to different energy lev-
els, as long as the total energy does not change. (Classically,
two particles could collide, so that one gains and one loses
energy.) Therefore the number of particles occupying each
energy level can change, as long as the total energy remains
constant. For a system in equilibrium, the average number of
particles in each level does not change with time.

There are two ways in which the total energy of a system
can change. Work can be done on the system by the surround-
ings, or heat can flow from the surroundings to the system.
The meaning of work and heat in terms of the energy levels
of the system is quite specific and is discussed shortly. First,
we define the sign conventions associated with them.

It is customary to define Q to be the heat flow into a
system. If no work is done, the energy change in the system is

AU = Q.

It is also customary to call W the work done by the system
on the surroundings. When W is positive, energy flows from
the system to the surroundings. If there is no accompanying
heat flow, the energy change of the system is

AU = —-W.

The most general way the energy of a system can change is
to have both work done by the system and heat flow into the
system. The statement of the conservation of energy in that
case is called the first law of thermodynamics:

AU =Q—-W. (3.5)

The joule is the SI unit for energy, work and heat flow.
The calorie (1 cal = 4.184 J) is sometimes used. The dietary
Calorie is 1000 cal.

The positions of the energy levels in a system are deter-
mined by some macroscopic properties of the system. For a
gas of particles in a box, for example, the positions of the
levels are determined by the size and shape of the box. For
charged particles in an electric field, the positions of the lev-
els are determined by the electric field. If the macroscopic
parameters that determine the positions of the energy levels
are not changed, the only way to change the total energy of
a system is to change the average number of particles occu-
pying each energy level, as in Fig. 3.6. This energy change is
called heat flow.

Work is associated with the change in the macroscopic pa-
rameters (such as volume) that determine the positions of the
energy levels. If the energy levels are shifted by doing work

— e
e e 2
- eee®  eoee
e0e0ee  eoo

Fig. 3.6 No work is done on the system, but heat is added. The
positions of the levels do not change; their average population does
change
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Fig. 3.7 Work is done on the system, but no heat flows. Each level has
been shifted to a higher energy

(@) (o) (©

Fig. 3.8 Symbols used to indicate various types of isolation in a sys-
tem. a This system is completely isolated. b There is no heat flow
through the double wall, but work can be done (symbolized by a pis-
ton). ¢ No work can be done, but there can be heat flow through the
single wall

without an accompanying heat flow, the change is called adi-
abatic. An adiabatic change is shown in Fig. 3.7. In general,
there is also a shift of the populations of the levels in an adi-
abatic change; the average occupancy of each level can be
calculated using the Boltzmann factor, described in Sect. 3.7.
There is no heat flow, but work is done on or by the system,
and its energy changes.

To summarize: Pure heat flow involves a change in the
average number of particles in each level without a change
in the positions of the levels. Work involves a change in the
macroscopic parameters, which changes the positions of at
least some of the energy levels. In general, this means that
there is also a shift in the average population of each level.
The most general energy change of a system involves both
work and heat flow. In that case the total energy change is
the sum of the changes due to work and to heat flow.

It is customary in drawing systems to use the symbols in
Fig. 3.8 to describe how the system can interact with the sur-
roundings. A double-walled box means that no heat flows,
and any processes that occur are adiabatic. This is shown
in Fig. 3.8a. If work can be done on the system, a piston is
shown as in Fig. 3.8b. If heat can flow to or from the system,
a single wall is used as in Fig. 3.8c.
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3.4 Ensembles and the Basic Postulates

In the next few sections we will develop some quite remark-
able results from statistical mechanics. Making the postulate
that when a system is in equilibrium each microstate is
equally probable, and arguing that as the energy, volume, or
number of particles in the system is increased the number
of microstates available to the system increases, we will ob-
tain several well-known results from thermodynamics: heat
flows from one system to another in thermal contact until
their temperatures are the same; if their volumes can change
they adjust themselves until the pressures are the same; and
the systems exchange particles until their chemical poten-
tials are the same. We will also obtain the concept of entropy;
the Boltzmann factor; the theorem of equipartition of energy;
and the Gibbs free energy, which is useful in chemical reac-
tions in living systems where the temperature and pressure
are constant.

The initial postulates are deceptively simple. Unfortu-
nately, a fair amount of mathematics is required to get from
them to the final results. We start with the basic postulates.

The microstate of a system is determined by specifying
the quantum numbers of each particle in the system. The to-
tal number of quantum numbers is the number of degrees
of freedom. The macrostate of a system is determined by
specifying two things:

1. All of the external parameters, such as the volume of a
box of gas or any external electric or magnetic field, on
which the positions of the energy levels depend. (Classi-
cally, all the external parameters that affect the motion of
the particles in the system.)

2. The total energy of the system, U.

The external parameters determine a set of energy levels for

the particles in the system; the total energy determines which

energy levels are accessible to the system.

Statistical physics deals with average quantities and prob-
abilities. We imagine a whole set or ensemble of “identical”
systems, as we did in Fig. 3.1. The systems are identical in
that they all are in the same macrostate. Different systems
within the ensemble will be in different microstates. Imagine
that at some instant of time we “freeze” all the systems in
the ensemble and examine which microstate each is in. From
this we can determine the probability that a system in the
ensemble is in microstate i:

P (of being in microstate i)

number of systems in microstate i

~ total number of systems in the ensemble

Imagine that we now “unfreeze” all the systems in the
ensemble and let the particles move however they want. At
some later time we freeze them again and examine the proba-
bility that a system is in each microstate. These probabilities

may have changed with time. For example, if the system is
a group of particles in a box, and if the initial “freeze” was
done just after a partition confining all the particles to the
left half of the box had been removed, we would have found
many systems in the ensemble in microstates for which most
of the particles are on the left-hand side. Later, this would not
be true. We would find microstates corresponding to particles
in both halves of the box.

We will make two basic postulates about the systems in
the ensemble.’

1. If an isolated system (really, an ensemble of isolated sys-
tems) is found with equal probability in each one of its
accessible microstates, it is in equilibrium.8 Conversely,
if it is in equilibrium, it is found with equal probability in
each one of its accessible microstates.

2. If it is not in equilibrium, it tends to change with time
until it is in equilibrium. Therefore the equilibrium state
is the most random, most probable state.

For the rest of this chapter, we deal with equilibrium
systems. According to our first postulate, each microstate
that is accessible to the system (that is, consistent with
the total energy that the system has) is equally probable.
We will discover that this statement has some far-reaching
consequences.

Suppose that we want to consider some variable x, which
takes on various values. This variable might be the pressure
of a gas, the number of gas molecules in some volume of
the box, or the energy that one of the molecules has. For
each value of x, there will be some number of microstates in
which the system could be that are consistent with that value
of x. There will also be some total number of microstates in
which the system could be, consistent with its initial prepara-
tion. We will use the Greek letter §2 to denote the number of
microstates. The total number of accessible microstates (for
all possible values of x) is §2; the number for which x has
some particular value is §2,. It is consistent with the first as-
sumption to say that the probability that the variable has a
value x when the system is in equilibrium is

(3.6)

We have been considering ensemble averages. For exam-
ple, the variable of interest might be the pressure, and we

7 For a more detailed discussion of these assumptions, see Reif (1964,
Chap. 3).

8 In thermodynamics and statistical mechanics, equilibrium and steady
state do not mean the same thing. Steady state means that some vari-
able is not changing with time. The concentration of sodium in a salt
solution flowing through a pipe could be in steady state as the solution
flowed through, but the system would not be in equilibrium. Only a few
microstates corresponding to bulk motion of the fluid are occupied. In
other areas, such as feedback systems, the words equilibrium and steady
state are used almost interchangeably.
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could find the ensemble average by calculating p = > P, p,
where P, is the probability of having pressure p. In equi-
librium P, is given by Eq. 3.6, and p does not change
with time. We could also consider a single system, mea-
sure p(t) M times, and compute the time average, (p(f)) =
> p(ti)/M. (The equivalence of the time average and the
ensemble average for systems in equilibrium is called the
ergodic hypothesis.)

3.5 Thermal Equilibrium

A system that never interacts with its surroundings is an
idealization. The adiabatic walls of Fig. 3.8a can never
be completely realized. However, much can be learned by
considering two systems that can exchange heat, work, or
particles, but that, taken together, are isolated from the rest
of the universe. Once we have learned how these two sys-
tems interact, the second system can be taken to be the rest of
the universe. Eventually, we will allow all three exchanges—
heat flow, work, and particles—to take place; for now, it will
be convenient to consider only exchanges of energy by heat
flow. Figure 3.9 shows the two systems, A and A’, isolated
from the rest of the universe. The total system will be called
A*. The total number of particles is N* = N + N’. For now
N and N’ are fixed. The total energy is U* = U + U’. The
two systems can exchange energy by heat flow, so that U and
U’ may change, as long as their sum remains constant.

The number of microstates accessible to the total system
is £2*. The combined system was originally given a total en-
ergy U™ before it was sealed off from the rest of the universe.
The barrier between A and A’ prevents exchange of particles
or work. The total number of microstates depends on how
much energy is in each system: when system A has energy
U, the total number of microstates is 2*(U ).9

There are many microstates accessible to the system, with
U and U’ having different values, subject always to U* =
U + U’. Let the total number of microstates, including all
possible values of U, be £2%, . Then, according to the pos-
tulate, the probability of finding system A with energy U is

2 (U) _
- =
tot

PU) = C 2*(U).

(3.7)

C = 1/82}, is a constant (independent of U).

If the meaning of Eq. 3.7 is obscure, consider the follow-
ing example. Systems A and A’ each consist of two particles,
the energy levels for each particle being at u, 2u, 3u, and so

9 If £2 is a continuous function of U, then 2(U)dU is actually the
number of states wih energy between U and U + dU. We ignore this
distinction. For a discussion of it, see Chap. 3 of Reif (1964).

Fig. 3.9 Two systems are in thermal contact with each other but are
isolated from the rest of the universe. They can exchange energy only
by heat flow

Table 3.3 An example of two systems that can exchange heat energy.
The total energy is U* = 10u. Each system contains two particles for
which the energy levels are u, 2u, 3u, etc

System A System A’ System A*
U 2 U’ ' Q2
2u 1 Su 7 7
3u 2 Tu 6 12
4u 3 6u 5 15
Su 4 Su 4 16
6u 5 4u 3 15
Tu 6 3u 2 12
8u 7 2u 1 7
£F, =284

forth. The total energy available to the combined system is
U* = 10u. The smallest possible energy for system A is
U = 2u, both particles having energy u. If U = 3u, there
are two states: in one, the first particle has energy u and the
other 2u; in the second, the particles are reversed. Label these
states (u, 2u) and (2u, u). For U = 4u, there are three possi-
bilities: (u, 3u), (2u, 2u), and (3u, u). In general, if U = nu,
there are n — 1 states, corresponding to the first particle hav-
ing energy u, 2u, 3u, ..., (n — 1)u. Table 3.3 shows values for
U,U’, $2, and 2.

It is now necessary to consider £2* in more detail. If there
are two microstates available to system A and 6 available to
system A*, there are 2 x 6 = 12 states available to the total
system. 2* = 28§’ is also given in Table 3.3. In a more
general case, the number of microstates for the total system
is the product of the number for each subsystem:

2*U) = U) 2'U. (3.8)

For the specific example, there are a total of 84 mi-
crostates accessible to the system when U* = 10u. Equa-
tion 3.7 says that since each microstate is postulated to be
equally probable, the probability that the energy of system A
is 3u is 12/84 = 0.14. The most probable state of the com-
bined system is that for which A has energy 5u and A’ has
energy Su.

The next question is how §2 and £2’ depend on energy in
the general case. In the example, £2 is proportional to U. For
three particles, one can show that §2 increases as U 2 (See



3.5 Thermal Equilibrium 61
e I N 2000 By the chain rule for taking derivatives,
(@) (o) ©
150 1 150 4 1s00L N s’ _ (d-Q/) (dU/)
e av ~ \av’) \av
a \ .
g 1T 1o 1 Since U' =U* —U,dU’/dU = —1. Therefore
QU) Q) dQ* d.Q dﬂ/
50 - 50+ - 500 - _ y G4Re ) (311)
du au au’
%z 4+ s % 2 4 6 % 2+ & Factoring out 22 22’ gives
u u §)
ds* 1 dS2 1 d2'
Fig.3.10 Example of the behavior of §2, £2’, and £2*. In this case, the dU =028 5 w - a v’ ] (3.12)

values used are $2(U) = 5U2 and £2'(U’) = 4(U’)2. (These functions
give £2 = 0 when U = 0, which is not correct. But they are simple
and behave properly at higher energies.) The total energy is 6, so only
values of U between 0 and 6 are allowed. a Plot of £2(U). The dashed
line is 2/(6 — U). b Plot of £2/(U’). ¢ Plot of 2* = 28’

Problem 19). In general, the more particles there are in a sys-
tem, the more rapidly £2 increases with U. For a system with
a large number of particles, increasing the energy drastically
increases the number of microstates accessible to the system.

As more energy is given to system A and £2(U) increases,
there is less energy available for system A’ and £2'(U’) de-
creases. The product £2* = 22’ goes through a maximum
at some value of U, and that value of U is therefore the
most probable. These features are shown in Fig. 3.10, which
assumes that U and §2 are continuous variables. The contin-
uous approximation becomes excellent when we deal with
a large number of particles and very closely spaced energy
levels. The solid line in Fig. 3.10a represents $2(U); 2’ (U")
is the solid line in Fig. 3.10b. The function £2’ is also plotted
against U, rather than U’, as the dashed line in Fig. 3.10a.
As more energy is given to A, §2 increases but 2" decreases.
The product, 2* = £2£2’, shown in Fig. 3.10c, reaches a
maximum at U = 3.

The most probable value of U is that for which P(U) is
a maximum. Since P is proportional to £2*, £2*(U) is also a
maximum. Therefore,

d
—[2* W] =0

i (3.9)

at the most probable value of U. This derivative can be eval-
vated using Eq. 3.8. Since U + U’ = U™, Eq. 3.8 can be
rewritten as

Q*U)=R2WU) 2 U* -U). (3.10)

The derivative is

d*  df2
dU — dU

_Q/+_Qd'Q/
du -’

In equilibrium, this must be zero by Eq. 3.9. Since £2* =
§282’ cannot be zero, the most probable state or the equilib-
rium state exists when

1d2 1 de'
2 d4dU ' du’’

(3.13)

It is convenient to define the quantity 7 as

for any system. We must remember that this derivative was
taken when the number of particles and the parameters that
determine the energy levels were held fixed. These param-
eters are such things as volume and electric and magnetic
fields. To remind ourselves that everything but U is being
held fixed, it is customary to use the notation for a partial
derivative: 0 instead of d (Appendix N). Therefore, we write

11 (ag)
T B 2 U N,V,etc..

Often we will be careless and just write 082 /0U .

The quantity t defined by Eq. 3.14 depends only on the
variables of one system, system A. It is therefore a property
of that system. Thermal equilibrium occurs when 7 = t’.
Since £2 is just a number, Eq. 3.14 shows that 7 has the
dimensions of energy.

Systems A and A’, which are in thermal contact, will be
in equilibrium (the state of greatest probability) when 7 =
7. This is reminiscent of something that is familiar to all
of us: if a hot system is placed in contact with a cold one,
the hotter one cools off and the cooler one gets warmer. The
systems come to equilibrium when they are both at the same
temperature. This suggests that T is in some way related to
temperature, even though it has the dimensions of energy.
We will not prove it, but many things work out right if the
absolute temperature 7 is defined by the relationship

(3.14)

T =kpT. (3.15)
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The proportionality constant is called Boltzmann’s constant.
If T is measured in kelvin (K), kp has the value

kp = 1.380651 x 10723 JK ™!

=0.861734 x 107*eVK!. (3.16)

(The electron volt (eV) is a unit of energy commonly used
when considering atoms or molecules. 1eV = 1.602 18 x
1071°J.) The most convincing evidence in this book that
Eq. 3.15 is reasonable is the derivation of the thermodynamic
identity in Sect. 3.16.

The absolute temperature T is related to the temperature
in degrees centigrade or Celsius by

T = (temperature in °C) + 273.15. (3.17)

3.6 Entropy

The preceding section used the idea that the number of mi-
crostates accessible to a system increases as the energy of the
system increases, to develop a condition for thermal equilib-
rium. There are two features of those arguments that suggest
that there are advantages to working with the natural loga-
rithm of the number of microstates. First, the total number of
microstates is the product of the number in each subsystem:
£2* = 282’ Taking natural logarithms of this gives

In2*=1n2 +1In2". (3.18)

The other feature is the appearance of (1/£2) (9§2/9U) in the
equilibrium condition. For any non-negative, differentiable
function y(x),
d 1dy
—(Iny) = ~—=.
dx ydx

Therefore, Eq. 3.14 can be written as

1 ad
—=—(>n$). 3.19
- =30 (In£2) (3.19)

The entropy S is defined by
S =kgln$, Q =éSks, (3.20)

If both sides of Eq. 3.19 are multiplied by kg, it is seen that

(aS) kg1
U N,V etc. T T.

This is a fundamental property of entropy that may be fa-
miliar to you from other thermodynamics textbooks; if so, it
forms a justification for defining temperature as we did.

(3.21)

Another important property of the entropy is that the en-
tropy of system A* is the sum of the entropy of A and the
entropy of A”:

S*=S§+5. (3.22)

This can be proved by multiplying Eq. 3.18 by kp.

A third property of the entropy is that $* is a maximum
when systems A and A’ are in thermal equilibrium. This
result follows from the fact that £2* is a maximum at equilib-
rium, since S* = kp In 2* and the logarithm is a monotonic
function.

Finally, the entropy change in the system can be related to
the heat flow into it. Equation 3.21 shows that if there is an
energy change in the system when N and the parameters that
govern the spacing of the energy levels are fixed, then

N dUu
ds = (_) qU = (_) .
oU N,V etc. T N,V etc.

But the energy change when N, V, and any other parameters
are fixed is the heat flow d Q:

d
as =42

T (3.23)

3.7 The Boltzmann Factor

Section 3.5 considered the equilibrium state of two systems
that were in thermal contact. It is often useful to consider sys-
tems in thermal contact when one of the systems is a single
particle. This leads to an expression for the total number of
microstates as a function of the energy in the single-particle
system, known as the Boltzmann factor. The Boltzmann fac-
tor is used in many situations, as is its alternate form, the
Nernst equation (Sect. 3.8).

Let system A be a single particle in thermal contact with
a large system or reservoir A’. Transferring energy from A’
to A decreases the number of microstates in A’. The number
of microstates in A may change by some factor G or remain
the same. We will discuss G at the end of this section.

To make this argument quantitative, consider system A
when it has two different energies, U, and U;. Reservoir A’
is very large so that its temperature 7’ remains constant, and
it has many energy levels almost continuously distributed.
Let £2/(U’) be the number of microstates in A’ when it
has energy U’. The relative probability that A has energy
Uy compared to having energy U, is given by the ratio of
the total number of microstates accessible to the combined
system:

PWU) _ W =U) _ QU)2W*=U) o,
PU) WU =U) 202w -u) O
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This probability is the product of two functions, one depend-
ing on system A and one on reservoir A’:

2y

Uy’
QU* - Uy)

R=———".
QWU =0

(3.25)

Ratio R is calculated most easily by using Eq. 3.14, re-
membering the definition T = kpT . Since neither the volume
nor number of particles is changed, we use an ordinary
derivative. We write it in terms of the temperature of the

reservoir:

1 (d2'\ 1

' \dU') = kgT”’
' (1 o
du’ kgT’ '

Since T is constant, this is easily integrated:

(3.26)

Q'(U") = const x eV'"/ksT",
Therefore the ratio is

const x e(U"=Us)/ksT’
"~ const x eWU*=Un)/kpT’
— e_(Us_Ur)/kBT'

(3.27)

Although the temperature T’ is a property of the reservoir,
we drop the prime. This ratio is called the Boltzmann factor.
It gives the factor by which the number of microstates in the
reservoir decreases when the reservoir gives up energy U —
U, to the system A.

The relative probability of finding system A with energy
U, or Uy is then given by

PWs) _ o WU kT _ [Q(Ug)} o~ Us=Up)/kyT
PU) £2(Ur) '
(3.28)
The exponential Boltzmann factor is a property of the
reservoir. The factor G is called the density of states factor.
It is a property of the system. If system A is a single atom
with discrete energy levels and we want to know the relative
probability that the atom has a particular value of its allowed
energy, G may be unity. In other cases, there may be two or
more sets of quantum numbers corresponding to the same
energy, a situation called degeneracy. In that case G may
be a small integer. We would have to know the details to
calculate it.

3.8 The Nernst Equation

The Nernst equation is widely used in physiology to relate
the concentration of ions on either side of a membrane to the

electrical potential difference across the membrane. It is an
example of the Boltzmann factor.

Suppose that certain ions can pass easily through a mem-
brane. If the membrane has an electrical potential difference
across it, the ions will have different energy on each side of
the membrane. As a result, when equilibrium exists they will
be at different concentrations. The ratio of the probability of
finding an ion on either side of the membrane is the ratio of
the concentrations on the two sides:

o _ P
C, Py

The total energy of an ion is its kinetic energy plus its po-
tential energy: U = Ej + E,. Chapter 6 will show that when
the electrical potential is v, the potential energy is £, = zev.
In this equation z is the valence of the ion (+1, —1, 42, etc.)
and e is the elementary charge (1.6 x 10719 C).

The concentration ratio is given by a Boltzmann factor,
Eq. 3.28:

C [9(2):| o~ (U2=UD/kpT (3.29)

a - Lem

We must now evaluate the quantity in square brackets. It is
the ratio of the number of microstates available to the ion on
each side of the membrane. The concentration is the number
of ions per unit volume and is proportional to the probabil-
ity that an ion is in volume AxAyAz. We will state without
proof that for a particle that can undergo translational mo-
tion in three dimensions, £2(U) is « AxAyAz, where « is a
proportionality constant. Therefore

22) aAxAyAz
(1) o AxAyAz

The energy difference is
Uy — Uy = Ex(2) — Ex(1) + ze(v2 — v1).

It will be shown in Sect. 3.10 that the average kinetic energy
on both sides of the membrane is the same if the temperature
is the same. Therefore,

C
Cy

— g—e2—v)/kpT

(3.30)

If the potential difference is v» — v1, then the ions will be in
equilibrium if the concentration ratio is as given by Eq. 3.30.
If the ratio is not as given, then the ions, since they are free
to move through the membrane, will do so until equilibrium
is attained or the potential changes.

If the ions are positively charged and v» > vy, then the
exponent is negative and C, < Cj. If the ions are negatively
charged, then C» > Cj.

The concentration difference is explained qualitatively by
the electrical force within the membrane that causes the po-
tential difference. If vo > vy, the force within the membrane
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on a positive ion acts from region 2 toward region 1. It
slows positive ions moving from 1 to 2 and accelerates those
moving from 2 to 1. Thus it tends to increase Cj.

The Nernst equation is obtained by taking logarithms of
both sides of Eq. 3.30:

From this,

kpT (C1)
vpy—vy=——In{—]).
ze Cy

Multiplying both numerator and denominator of kg7 /ze by
Avogadro’s number N4 = 6.022 141 x 10* molecule mol !
gives the quantities Ngakp and Nye. The former is the gas
constant:

Nakp = R =8.31446Tmol ' KL (3.31)
The latter is the Faraday constant:
Nye = F = 96485.34C mol~!. (3.32)
The coefficient is therefore
kgT RT
_—= (3.33)
ze zF

At body temperature, T = 37 °C = 310K, the value of
RT/F is 0.0267JC~! =26.7 mV.

In the form
RT (Cl)
m—v=——In{—],

3.34
F G (3.34)

the Boltzmann factor is called the Nernst equation.

3.9 The Pressure Variation in the Atmosphere

It is well known that the atmospheric pressure decreases with
altitude. This truth has medical significance because of the
effects of lower oxygen at high altitudes. We will derive an
approximate, constant-temperature model for the decrease
using the Boltzmann factor, and then we will do it again
using hydrostatic equilibrium.

The gravitational potential energy of an air molecule at
height y is mgy, where m is the mass of the molecule and
g is the gravitational acceleration. If the atmosphere has a
constant temperature, there will be no change of kinetic en-
ergy with altitude. For a molecule to increase its potential
energy, and therefore its total energy, by mgy, the energy of
all the other molecules (the reservoir) must decrease, with

p(y +dy)S
Area S
y + dy R . °
. y Nmg
y .
IP(Y)S

Fig.3.11 Forces on a small volume element of the atmosphere

a corresponding decrease in the number of accessible mi-
crostates. The number of particles per unit volume is given
by a Boltzmann factor:

C(y) = C(0)e 8>/ k8T (3.35)
Since for an ideal gas p = NkpT/V = CkpT, the pressure
also decreases exponentially with height.

The same result can be obtained without using statistical
physics, by considering a small volume of the atmosphere
that is in static equilibrium. Let the volume have thickness dy
and horizontal cross-sectional area S, as shown in Fig. 3.11.
The force exerted upward across the bottom face of the ele-
ment is p(y)S. The force down on the top face is p(y+dy)S.
The N molecules in the volume each experience the down-
ward force of gravity. The total gravitational force is Nmg. In
terms of the concentration, N = CSdy. Therefore, the con-
dition for equilibriumis p(y)S—p(y+dy)S—CSmgdy = 0.
Since p(y) — p(y+dy) = —(dp/dy) dy, this can be written

as
d
[— (_p) — Cgm] Sdy =0.
dy

The next step is to use the ideal gas law to write p = CkpT:
dc
—kpT — — Cmg = 0.
dy

If this is written in the form

dC  mg

— = 3.36
dy kBT ( )

it will be recognized as the equation for exponential decay.
The solution is Eq. 3.35.

3.10 Equipartition of Energy and Brownian
Motion

A very important application of the Boltzmann factor is the
proof that the average translational kinetic energy per degree
of freedom of a particle in thermal contact with a reservoir at
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temperature 7T is kg7 /2. This result holds for any term in the
total energy that depends on the square of one of the variables
(such as a component of the position or the momentum).

The proof is done for the kinetic energy resulting from
the x component of momentum. The same procedure can be
used for the other components. When the x component of
the momentum of a particle is between p, and p, + dpxy,
the kinetic energy is p% /2m. The relative probability that the
particle has this energy is given by the Boltzmann factor,
e~Pi/2mksT We assert that the probability that the particle
has momentum in this interval is also proportional to dp,.'°
The average kinetic energy associated with py is obtained by
multiplying the energy by the Boltzmann factor and integrat-
ing over all values of p,. We normalize the probability by
dividing by the integral of the Boltzmann factor.

= . 3.37
foooo e—p%/kaBT dpx ( )

2\ 2
(P_2) S (P2 /2m)e PRI mkaT

2m

The integral in the denominator is evaluated in Appendix K
and is 2rmkpT)Y/2. The integral in the numerator of

Eq.3.37is
1 1 12
— )| - ) CmkpT)RrmkpT)"~.
m 4

Combining these gives

p2\ _ ksT
(%) =5
The average value of the kinetic energy corresponding to mo-
tion in the x direction is kpT/2, independent of the mass of
the particle. The only condition that went into this derivation
was that the energy depended on the square of the variable.
Any term in the total energy that is a quadratic function of
some variable will carry through the same way, so that the
average energy will be kp T /2 for that variable. This result is
called the equipartition of energy.
The total translational kinetic energy is the sum of three
terms (p)% + p§ + pg) /2m, so the total translational kinetic

(3.38)

energy has average value %k gT.

This result is true for particles of any mass: atoms,
molecules, pollen grains, and so forth. Heavier particles will
have a smaller velocity but the same average kinetic en-
ergy. Even heavy particles are continually moving with this
average kinetic energy. The random motion of pollen parti-
cles in water was first seen by a botanist, Robert Brown, in
1827. This Brownian motion is an important topic in the next
chapter.

10°A more detailed justification of this is found in earlier editions of
this book, in texts on statistical mechanics, or on the web site associated
with this book.

3.11 Heat Capacity

Consider a system into which a small amount of heat Q
flows. In many cases the temperature of the system rises.
(An exception is when there is a change of state such as the
melting of ice.) The heat capacity C of the system is defined
as

_ o

=37
Heat capacity has units of J K~!. It depends on the size of
the object and the substance it is made of. The specific heat
capacity, c, is the heat capacity per unit mass (J K~!kg=!)
or the heat capacity per mole (J K~! mol~!).

The heat capacity also depends on any changes in the
macroscopic parameters that take place during the heat flow.
Recall the first law of thermodynamics, Eq. 3.5: AU =
Q — W. Only part of the energy transferred to the system
by the heat flow increases the internal energy. Some also
goes to work done by the system. For example, if the vol-
ume changes, there will be pressure-volume work done by
the system (Sect. 1.18).

One special case is the heat capacity at constant volume,
Cy. In that case, no pdV work is done by the system and

AU = Q, so
oU
Cy=|— .
oT )y

Many processes in the body occur at constant pressure. The
heat capacity at constant pressure, Cp,, is not equal to Cy.
If both the pressure and volume change during the process,
the heat capacity depends on the details of the pressure and
volume changes.

The simplest example is the heat capacity at constant vol-
ume of a monatomic ideal gas. The average kinetic energy
of a gas molecule at temperature 7 moving in three di-
mensions is %kB T, and the total energy of N molecules is

(3.39)

(3.40)

U = %NkB T. Therefore at constant volume Cy = %NkB.
For one mole of monatomic ideal gas the heat capacity is
%NAkB = %R. Molecules with two or more atoms can
also have rotational and vibrational energy, and the heat ca-
pacity is larger. The heat capacity can also depend on the
temperature.

As a biological example, consider the energy loss from
breathing (Denny 1993). In each breath we inhale about
V = 0.51 of air. Our body warms this air from the sur-
rounding temperature to body temperature. (The body has
a much higher heat capacity and does not significantly cool.
See Problem 49.) The specific heat of air under these con-
ditions is ¢ ~ 1000J K~'kg~!, and the density of air is
p = 1.3 kg m—3. Therefore the heat flow required to raise
the air temperature in each breath is

0 =cpV (Tbody - surroundings) . (3.41)
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For a body temperature of 37 °C and surroundings at 20 °C,
the temperature difference is 17 °C = 17 K. From Eq. 3.41,
O = 111J. We breathe about once every 5 s, so the average
power lost to the air we breathe is 2.2 W. A typical basal
metabolic rate is about 100 W, so this represents 2 % of our
energy consumption.

3.12 Equilibrium When Particles Can Be
Exchanged: the Chemical Potential

Section 3.5 considered two systems that could exchange
heat. The most probable or equilibrium state was that in
which energy had been exchanged so that the total number of
microstates or total entropy was a maximum. This occurred
when (Eq. 3.13)

1 (382 1 (ag
QN )yy 2\U )y’

which is equivalent to 7 = T’. Since S = kpIn 2 this is
also equivalent to

(35) _(as’)
U ) yy  \oU' )y

This section considers the case in which the systems can
exchange both energy by heat flow and particles; they are
in thermal and diffusive contact (Fig. 3.12). The number of
particles in each system is not fixed, but their sum is constant:

N+ N' =N* (3.42)
Equilibrium will exist for the most probable state, which
means that there is heat flow until the two temperatures are
the same and Eq. 3.13 is satisfied. The most probable state
also requires a maximum in £2* or S* vs N. The arguments
used in the earlier section for heat exchange can be applied
to obtain the equilibrium condition

1 (082 1 (s (3.43)
Q\oN)yy 2 \oN' )y '
The condition in terms of entropy is
as a8’
N =3y : (3.44)
u,v v,V

For thermal contact, the temperature was defined in terms
of the derivative of S with respect to U, so that equilibrium
occurred when T = T’. An analogous quantity, the chemical
potential, is defined by

aS
=-T | — .
(aN)U,V

(3.45)

Fig.3.12 Two systems can exchange energy by heat flow and paticles.
The volume of each system remains fixed

(The reason T is included in the definition will become clear
later.) Both thermal and diffusive equilibrium exist when

T=T, w=u. (3.46)
Two systems are in thermal and diffusive equilibrium when
they have the same temperature and the same chemical
potential.

Since the units of S are J K~! and the units of N are
dimensionless,!! Eq. 3.45 shows that the units of chemical
potential are J.

Consider next what happens to the entropy of the total
system if particles are exchanged when the system is not in
equilibrium. Let the number of particles in the unprimed sys-
tem increase by AN and the number in the primed system
change by AN’ = —AN. The change of total entropy is

" a5* N a8’ ,
AS* = AN=(—) AN+ AN'.
N oN ON’
Using the definition of the chemical potential we can rewrite
this as
/
as* = (-5%) an = (=3 ) an.
T T

If the two temperatures are the same, this is

/_
AS*:(“T“) AN.

(3.47)

We see again that the entropy change will be zero for a small
transfer of particles from one system to the other if u = p'.
Suppose now that particles flow from A’ to A, so that AN is
positive. If /> p, that is, the chemical potential of A’ is
greater than that of A, this will cause an increase in entropy
of the combined system. If particles move from a system of
higher chemical potential to one of lower chemical potential,
the entropy of the total system increases.

11 In this book, N represents the number of particles, and the chemical
potential has units of energy per particle. In other books it may have
units of energy per mole.
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3.13 Concentration Dependence of the
Chemical Potential

The change in chemical potential of an ideal gas (or a solute
in an ideal solution)!? when the concentration changes from
Cy to C and there is also a change in its potential energy has
the form

C
Ap =kpT In (C_) + A(potential energy per particle).
0

(3.48)
We will derive this in Sect. 3.18; for now we show that it is
plausible and consistent with the Boltzmann factor.

We know from experience that particles tend to move
from a region of higher to lower potential energy, thus in-
creasing their kinetic energy, which can then be transferred as
heat to other particles by collision. We also know that parti-
cles will move from a region of high concentration to a region
of lower concentration. This process, called diffusion, is dis-
cussed in Chap. 4. Both processes cause a decrease in the
chemical potential and therefore an increase in the entropy.

It is the combination of these two factors that causes the
Boltzmann distribution of particles in the atmosphere. When
the atmosphere is in equilibrium, the potential energy term
increases with height and the concentration term decreases
with height so that the chemical potential is the same at all
heights.

To see the equivalence between Eq. 3.48 and the Boltz-
mann factor, suppose that particles can move freely from
region 1 to region 2 and that the potential energy difference
between the two regions is AE,. The particles will be in
equilibrium when p1 = u. From Eq. 3.48 this means that

kgT InCy + Ep = kpT InCay+ Epa.

This equation can be rearranged to give

Ep — Ep

InCy,—InCy| = — T
B

If exponentials are taken of each side, the result is

G o~ AEp/knT
Ci

If the temperature of each region is the same, the average
kinetic energy will be the same in each system, and AE, =
AU. This is then the same as the Boltzmann factor, Eq. 3.29.

There is still another way to look at the concentration
dependence. In an ideal gas, the pressure, volume, temper-
ature, and number of particles are related by the equation of
state pV = NkpT. In terms of the particle concentration

12' An ideal solution is defined in Sect. 3.18.

C = N/V,thisis p = CkpT. The work necessary to con-
centrate the gas from volume V] and concentration Cj to V;
and C, is (see Eq. 1.57)

Va
Won gas — —/ p(V)dV. (3.49)
Vi

1
The concentration work at a constant temperature is

V2 qv %)
W = —NkpT — = —NkpT In —.
vw V Vi
If the final volume is smaller than the initial volume, the log-
arithm is negative and the concentration work is positive. In
terms of the particle concentration C = N/V or the molar
concentration ¢ = n/V, the concentration work is

C
Weone = NkT In =2 = nRT In 2. (3.50)
Ci cl
The last form was written by observing that Nkp = nR

where R is the gas constant per mole.

Comparing Eq. 3.50 with Eq. 3.48, we see that the con-
centration work at constant temperature is proportional to
the change in chemical potential with concentration. It is, in
fact, just the number of molecules N times the change in u:
Weone = NAp.

The concentration work or change of chemical potential
can be related to the Boltzmann factor in still another way.
Particles are free to move between two regions of different
potential energy at the same temperature. The work required
to change the concentration is, by Eq. 3.50,

C
Weone = NAj = NkgT In C—2
1

The concentration ratio is given by a Boltzmann factor:

C,/C = e_(EpZ_Epl)/kBT’

so that In(C2/Cy) = —(Ep2 — Ep1)/kpT. Therefore, the
concentration work is Weone = —N(Ep2 — Ep1).

If C2 < C1, W is negative and is equal in magnitude to the
increase in potential energy of the molecules. The concentra-
tion energy lost by the molecules is precisely that required
for them to move to the region of higher potential energy. If
Cy > Cj, the loss of potential energy going from region 1
to region 2 provides the energy necessary to concentrate the
gas. Alternatively, one may say that the sum of the concen-
tration energy and the potential energy is the same in the two
regions. This was, in fact, the statement about the chemical
potential at equilibrium: py = ug.

The same form for the chemical potential is obtained for
a dilute solute. (We will present one way of understanding
why in Sect. 3.18.) Therefore, the concentration work calcu-
lated for an ideal gas is the same as for an ideal solute. The
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work required to concentrate 1 mol of substance by a factor
of 10 at 310K is (1 mol)(8.31 J mol~! K~1)(310 K)In(10)
or 5.93 x 103 J. The H* ion in gastric juice has a pH of 1.
Since it was concentrated from plasma with a pH of about 7,
the concentration ratio is 10%. The work necessary to concen-
trate 1 mol is therefore RT In(10°) = (8.31)(310)(13.82) =
3.56 x 10*7.

3.14 Systems That Can Exchange Volume

We have considered two systems that can exchange energy
or particles. Now consider the systems shown in Fig. 3.13.
They are isolated from the rest of the universe. The vertical
line that separates them is a piston that can move and conduct
heat, so that energy and volume can be exchanged between
the two systems. The piston prevents particles from being
exchanged. The constraints are V* = V + V/ and U* =
U + U’ from which dV = —dV’,dU = —dU’. As before,
equilibrium exists when the total number of microstates or
the total entropy is a maximum. The conditions for maximum
entropy are

a5* a5*
= O, = O
U Jny WV ) nu
The derivation proceeds as before. For example,
(v),. = (o), ()
. a8’
B AT

Equilibrium requires that 7 = T’ so that there is no heat
flow. The piston will stop moving and there will be no change
of volume when

N (8
WV )nou \OV )y

aS n
8V N, U
aS

oV /)nu

(3.51)

Fig. 3.13 Two systems that can exchange volume are separated by a
movable piston. Heat can also flow through the piston

These derivatives can be evaluated in several ways. The
method used here involves some manipulation of deriva-
tives; a more detailed description, consistent with the mi-
croscopic picture of energy levels, is found in Reif (1964,
pp- 267-273).

For a small exchange of heat and work, the first law can
be written as dU = dQ — dW. In the present case the only
form of work is that related to the change of volume, so
dU =dQ — pdV.Itwas shownin Eq.3.23 thatdQ = TdS.
Therefore dU = TdS — pdV. This equation can be solved

fordS:
s = (%) du + (%) dv.

The entropy depends on U,V and N: S = S(U, V, N). If
N is not allowed to change, then

(3.52)

as aS
dS=\— dU + (— dv. (3.53)
Comparison of this with Eq. 3.52 shows that
as 1
Wwlyy T
aS
(— -7 (3.54)
oV)yuy T

The first of these equations was already seen as Eq. 3.21.
The second gives the condition for equilibrium under volume
change. Referring to Eq. 3.51 we see that at equilibrium

p_r

T T
Therefore, equilibrium requires both 7 = T’ and
p=r. (3.55)

This agrees with common experience. The piston does not
move when the pressure on each side is the same.

3.15 Extensive Variables and
Generalized Forces

The number of microstates and the entropy of a system de-
pend on the number of particles, the total energy, and the
positions of the energy levels of the system. The positions of
the energy levels depend on the volume and may also depend
on other macroscopic parameters. For example, they may de-
pend on the length of a stretched muscle fiber or a protein
molecule. For charged particles in an electric field, they de-
pend on the charge. For a thin film such as the fluid lining the
alveoli of the lungs, the entropy depends on the surface area
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Table 3.4 Examples of extensive variables and the generalized force
associated with each of them

X X dU = —dW
Volume V' —pressure —p —pdV
Length L  Force F FdL
Areaa Surface tension o o da

Charge ¢ Potential v vdgq

of the film. The number of particles, energy, volume, electric
charge, surface area, and length are all extensive variables: if
a homogeneous system is divided into two parts, the value of
the variable for the total system (volume, charge, etc.) is the
sum of the values for each part. A general extensive variable
will be called x.

An adiabatic energy change is one in which no heat flows
to or from the system. The energy change is due to work done
on or by the system as a macroscopic parameter changes,
shifting at least some of the energy levels. For each extensive
variable x we can define a generalized force X such that the
energy change in an adiabatic process is

dU = —dW = Xdx. (3.56)
(Remember that dU is the increase in energy of the system
and d W is the work done by the system on the surroundings.)
Examples of extensive variables and their associated forces
are given in Table 3.4.

3.16 The General Thermodynamic
Relationship

Suppose that a system has N particles, total energy U, vol-
ume V, and another macroscopic parameter x on which
the positions of the energy levels may depend. The num-
ber of microstates, and therefore the entropy, will depend on
these four variables: S = S(U, N, V, x). If each variable is
changed by a small amount, there is a change of entropy

a5 a5
ds = (-) dU + (—) dN  (3.57)
au N,V.x aN U,V.,x

Y 0S
+ (—) v + (—) dx.
V)N x /)y Ny

Now consider the change of energy of the system. If only
heat flow takes place, there is an increase of energy dQ =
TdS. If an adiabatic process with a constant number of parti-
cles takes place, the energy change is —dW = Xdx — pdV.
If particles flow into the system without an accompanying
flow of heat or work, the energy change is dUy. It seems
reasonable that this energy change, due solely to the move-
ment of the particles, is proportional to dN: dUy = adN.

(It will turn out that the proportionality constant is the chem-
ical potential.) For the total change of energy resulting from
all these processes, we can write a statement of the conser-
vation of energy: dU = T'dS + Xdx — pdV +adN. This is
an extension of Eq. 3.5 to the additional variables on which
the energy can depend. It can be rearranged as

ds = (%) dU — (;) dN + (?) dv — (;) dx. (3.58)

Comparison of Egs. 3.57 and 3.58 shows that

35S 1

(—) =, (3.592)
oU )y, T
39S

(—) S (3.59b)
ON)yy, T
39S

(—) =P (3.59¢)
V). T
39S X

(—) . (3.59d)
0x UN.V T

Comparison of Eq. 3.59b with Eq. 3.45 shows that a = pu.
This is why the factor of 7" was introduced in Eq. 3.45.
Equation 3.58, with the correct value inserted for a, is

TdS =dU — wdN + pdV — X dx. (3.60)

This is known as the thermodynamic identity or the fun-
damental equation of thermodynamics. It is a combination
of the conservation of energy with the relationship between
entropy change and heat flow in a reversible process. (A re-
versible process is one that takes place so slowly that all parts
of the system have the same temperature, pressure, etc.) This
equation and derivative relations such as Egs. 3.59 form the
basis for the usual approach to thermodynamics.

Finally, let us consider the addition of a particle to a sys-
tem when the volume is fixed. If we do this without changing
the energy, it increases the number of ways the existing en-
ergy can be shared and hence the number of microstates.
Therefore the entropy increases. If we want to restore the
entropy to its original value, we must remove some energy.
Exactly the same argument can be made mathematically. We
have seen in Eqs. 3.45 and 3.59b that

T (BS)
w=-T—~] -
3N U,v

Since adding the particle at constant energy increases the
entropy, (05/9N)y.v is positive and the chemical potential
is negative. Next, we rearrange Eq. 3.60 as dU = T dS +
wdN — pdV and by inspection see that

_(dU
=\~ SV
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Therefore adding a particle at constant volume while keeping
the entropy constant requires that energy be removed from
the system.

3.17 The Gibbs Free Energy

A conventional course in thermodynamics develops several
functions of the entropy, energy, and macroscopic param-
eters that are useful in certain special cases. One of these
is the Gibbs free energy, which is particularly useful in de-
scribing changes that occur in a system while the temperature
and pressure remain constant. Most changes in a biological
system occur under such conditions.

3.17.1 Gibbs Free Energy

Imagine a system A in contact with a much larger reservoir as
in Fig. 3.14. The reservoir has temperature 7’ and pressure
p’. A movable piston separates A and A’. (At equilibrium,
T =T’ and p = p'.) The reservoir is large enough so that a
change of energy or volume of system A does not change T’
or p.

Consider the change of entropy of the total system that ac-
companies an exchange of energy or volume between A and
A’. Above, this entropy change was set equal to zero to obtain
the condition for equilibrium. In this case, however, we will
express the total entropy change of system plus reservoir in
terms of the changes in system A alone. The total entropy is
S* = S+ 8, so the total entropy change is dS* = dS +dS’.

If reservoir A’ exchanges energy with system A, the
energy change is

dU' =T'dS' —dW' =T'dS' — p' dVv’.

Fig. 3.14 System A is in contact with reservoir A’. Heat can flow
through the piston, which is also free to move. The reservoir is large
enough to ensure that anything that happens to system A takes place at
constant temperature and pressure

This can be solved for dS’, and the result can be put in the
expression for the total entropy change:
du’  p'dv’

dS*:dS+?+ T

We are trying to get dS* in terms of changes in system A
alone. Since A and A’ together constitute an isolated system,
dU = —dU’ and dV = —dV'’. Therefore,

—T'dS +dU + p' dV
T’ ’

ds* = — (3.61)

(Note that a minus sign was introduced in front of this equa-
tion.) This expresses the total entropy change in terms of
changes of S, U, and V in system A and the pressure and
temperature of the reservoir.
The Gibbs free energy is defined to be
G=U-T'S+p'V. (3.62)
If the reservoir is large enough so that interaction of the sys-
tem and reservoir does not change 7’ and p’, then the change
of G as system A changes is

dG =dU —T'dS + p'dV. (3.63)
Comparison of Egs. 3.61 and 3.63 shows that
dG
ds* = —7 (3.64)

The change in entropy of system plus reservoir is related to
the change of G, which is a property of the system alone,
as long as the pressure and temperature are maintained
constant by the reservoir.

To see why G is called a free energy, consider the
conservation of energy in the following form:

(work done by the system) = (energy lost by the system)
+ (heat added to the system),

dW = —-dU +TdS.

Subtracting pdV from both sides of this equation gives
dW —pdV =—-dU +TdS — pdV = —dG.

The right-hand side is the decrease of Gibbs free energy of
the system. The work done in any isothermal, isobaric (con-
stant pressure) reversible process, exclusive of pdV work,
is equal to the decrease of Gibbs free energy of the system.
This non—p dV work is sometimes called useful work. It may
represent contraction of a muscle fiber, the transfer of parti-
cles from one region to another, the movement of charged
particles in an electric field, or a change of concentration of
particles. It differs from the change in energy of the system,
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dU, for two reasons. The volume of the system can change,
resulting in p dV work, and there can be heat flow during the
process. For example, let the system be a battery at constant
temperature and pressure which decreases its internal (chem-
ical) energy and supplies electrical energy. From a chemical
energy change dU we subtract T d S, the heat flow to the sur-
roundings, and —p dV, the work done on the atmosphere as
the liquid in the battery changes volume. What is left is the
energy available for electrical work.

3.17.2 An Example: Chemical Reactions

As an example of how the Gibbs free energy is used, consider
a chemical reaction that takes place in the body at constant
temperature and pressure. System A, the region in the body
where the reaction takes place, is in contact with a reservoir
A’ that is large enough to maintain constant temperature and
pressure. Suppose that there are four species of particles that
interact. Capital letters represent the species and small letters
represent the number of atoms or molecules of each that enter
in the reaction:

aA +bB «— cC +dD.

An example is 1 glucose4+60; «— 6CO,+6H,0, where
a=1,b=06,c=06,d = 6. The state of the system depends
onU,V,Nyg, Ng, Nc,and Np.

We begin with the definition of G, Eq. 3.62, and we call
the pressure and temperature of the system and reservoir p
and T

G=U-TS+ pV.
Differentiating, we obtain
dG=dU —-TdS—SdT + pdV 4+ Vdp.
Generalize Eq. 3.60 for the case of four chemical species:
TdS =dU—pupdNpa—updNp—pucdNc—updNp+pdV.

Insert this in the equation for dG and remember that since
the process takes place at constant temperature and pressure,
dT and dp are both zero. The result is

dG = puadNy+ pupdNp + ucdNc + npdNp.

In Sect. 3.13 we saw that the concentration dependence of the
chemical potential is given by a logarithmic term. Equation
3.48 can be used to write

ma = pao+kpT In(Ca/Cop),

where (140 is the chemical potential at a standard concen-
tration (usually 1 molar, that is, 1 mol 1_1) and depends

on temperature, pH, etc. Note that Cqy is the same refer-
ence concentration for all species. As the reaction takes place
to the right, we can write the number of molecules gained
or lost as dN4 = —adN, dNp = —bdN, dN¢c =
cdN, dNp =ddN, so that we have

dG = a0 + kgT In(Ca/Co)] (—adN)
+ [wBo + kpT In(Cp/Co)] (=bdN)
+ [co + kpT In(Cc/Co)] (cdN)
+ [mpo +kpT In(Cp/Co)] (d dN).

This can be rearranged as (letting C4 = [A], etc.)

dG = [cico +dupo — apao — bupo

[C]"[D]d) ([Co]“[co]b)}
kpT n| — )| —kpTIn| ——— dN.
el ([A]a[B]b B\ [CoICol?

The two logarithm terms together represent logs of concen-
tration ratios. Therefore concentrations [A], [B], [C], [D],
and Co must all be measured in the same units. The last term
can be made to vanish if the units are such that Cy is unity
(for example 1 mol per liter). Then

dG = [cpuco +dipo —apao — bupo

[CI‘[D]?
+kBT 111 (W)} dN

Multiplying the expression in square brackets by Avogadro’s
number converts the chemical potential per molecule to
the standard Gibbs free energy per mole, and kp7T to RT.
To compensate, the change in number of molecules dN is
changed to moles dn or An:

AG = [(cGco+dGpo — aG a0 — bG o)

c d
+RT ln([C] D] )i| An.

(3.65)

[A]*[B]

The term in small parentheses is the standard free energy
change for this reaction, AGY, which can be found in tables.
At equilibrium AG = 0, so

[Cl[D)?

_ 0
0=AG" +RT In ([A]“[B]b

) = AG" 4+ RT InK¢q.

The equilibrium constant Kq is related to the standard (1
molar) free-energy change by

AG® = —RT In Keq,

_[CI°[D}?

VATV
Many biochemical processes in the body receive free en-
ergy from the change of adenosine triphosphate (ATP) to



72

3 Systems of Many Particles

adenosine diphosphate (ADP) plus inorganic phosphate (P;).
This reaction involves a decrease of free energy. The energy
is provided initially by forcing the reaction to go in the other
direction to make an excess of ATP. One way this is done
is through a very complicated series of chemical reactions
known as the respiration of glucose. The net effect of these
reactions is'3

glucose 4+ 60, — 6CO, + 6H,0, AG” = —680keal,

36ADP + 36P; — 36ATP + 36H,0, AG® = +263kcal.

The decrease in free energy of the glucose more than com-
pensates for the increase in free energy of the ATP. The
creation of glucose or other sugars is the reverse of the respi-
ration process and is called photosynthesis. The free energy
required to run the reaction the other direction is supplied by
light energy.

3.18 The Chemical Potential of a Solution

We now consider a binary solution of solute and solvent and
how the chemical potential changes as these two substances
are intermixed.'* This is a very fundamental process that will
lead us to the logarithmic dependence of the chemical poten-
tial on solute concentration that we saw in Sect. 3.13, as well
as to an expression for the chemical potential of the solvent
that we will need in Chap. 5.

To avoid having the subscript s stand for both solute and
solvent, we call the solvent water. The distinction between
solute and water is artificial; the distinction is usually that the
concentration of solute is quite small. We need the entropy
change in a solution when N, solute molecules, which ini-
tially were segregated, are mixed with N,, water molecules.
We make the calculation for an ideal solution—one in which
the total volume of water molecules does not change on mix-
ing and in which there is no heat evolved or absorbed on
mixing. This is equivalent to saying that the solute and wa-
ter molecules are the same size and shape, and that the force
between a water molecule and its neighbors is the same as
the force between a solute molecule and its neighbors.'> The
resulting entropy change is called the entropy of mixing.

To calculate the entropy of mixing, imagine a system with
N sites, all occupied by particles. The number of microstates
is the number of different ways that particles can be placed in
the sites. The first particle can go in any site. The second can

13 There are multiple pathways in glucose respiration. The 36 is
approximate.

14 See also Hildebrand and Scott (1964), p. 17 and Chap. 6.
15 Extensive work has been done on solutions for which these assump-

tions are not true. See Hildebrand and Scott (1964); Hildebrand et al.
(1970).

—-O0O00O- @O0
mOn aOn
mOnOn o

! 3!
N=%=1 N=g2t=3

Fig. 3.15 The system on the left contains three water molecules. Be-
cause they are indistinguishable there is only one way they can be
arranged. The system on the right contains two water molecules and
one solute molecule. Three different arrangements are possible. In each
case the number of arrangements in given by (N, + Ns)!/ (N, !Ng!)

go in any of N —1 sites, and so forth. The total number of dif-
ferent ways to arrange the particles is V! But if the particles
are identical, these states cannot be distinguished, and there
is actually only one microstate. The number of microstates is
N!/N!, where the N! in the numerator gives the number of
arrangements and the N! in the denominator divides by the
number of indistinguishable states.'®

Suppose now that we have two different kinds of particles.
The total number is N = Ny, + Nj, and the total number of
ways to arrange them is (N,,+ Ny)!. The N,, water molecules
are indistinguishable, so this number must be divided by
Ny !. Similarly it must be divided by Ng!. Therefore, purely
because of the ways of arranging the particles, the number of
microstates £2 in the mixture is (Ny, + Ng)!/ (Ny! Ng!) . An
example of counting microstates is shown in Fig. 3.15.

There could also be dependence on volume and energy;
in fact, the dependence on volume and energy may also con-
tain factors of Ny, and Ng. However, our assumption that the
molecules of water and solute have the same size, shape, and
forces of interaction ensures that these dependencies will not
change as solute molecules are mixed with water molecules.
The only entropy change will be the entropy of mixing.

The entropy change of the mixture relative to the entropy
of N,, molecules of pure water and Ny molecules of pure
solute is

solution

Ssolution — Spure water, = kp In (3.66)

pure solute 2 pure water,

pure solute

Since with our assumptions §2 is unity for the pure solute and
the pure water, the entropy difference is

Ssolution - Spure water,
pure solute

(Nw + N)!
=kphn| ———
Ny! Ny!

= kg {In[(Ny + N)!T — In(Ny!) — In(NsD} . (3.67)

This is symmetric in water and solute, and it is valid for any
number of molecules.

16 The fact that there is only one microstate because of the indistin-
guishability of the particles is called the Gibbs paradox (Reif 1965).
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Since we usually deal with large numbers of molecules
and factorials are difficult to work with, let us use Stirling’s
approximation (Appendix I) to write

(3.68)

Ssolution - Spure water,
pure solute

= kg [(Nw + Ng) In(Ny + Ng) — Ny In Ny, — Ny In Ng] .

The next step is to relate the entropy of mixing to the
chemical potential. This is done by recalling the definition
of the Gibbs free energy, (Eq. 3.62): G =U +pV — T S.
The sum of the first two terms, H = U + p V, is called the
enthalpy. Any change of the enthalpy is the heat of mixing;
in our case it is zero. (The present case is actually more
restrictive: p, V, and U are all constant.) Therefore, since T
is also constant, the change in Gibbs free energy is due only
to the entropy change:

AG =—-T AS

Ny Ny ):|
=kgT |NyIn|———) + NyIn{—) | .
? [“’ (/Vw+Ns) ' (Nw+Ns

This is still symmetric with water and solute, but it diverges
if either Ny, or N; is zero, because of our use of Stirling’s
approximation.

We now need an expression that relates the change in G
to the chemical potential. This can be derived for the general
case using the following thermodynamic arguments. We use
Eq. 3.62 to write the most general change in G:

dG =dU + pdV +Vdp—TdS — SdT.

The fundamental equation of thermodynamics, Eq. 3.60,
generalized to two molecular species, is

TdS =dU — uyydNy — s dNg + pdV,
SO
dG = pydNy + s dNg +Vdp — SdT. (3.69)

This can be used to write down some partial derivatives by
inspection that are valid in general:

3G
oy = (—) , (3.70a)
an Ns,p,T
G
My = ( ) , (3.70b)
ONs ), oot
9G
V= (—) , (3.70¢)
ap Ny, Nuw.T
9
S—— (_G) . (3.70d)
T J Ny Nuwop

To find the chemical potential, we differentiate our ex-
pression for G, Eq. 3.69, with respect to N,, and N; to obtain

Uw = kpT Inxy, s = kpT Inx;. (3.71)

These have been written in terms of the mole fractions or
molecular fractions

Ny Ns

S Xy = —— (3.72)
Ny + N Ny + N;

Xw
Each chemical potential is zero when the mole fraction for
that species is one (i.e., the pure substance). The expressions
for u diverge for x,, or x5 close to zero because of the failure
of Stirling’s approximation for small values of x.

The last step is to write the chemical potential in terms of
the more familiar concentrations instead of mole fractions.
We can write the change in chemical potential of the solute
as the concentration changes from a value C; to C, as

Aps = ps(2) — ps(1) = kpT In(xz/x1).

As long as the solute is dilute, Ny, + Ny & Ny, S0 x2/x1 =
C>/Cq and

Aupg = kT In(C2/Cy),

which agrees with Eq. 3.48.

The change in chemical potential of the water can be writ-
ten in terms of the solute concentration. Since xy + x; = 1,
Uw = kpT In(1 — xy). For small values of x; the logarithm
can be expanded in a Taylor’s series (Appendix D):

In(1 —x5) = —xy — =x5 —---.

The final result is

pw = —kpT xg = —kpT Ny /(N5 + Ny)
~ —kpT (Ns/V)/(Nw/V),

or
(3.73a)

To reiterate: this is the chemical potential of the water for
small solute concentrations. The zero of chemical potential is
pure water. The term is negative because the addition of so-
lute decreases the chemical potential of the water, due to the
entropy of mixing term. For a change of solute concentration,
the chemical potential of the water changes by

kpT AC,

3.73b
o ( )

Apy = —

We now know the concentration dependence of the chem-
ical potential. In Chap. 5 we will be concerned with the
movement of solute and water, and we will also need to know
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the dependence of the chemical potentials on pressure. To
find this, we write

d 0]
Aty = (ﬁ) Ap+( “w) AC,.
8[) T,Nuw,Cs ac? T.p,Nw

The second term is just Eq. 3.73b. To obtain the derivative in
the first term, we use the fact that when the partial derivative
of a function is taken with respect to two variables, the result
is independent of the order of differentiation (Appendix N):

P (ac) K (aG)
P NNw/7p N Jpy,  LONw NPT TN Ly,

From Eqgs. 3.70a and 3.70c, we get

(5),..= ()
8p T,Nw 8Nw T,p ’
For a process at constant temperature, the rate of change of
U With p for constant solute concentration is the same as
the rate of change of V with Ny, when p is fixed.

The quantity (0V/0Ny)7,) is the rate at which the vol-
ume changes when more molecules are added at constant
temperature and pressure. For an ideal incompressible liquid

it is the molecular volume, V,. We can repeat this argument
for the solute to obtain

9 _ 9 _
(ﬂ) =V, ( ““) —V,. (375
o Jr.n, p Jr.n,

In a solution, the total volume is V = Ny Vi + N,V
where V,, and V are the average volumes occupied by
one molecule of water and solute. Dividing by V gives
1 = CyVy + C V. If the solution is dilute,

(3.74)

1

x —.
Cuw

Vo (3.76)

In an ideal solution V,, = V. For an ideal dilute solution,
we then have

_ Ap —kpT AC
Aty = Vo (Ap — kpT ACy) ~ %. (3.77)
w
Aps = kpT In(Cys2/Cy1) + Vs Ap
~ kT In(Cya/Cyt) + Vo Ap. (3.78)

We saw this concentration dependence earlier, in Sect. 3.13.
If the concentration difference is small, we can write Cso =
Cs1 + AC and use the expansion In(1 4+ x) & x to obtain

_kgT AC,  Ap

Al & . 3.79
Ms C, Cu ( )

3.19 Transformation of Randomness to Order

When two systems are in equilibrium, the total entropy is

a maximum. Yet a living creature is a low-entropy, highly

ordered system. Are these two observations in conflict? The

answer is no; the living system is not in equilibrium, and it is
this lack of equilibrium that allows the entropy to be low. The
conditions under which order can be brought to a system—its
entropy can be reduced—are discussed briefly in this section.

A car travels with velocity v and has kinetic energy %mvz.
In addition to the random thermal motions of the atoms mak-
ing up the car, all the atoms have velocity v in the same
direction (except for those in rotating parts, which have an
ordered velocity that is more complicated to describe). If the
brake shoes are brought into contact with the brake drums,
the car loses kinetic energy, and the shoes and drums become
hot. Ordered energy has been converted into disordered, ther-
mal energy; the entropy has increased. Is it possible to heat
the drums and shoes with a torch, apply the brakes, and have
the car move as the drums and shoes cool off? Energetically,
this is possible, but there are only a few microstates in which
all the molecules are moving in a manner that constitutes
movement of the car. Their number is vanishingly small com-
pared to the number of microstates in which the brake drums
are hot. The probability that the car will begin to move is
vanishingly small.

An animal is placed in an insulated, isolated container.
The animal soon dies and decomposes. Energetically, the
animal could form again, but the number of microstates cor-
responding to a live animal is extremely small compared to
all microstates corresponding to the same total energy for all
the atoms in the animal.

In some cases, thermal energy can be converted into work.
When gas in a cylinder is heated, it expands against a piston
that does work. Energy can be supplied to an organism and it
lives. To what extent can these processes, which apparently
contradict the normal increase of entropy, be made to take
place? These questions can be stated in a more basic form.
1. To what extent is it possible to convert internal energy dis-

tributed randomly over many molecules into energy that

involves a change of a macroscopic parameter of the sys-
tem? (How much work can be captured from the gas as it
expands the piston?)

2. To what extent is it possible to convert a random mixture
of simple molecules into complex and highly organized
macromolecules?

Both these questions can be reformulated: under what condi-

tions can the entropy of a system be made to decrease?

The answer is that the entropy of a system can be made
to decrease if, and only if, it is in contact with one or more
auxiliary systems that experience at least a compensating in-
crease in entropy. Then the total entropy remains the same or
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increases. This is one form of the second law of thermody-
namics. For a fascinating discussion of the second law, see
Atkins (1994).

One device that can accomplish this process is a heat en-
gine. It operates between two thermal reservoirs at different
temperatures, removing heat from the hotter one and inject-
ing heat into the cooler one. Even though less heat goes
into the cooler reservoir than was removed from the hot-
ter one (the difference being the mechanical work done by
the engine), the overall entropy of the two reservoirs in-
creases. The entropy change of the hot reservoir is a decrease,
—AQ/T, while the entropy change of the cooler reservoir is
an increase, +AQ’/T’. Since T’ < T, the entropy increase
more than balances the decrease, even though AQ" < AQ.
The increase in the number of accessible microstates of the
cooler reservoir is greater than the decrease in the number
of accessible microstates of the hotter reservoir. The coupled
chemical reactions that we saw in Sect. 3.17 are analogous.

Symbols Used in Chap. 3
Symbol Use Units First
used
page
a Acceleration ms~2 53
a Number of atoms in a molecule 57
a,b,c,d Number of atoms of species 71
A, B,C,and D
a Area m? 69
cj Concentration (molar) mol m—3, 67
mol 17!
c Specific heat capacity JK Tkg™! 65
e Elementary charge C 63
f Number of degrees of freedom 57
g Gravitational acceleration ms 2 64
kp Boltzmann’s constant JK! 61
m Mass kg 53
n Number of particles in a 54
volume
p Probability of “success” 55
P Pressure Pa 60
Dx, Py, Pz Momentum kgms™! 65
q Probability of “failure” 55
q Electric charge C 69
t Time s 53
u; Energy of the ith energy level J 58
v, v Volume m3 55
v Electrical potential v 63
v, vy, vy, v; Velocity ms~! 53
X, ¥,z Position coordinate m 53
X General variable 59

X Extensive variable 69

N,N’, N*
Ny, Ny

Na
Na, Ng,
Nc, Np

Qv

T 4D R M

Maws s

2,9, 2*

Mole fractions of solute and
water

General variable

Height

Valence

Thermodynamic systems
Chemically reacting species
Concentration (particles per
volume)

Heat capacity

Kinetic energy

Potential energy

Force

Faraday constant

Ratio of accessible microstates
in a small system

Gibbs free energy

Enthalpy

Equilibrium constant in a
chemical reaction

Number of molecules in a
system

Number of repeated
measurements

Number of particles

Number of solvent (water) or
solute molecules

Avogadro’s number

Number of molecues of species
A, B, C, and D consumed or
produced in a chemical reaction
Probability

Flow of heat to a system
Ratio of accessible states in a
reservoir (Boltzmann factor)
Gas constant

Area

Entropy

Absolute temperature

Total energy of a system
Volume

Volume of water or solute
molecule

Work done by a system on the
surroundings

Work done on a system to
increase the concentration
Generalized force

General variable

Density

Surface tension

kT

Chemical potential

Chemical potential of water or
solute

Number of accessible
microstates

An overscript bar means an
average over an ensemble
Angular brackets mean an
average over time

m—3, 17!
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—

kgm3
Nm™!

J

J molecule™!
J molecule™!
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Problems
Section 3.1

Problem 1. Some systems are so small that only a few
molecules of a particular type are present, and statistical
arguments begin to break down. Estimate the number of hy-
drogen ions inside an E. coli bacterium with pH = 7. (When
pH = 7 the concentration of hydrogen ions is 10~7 mol171.)
Problem 2. Use the last column of Table 3.2 to calculate the
average value of n, which is defined by 7 = > n P (n). Verify
that 7 = Np in this case.

Problem 3. A loose statement is made that “if we throw a
coin 1 million times, the number of heads will be very close
to half a million.” What is the mean number of occurrences
of heads in 1 million tries? What is the standard deviation?
What does “very close” mean? (You may need to consult
Appendices G and H.)

Problem 4. Evaluate P(n; 4, 0.5) using Eq. 3.4. Check your
results against the histogram of Fig. 3.2 and by listing all
the possible arrangements of four particles in the left or right
sides of the box.

Problem 5. Write a computer program to simulate measure-
ments of which half of a box a gas molecule is in. Make
several measurements with different sets of random numbers,
and plot a histogram of the number of times » molecules are
found in the left half. Try this for N = 1, 10, and 100. Many
computer languages have a built-in routiine to generate ran-
dom numbers. For a discussion of how to construct and use
random number generators, see Press et al. (1992).
Problem 6. Color blindness is a sex-linked defect. The de-
fective gene is located in the X chromosome. Females carry
an XX chromosome pair, while males have an XY pair. The
trait is recessive, which means that the patient exhibits color
blindness only if there is no normal X gene present. Let Xq4
be a defective gene. Then for a female, the possible gene
combinations are

XX, XX4, XgXq.

For a male, they are
XY, XgY.

In a large population about 8 % of the males are color-blind.
What percentage of the females would you expect to be
color-blind?

Problem 7. A patient with heart disease will sometimes go
into ventricular fibrillation, in which different parts of the
heart do not beat together, and the heart cannot pump. This
is cardiac arrest. The following data show the fraction of pa-
tients failing to regain normal heart rhythm after attempts at

ventricular defibrillation by electric shock (Weaver 1982).

Number of attempts  Fraction persisting in fibrillation

0 1.00
1 0.37
2 0.15
3 0.07
4 0.02

Assume that the probability p of defibrillation on one at-

tempt is independent of other attempts. Obtain an equation

for the probability that the patient remains in fibrillation after

N attempts. Compare it to the data and estimate p.

Problem 8. There are N people in a class (N = 25). What

is the probability that no one in the class has a birthday on

a particular day? Ignore seasonal variations in birth rate and

ignore leap years.

Problem 9. The death rate for 75-year-old people is 0.089

per year (Commissioners 1941 Standard Ordinary Mortality

Table).

(a) What is the probability that an individual aged 75 will
die during a 12-h period? Neglect the fact that some are
sick, some are terminally ill, and so on, and assume that
the probability is the same for everyone.

(b) Suppose that 10 000 people, all aged 75, are given the flu
vaccine at ¢+ = 0. What is the probability that none will
die during the next 12 h? (This underestimates the prob-
ability, since sick people would not be given the vaccine,
but they are included in the death rate.)

Problem 10. This problem is intended to help you un-

derstand some of the nuances of the binomial probability

distribution.

(a) Inamacabre “game” of “roulette” the victim places one
bullet in the cylinder of a revolver. (A less hazardous
game could be done with dice.) There is room for six
bullets in the cylinder. The victim spins the cylinder, so
there is a probability of 1/6 that the bullet is in firing
position. The victim then places the gun to the head and
fires. If the victim survives, the cylinder is spun again
and the process is repeated. We can look either at the
cumulative probability of “success” (being killed), or the
cumulative probability of “failure” (surviving). Make a
table for 1000 victims who keep playing the game over
and over. Plot the number surviving, the number killed
on each try, and the cumulative number killed.

(b) Show that the number surviving can be expressed as
1000e 5N , where N is the number of tries, and find b.

(c) The data in the following table are from Schwartz and
Mayaux (1982). They show the cumulative success rates
in different age groups for patients being treated for in-
fertility by artificial insemination from a donor. That is,
each month at the time of ovulation each patient who
has not yet become pregnant is inseminated artificially.
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The table shows the fraction of patients who have be-
come pregnant at the end of each cycle. Plot these data.
What do they suggest? Make whatever plots can confirm
or rule out what you suspect.

Cycle Age <25 Age > 35
0 0 0

1 0.11 0.03
2 0.23 0.14
3 0.30 0.20
4 0.39 0.27
5 0.44 0.35
6 0.51 0.35
7 0.55 0.36
8 0.63 0.39
9 0.65 0.43
10 0.67 0.43
11 0.70 0.46
12 0.74 0.54

Problem 11. Use Eq. 3.4 to verify that the probability of all
80 particles being in the left half of the box is approximately
10724,

Problem 12. Appendix H describes how to calculate the
magnitude of fluctuations for N particles in a box (the stan-
dard deviation). Calculate (n) and its standard deviation for
N = 80 and p = ¢ = 0.5. Estimate the value of N in
Fig. 3.4.

Section 3.3

Problem 13. A thermally insulated ideal gas of particles is

confined within a container of volume V. The gas is ini-

tially at absolute temperature 7. The volume of the container

is very slowly reduced by moving a piston that constitutes

one wall of the container. Give qualitative answers to the

following questions.

(a) What happens to the energy levels of each particle?

(b) Is the work done on the gas as its volume decreases
positive or negative?

(c) What happens to the energy of the gas?

Section 3.5

Problem 14. Suppose you have a system with 10 particles
and three energy levels. The particles are distributed among
the levels as follows: 5 particles are in the level with energy 0,
three particles are in the level with energy 2E, and two in the
level with energy 4E. An interaction with the surroundings
occurs in which work is done on the system and heat flows
out of the system in such a way that AU = 0. The work
causes the energy of each level to rise by an amount E.

(a) Draw a picture like Fig. 3.7 showing the new levels and
the distribution of particles among the levels before and
after the interaction.

(b) Calculate the average energy of the particles before and
after the interaction.

(c) Draw a picture like that in Fig. 3.8 appropriate for this
system.

Problem 15. System A has 10%° microstates, and system

A’ has 10" microstates. How many microstates does the

combined system have?

Problem 16. Calculate the Celsius and absolute tempera-

tures corresponding to a room temperature of 68 °F, a normal

body temperature of 98.6 °F, and a febrile body temperature
of 104 °F.

Problem 17. Calculate and plot §2, £2’, and £2* for Fig. 3.10,

thus reproducing the figure. Write down an analytic expres-

sion for £2* and differentiate to find the value of U for which
£2* is a maximum.

Problem 18. Let Q(U) =5U> 41, 2/ (U') = U’ + 1, and

U + U’ = 100. Make plots like those in Fig. 3.10 for this

system and determine the most probable value of U.

Problem 19. Systems A and A’ each consist of 3 particles,

whose energy levels are u, 2u, 3u, etc. The total energy

available to the combined system is U™ = 12u.

(a) Make a table similar to Table 3.3. (If you have difficulty,
see part (d) of this problem.)

(b) Find the most probable state. To what values of U and
U’ does it correspond?

(c) Plot £2* vs U. What is the probability that all three
particles in system A have energy u?

(d) Consider system A. If it has energy U, the maximum
energy the first particle can have is U — 2u. How many
microstates are there for which the first particle has en-
ergy U — 2u? U — 3u? Show that the total number of
microstates for system A is given by
U/u=2

U 1| (U\* U
> (——i—l):—[(—) —3(—)+2]
“ u 2 u u
i=1
This proves the assertion in the text that for 3 particles, £2
increases as U2,
Problem 20. We have seen that in general with volume,
number of particles, and other parameters that determine the
positions of the energy levels held fixed,

1 ds2 1

2dU " kgT’
Suppose that U = CT, where C is the heat capacity of the
system. Find £2(U).
Problem 21. Systems A and A’ are in thermal contact. Show
that if T < T, energy flows from A’ to A to increase 2%,
while if T > T’, energy flows from A to A’.
Problem 22. A simple system has only two energy levels
for each single entity in the system. (The system could, for
example, be a collection of “gates” in a cell membrane, each
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with two states, open and closed.) One level has energy u,

the other has energy u,. There are N entities in the system.

You can answer the following questions without doing any

calculations.

(a) What is the minimum energy of the system? How many
microstates are there for the minimum energy?

(b) What is the maximum energy of the system? How many
microstates are there for which the system has maximum
energy?

(c) Sketch what £2(U) must look like.

(d) Recall the definition of 7', Egs. 3.14 and 3.15. Are there
any values of U for which the temperature is negative?
Where?

Section 3.6

Problem 23. Calculate the temperature (in K) and entropy
(ineV K1) of system A’ in Fig. 3.10 at equilibrium. Assume
U and U’ are given in electron volts. Your values may seem
odd because this example is not biologically realistic.
Problem 24. Consider the following arrangements of the 26
capital letters of the English alphabet: (a) TWO, (b) any three
letters, in any order, that are all different, and (c) any three
letters, in any order, which may repeat themselves. For (b)
and (c), consider the same letters in a different order to be a
different arrangement. If each arrangement is a “microstate,”
find £2 and § in each case.
Problem 25. Ice and water coexist at 273 K. To melt 1 mol
of ice at this temperature, 6 000] are needed. Calculate the
entropy difference and the ratio of the number of microstates
for 1 mol of ice and 1 mol of water at this temperature. Do
not worry about any volume changes of the ice and water.
Problem 26. If a system is maintained at constant volume,
no work is done on it as the energy changes. In that case
dU = C(T)dT, where U is the internal energy, C is the
heat capacity, and 7 is the temperature. The heat capac-
ity in general depends on the temperature. Suppose that in
some temperature region the heat capacity varies linearly
with temperature: C(T) = Co + DT.

(a) What is the entropy change of the system when it is
heated from temperature 77 to temperature 73, both of
which are in the region where C(T) = Co + DT?

(b) What is the ratio of the number of microstates at 7; to
the number at 77 ?

Problem 27. A substance melts at constant temperature.

There are 7 times as many microstates accessible to each

molecule of the liquid as there were to each molecule of the

solid. Ignore volume changes.

(a) What is the change in entropy of each molecule?

(b) How much heat is required to melt a mole of the
substance if the melting temperature is 50 °C?

Problem 28. The entropy of a monatomic ideal gas at con-

stant energy depends on the volume as S = Nkp In V+const.

A gas of N molecules undergoes a process known as a free
expansion. Initially it is confined to a volume V by a parti-
tion. The partition is ruptured and the gas expands to occupy
a volume 2V . No work is done and no heat flows, so the total
energy is unchanged. Calculate the change of entropy and the
ratio of the number of microstates after the volume change to
the number before.

Section 3.7

Problem 29. A pore has three configurations with the en-
ergy levels shown. The pore is in thermal equilibrium with
the surroundings at temperature 7. Find the probabilities py,
P2, and p3 of being in each level. Each level has only one
microstate associated with it.

3———2U,
2————— Uo
1— 0

Problem 30. The DNA molecule consists of two inter-
twined linear chains. Sticking out from each monomer (link
in the chain) is one of four bases: adenine (A), guanine (G),
thymine (T), or cytosine (C). In the double helix, each base
from one strand bonds to a base in the other strand. The cor-
rect matches, A—T and G—C, are more tightly bound than are
the improper matches. The chain looks something like this,
where the last bond shown is an “error.”

A (error)

The probability of an error at 300 K is about 10~ per
base pair. Assume that this probability is determined by a
Boltzmann factor eU/¥87T  where U is the additional energy
required for a mismatch.

(a) Estimate this excess energy.

(b) If such mismatches are the sole cause of mutations in
an organism, what would the mutation rate be if the
temperature were raised 20 °C?

Problem 31. In Chap. 18 we will study how the “spin” mag-

netic moment of an atomic nucleus interacts with a magnetic

field B, leading to magnetic resonance imaging. Assume a

nucleus has a magnetic dipole moment (v, which can point in

only one of two directions: parallel to B (“spin up”) or an-
tiparallel (“spin down”). The energy of a nucleus with spin
up is —uB; with spin down it is 4 B. Use the Boltzmann
factor to determine an expression for the ratio of the num-
ber of particles with spin up to the number with spin down.
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Evaluate this ratio for u = 1.4 x 107207 T_l, B =2T, and
T =300K.

Problem 32. The data of Problem 2.10 were used to obtain
an empirical relationship between the charge integration time
T and the temperature T'. It might be that t is determined by a
chemical reaction whose rate is given by a Boltzmann factor.
Make a new plot based on that assumption and determine the
appropriate constants.

Problem 33. Oxygen and carbon monoxide compete for
binding to hemoglobin. If enough CO binds to hemoglobin,
the ability of the blood to deliver oxygen is impaired, and car-
bon monoxide poisoning ensues. Consider the hemoglobin
molecule to be a two-state system: the heme group is bound
either to O; or to CO. Calculate the probability of binding to
CO. Let the G factor of Eq. 3.25 be equal to the ratio of the
concentrations of CO and O;. Assume CO is 100 times less
abundant than O;. CO is more tightly bound than O; to the
heme group by about 0.15eV. Let T = 300 K.

Problem 34. The function of many enzymes is to act as a
catalyst: they increase the speed of a chemical reaction. To
get an idea of how a catalyst works, consider the reaction

enzyme + substrate — enzyme + product.

In order for the reaction to proceed, some energy barrier A E
must be overcome. The probability of the substrate having
an energy AFE or greater depends primarily on a Boltzmann
factor, e 2E/k8T  Determine by what factor this probability
increases if the enzyme decreases the activation energy by
(a)0.1eV, (b) 1eV. Assume T = 310K.

Problem 35. Chemists use Qg to characterize a chemical
reaction. It is defined by

(reaction rate at 7' + 10)
(reaction rate at T')

Q1o =

where T is the absolute temperature. If the reaction rate
is proportional to the fraction of reacting atoms that have
an energy exceeding some threshold AU, then to a first
approximation

o0
Roc/ e U/ksT gy,
AU

(This neglects more slowly varying factors such as a U!/?

which are introduced in more accurate analyses.)
(a) Show that R o kgTe AU/ksT
(b) Show that

010T AU 10
—— =eXp| ————+ | -
T + 10 kg T(T + 10)

(c) Estimate AU if Q9o =2atT = 300 K.
Problem 36. The vapor pressure of a substance can be calcu-
lated using the following model. All molecules in the vapor

that strike the surface of the liquid stick. (This number is pro-

portional to the pressure.) Those molecules in the liquid that

reach the surface and have enough energy escape. Equilib-
rium is established when the number sticking per unit area
per unit time is equal to the number escaping.

(a) The number of molecules with energy U is propor-
tional to e~Y/¥8T ' What will be the number with energy
greater than the escape energy, Uy?

(b) Use the result of part (a) and look up values for the va-
por pressure of water as a function of temperature, to
make a plot on semilog paper. From this plot, estimate
the escape energy Up.

(c) The “heat of vaporization” of water is 540 cal per g.
Convert the energy per molecule you found in part (b)
to calories per gram and compare it with this figure.

Problem 37. A macromolecule of density o and mass m is
immersed in an incompressible fluid of density p,, at tem-
perature 7. The volume v occupied by one macromolecule
is known. A dilute solution of the macromolecules is placed
in an ultracentrifuge rotating with high angular velocity w. In
the frame of reference rotating with the centrifuge, a particle
at rest is acted on by an outward force maw?r, where r is the
distance of the particle from the axis.

(a) What is the net force acting on the particle in this frame?
Include the effect of buoyancy of the surrounding fluid,
of density py.

(b) Suppose that equilibrium has been reached. Use the
Boltzmann factor to find the number of particles per unit
volume at distance r.

Problem 38. Suppose that particles in water are subjected to

an external force F(y) that acts in the y direction. The force

is related to the potential energy E,(y) by F = —dE,/dy.

Neglect gravity and buoyancy effects.

(a) Apply Newton’s first law to a slice of the fluid in
equilibrium to obtain an expression for p(y).

(b) If the particles have a Boltzmann distribution, show that
p() = p(O) = ksT [C(y) — CO)].

Section 3.8

Problem 39. The concentrations of various ions are mea-
sured on the inside and outside of a nerve cell. The following
values are obtained when the potential inside the cell is
—70 mV with respect to the outside.

Ion Inside (mmol1~1) Outside (mmol 171)
Na™ 15 145
K+ 150 5
Cl~ 9 125

Comment on which species have concentrations that are con-
sistent with being able to pass freely through the cell wall.
Assume T = 300 K.
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Problem 40. Calculate the volume of 1 mole of water in
liters. Pour yourself a mole of water and drink it. Calculate
the concentration of water in moles per liter.

Section 3.9

Problem 41. A virus has a mass of 1.7 x 10~1% g. If the virus
particles are in thermal equilibrium in the atmosphere, their
concentration will vary with height as C(y) = C(0)e /%,
Evaluate 1. Do you think this answer is reasonable?
Problem 42. Calculate the length constant A for the expo-
nential decay (e~>/*) of atmospheric pressure. Assume the
atmosphere is made up entirely of nitrogen, N,. Nitrogen
has an atomic weight of 14. Use your result to compare
air pressure at sea level to air pressure at the top of Mt.
Everest (8.8 km). Assume the atmosphere is all at the same
temperature; it is not.

Section 3.10

Problem 43. Use Appendix K to verify the expressions
given for the integrals in the numerator and denominator of
Eq. 3.37.
Problem 44. Calculate the average kinetic energy (in J
and eV) of a particle moving in three dimensions at body
temperature, 37 °C .
Problem 45. This is our first model for the important prob-
lem of detecting a ‘““signal” in the presence of “noise.” We
will discuss this in detail in Chapters 9 and 11. A sensitive
balance consists of a weak spring hanging vertically in the
earth’s gravitational field. The equilibrium position of the
end of the spring is x = 0. When a mass m is added to the
spring, it elongates to an average position x¢, around which it
vibrates because of thermal energy. In terms of Ax = x —xo,
the momentum of the mass p, and the spring constant K,
the force which the spring exerts on the mass is K xq, and the
total energy is U = p2/2m + 1K (Ax)>.
(a) What is xg in terms of m, g, and K?
(b) Find Ax2 = (x — x0)2.
(c) What is the smallest mass that can be measured taking
a single “snapshot” of the system to find the position of
the mass?

Section 3.11

Problem 46. The specific heat capacity of water is
4184JK~ ' kg=! (Denny 1993). Convert this to cal
gl oc—l, Historically, the calorie was defined in terms of
the specific heat capacity of water.

Problem 47. The “Calorie” we see listed on food labels is
actually 1000 cal or 1 kcal. How many kcal do you expend
each day if your average metabolic rate is 100 W?
Problem 48. Your body must dissipate energy from
metabolism at a rate of about 100 W by various mecha-
nisms to keep the body from overheating. Suppose these
mechanisms stopped working (perhaps you are wrapped in
a very good thermal blanket, so no heat can flow from or
to your body). At what rate will your body temperature in-
crease? How long will it take for your body temperature to
increase by 5°C? Assume you have a mass of 70 kg, and
the specific heat of your body tissue is the same as of water,
4200TK kg™
Problem 49. A person of mass 70 kg and body tempera-
ture 37 °C breathes in 0.51 of air at a temperature of 20 °C.
Assume that there are no other sources of heat (turn off
metabolism for a moment), and the body as a whole is insu-
lated so no heat is lost to the environment. Find the equilib-
rium temperature that the air and body will ultimately attain.
Useful data: par = 1.3 kgm™, pyaer = 1000 kgm™3,
Cair = 1000 T K™ kg™!, cpaer = 4200 JK~! kg™!. As-
sume that the person’s body tissue has the same heat capacity
and density as water.
Problem 50. Fish are cold blooded, and “breathe” water (in
other words, they extract dissolved oxygen from the water
around them using gills). Could a fish be warm blooded and
still breathe water? Assume a warm-blooded fish maintains
a body temperature that is 20 °C higher than the surround-
ing water. Furthermore, assume that the blood in the gills is
cooled to the temperature of the surrounding water as the fish
breathes water. Calculate the energy required to reheat 11 of
blood to the fish’s body temperature. One liter of blood car-
ries sufficient oxygen to produce about 4000 J of metabolic
energy. Is the energy needed to reheat 11 of blood to body
temperature greater than or less than the metabolic energy
produced by 11 of blood? What does this imply about warm-
blooded fish? Why must a warm-blooded aquatic mammal
such as a dolphin breathe air, not water? Use ¢ = 4200]J
K~ 'kg™' and p = 10°kg m~3 for both the body and the
surrounding water. For more on this topic, see Denny (1993).
Problem 51. Forensic scientists sometimes use Newton’s
law of cooling to determine how long ago a victim died.
Assume that at the time of death (#gean) the body had a tem-
perature Thody, and after death it cools to the temperature of
the surroundings, Tgyr. Assume that the rate of heat loss by
the body is proportional to the surface area of the body, S,
and the temperature difference T — Tyrr. The constant of pro-
portionality is called the convection coefficient. As the corpse
cools, the decrease in temperature is determined by the heat
capacity.
(a) Relate the rate of heat loss to the rate of temperature
change, and derive a differential equation for the body
temperature 7.
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(b) Solve this differential equation (if you are having trou-
ble, see Sect. 2.8). The solution is Newton’s law of
cooling.

(c) Write an expression for the time constant of cooling in
terms of the specific heat capacity, density, volume, area,
and the convection coefficient.

(d) For two bodies with the same shape but different sizes,
which will cool faster: the large body or the small one?

Problem 52. Determine whether the specific heat capacity

of air, 1000 J K~'kg~! is the same as the molar specific

heat capacity of a monatomic ideal gas, 3R/2. If not, why

not? Assume air is all nitrogen, N».

Section 3.12

Problem 53. Modify the system shown in Fig. 3.10 so that

2(U,N) = 50N>, 2'(U') = 4U')*(N'), U + U’ =6,

and N + N’ = 10.

(a) Show that this change does not affect the calculation of
the temperature.

(b) Plot 2(N), £2/(N’) and 2*(N) over 0 < N, N’ < 10
using the equilibrium value U = 3eV.

(c) Find the average value (N).

(d) Calculate the chemical potential (in eV) in equilibrium.

Problem 54. A small system A is in contact with a reservoir

A’ and can exchange both heat and particles with the reser-

voir. The number of microstates available to system A does

not change. Show that the difference in total entropy when A

is in two distinct states is

AS* (N N)(as) U U)(aS)
= —UNVN1 — IV2 AN - 1= U2 a7 s
ON J aU ) y
so that
P(N1,Uy)  eMNn=Un/ksT
P(Ny, Uy)  eMan—Un)/kpT
where T and p are the temperature and chemical potential of
the reservoir. This is called the Gibbs factor, and it reduces to

the Boltzmann factor if N; = N,. Chemists use the notation
A = el/*8T 'where A is the absolute activity. Then

PN, Uy _ aM e t/ksT
P(Ny, Up) — ANz e=Ua/ksl”

Problem 55. Specialize the results of the previous problem
to a series of binding sites on a surface, such as a myoglobin
molecule. The two states are

Ni =0,
Ny, =1,

U =0
Ur = Uy

No particle bound at the site
One particle bound at the site

(a) Show that the fraction of sites occupied is

)\.e_UO/kBT

T 15 re Uo/kaT

f

(b) If the sites are in equilibrium with a gas, then gy =
Msites OF Agas = Asites. From the definition pu =
—T(0S/9N)y,v and the expression for the entropy of
a monatomic ideal gas,

3 5 5
S(U,V,N) = Nkg (an—i-Ean—zlnN—l-z—f-c)

where ¢ = 3 In(m/37h?), show that f = p/(po + p),
where p is the gas pressure and

(kg T)5/2 m3/2 eU(J/kBT
(27Tﬁ2)3/2

This expression fits the data very well. See Rossi-Fanelli
and Antonini (1958).

Section 3.13
Problem 56. The entropy of a monatomic ideal gas is

S(U,V,N) = Nkp (an-l—%an— glnN—i-g—i-c),

where ¢ = %ln(m /37 h?) depends only on the mass of the
molecule. Consider two containers of gas at the same tem-
perature and pressure that can exchange particles. Expand
the total entropy in a Taylor’s series, keep terms to second
order, and use the result to find the variance in the fluctuat-
ing number of particles in one system. Assume N <« N’.
You should obtain the same result obtained from the bino-
mial distribution (62 = N) if you take into account that it
is the temperature of the gas in the container, and not its
energy, that should be held fixed. (For a monatomic ideal
gas U = 3NkpT /2. Use this result to rewrite the entropy
in terms of 7, V, and N.)
Problem 57. Show that the chemical potential of an ideal
gas is proportional to the logarithm of the concentration, a
result that we have now seen several times for dilute ideal
systems. To do so, use the expression for the entropy of a
monatomic ideal gas given in the previous problems. Rewrite
the thermodynamic identity as dU = TdS + uwdN — pdV,
from which we can identify the partial derivative

(U
A )

The chemical potential is the increase in energy of the system
if one particle is added while keeping the entropy and volume
fixed. Use the expression for the entropy of the monatomic
ideal gas, for the case of N particles with total energy U and
N + 1 particles with total energy U + p, to show that the
chemical potential of the ideal gas is

N 3
w=kgT |:ln (7) —3 In(3kpT/2) — const]
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or

V (mkpT\>/?
= —kgTIn| — .
H B n|:N (2nh2)

A more extensive discussion for other simple systems is
given by Cook and Dickerson (1995).

Problem 58. Derive the Nernst equation (Eq. 3.34) by mak-
ing the chemical potential the same on each side of a charged
membrane. Use Eq. 3.48, with the potential energy per
particle given as zev.

Section 3.15

Problem 59. Consider two systems that can exchange en-
ergy U and surface area a, but not volume V or number of
particles N. The total energy is U* = U + U’ and the total
surface area is a* = a + a’. Repeat the analysis of Sect. 3.5
and show that in equilibrium 7 = T’ and o = o’, where the
surface tension is defined as

(%)
o=-T{(— .
da )y v N

Problem 60. Consider a spherical air bubble in water.

(a) Equate the pressure-volume work to the surface work,
and find a relationship between the pressure and the
radius. This relationship is analogous to the Law of
Laplace (Problem 1.19).

(b) Consider a small bubble attached to a large one. Use the
relationship derived in (a) to determine which bubble
has the larger internal pressure. Which bubble tends to
shrink and which tends to expand?

(¢) The bubbles in (b) are a model for two alveoli connected
by a bronchiole in our lungs. Explain why a special fluid
called a surfactant is needed to reduce the surface ten-
sion in the water on the surface of the alveolus. For
more on the biological implications of surface tension,
see Denny (1993).

Section 3.16

Problem 61. Use the analysis presented in Sect. 3.16 to
show that the surface tension is

(%)
o=(— .
da J sy N

Therefore, increasing the surface area when the entropy,
volume and number of particles are fixed requires energy.
For water, the surface tension is approximately 0.07J m~2,
which is a large value Denny (1993).

Section 3.17

Problem 62. The reaction 1 glucose+60; <> 6CO>+ 6H,O
must conserve the number of each type of atom. Determine
the chemical formula of glucose.

Section 3.18

Problem 63. System A consists of N particles that move
from a region where the concentration is Cj to another where
the concentration is C;, each experiencing a change in chem-
ical potential Ay = kpT In(Cy/C1). The process occurs at
constant temperature and pressure. What is the ratio of the
total number of microstates of system and surroundings af-
ter the move to the number before the move? Assume the
concentrations do not change.

Problem 64. In pure water, some of the molecules dissociate

into H,O — HT+OH™. The standard Gibbs free energies

are Gy, = —237.2kJ mol~!, G}, = —157.3kJ mol™!

and G{; = 0.

(a) Determine AGY for this reaction.

(b) Calculate K., assuming T = 25 °C.

(c) Derive an expression that relates K.,, [H ] and
[OH™]. Note: By convention the reference concentra-
tion for water is taken to be the concentration of pure
water instead of 1 mole per liter. The small amount of
dissociation does not change [ H> O] significantly, so the
logarithmic term for water is zero: K., = [H TIIOH].

(d) H* and OH~ are produced as a pair, so their concen-
trations are equal. Calculate [H™].

(e) The pH of water is defined as — loglo([H+]). What is
the pH of pure water?

Problem 65. If one increases the volume of a liquid at con-

stant p and T, a portion of the liquid evaporates. The amount

of liquid decreases as V increases until all the liquid is vapor-
ized. The pressure at which the two phases coexist is called
the vapor pressure. The vapor pressure depends on the tem-
perature, as shown. When two phases are in equilibrium,
they are in mechanical, thermal, and diffusive equilibrium:
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1) = Ty, p1 = pg, ki = pg. Thus, at any arbitrary point
on the vapor-pressure curve, g (7o, po) = (1o, po). Con-
sider some nearby point in the vapor-pressure curve, and
expand both chemical potentials in a Taylor’s series to show
that

dp _ (Oug/0T)p — (Bu1/3T)p

dT — 3/9p)1 — Bg/dp)T
where dp/dT is the slope of the vapor-pressure curve. Use
the fact that G = Nu(p, T), that (0G/9T )N, = —S, and
that (0G/dp)y. 7 = V, to show that

dp L

dT — TAV’
where L is the latent heat of vaporization and AV is the
volume change on vaporization. (Since L and V are both ex-

tensive parameters, they can be expressed per mole or per
molecule.) This is called the Clausius—Clapeyron equation.

LiQuID

VAPOR

Problem 66. Use the Clausius—Clapeyron equation for the
vapor pressure as a function of temperature (see Problem 65),
dp/dT = L/T AV, and assume an ideal gas so that AV =~
Ve, = NkgT/p to find the vapor pressure p as a function of
temperature.
Problem 67. Use the definition of Gibbs free energy G =
U—-TS + pV and the thermodynamic identity 7dS =
dU — nudN + pdV to find the partial derivatives of G when
N, T, and p are the independent variables. Note that U, S,
and V are all extensive variables so that G is proportional to
N: G = N®. Thereby relate @ to the chemical potential.
Problem 68.(a) Find the change in Gibbs free energy G =
U —T S+ pV for an ideal gas which changes pressure
reversibly from pj to p; at a constant temperature.
(b) Since AG = NAp, find Ap.
Problem 69. The argument leading to the change in G in
a chemical reaction can be applied to a single particle mov-
ing from a region where the chemical potential is w4 to a
region where the chemical potential is g by letting dN =
—dNj = dNp,in whichcase dG = (up— ) dN. We saw
in Sect. 3.13 that the chemical potential of a solute in an ideal
solution had the form Ay = kT In(C/Cp) + A(potential
energy per particle). Sodium ions of charge 4+e (¢ = 1.6 x

10719 C) are found on one side of a membrane at concen-
tration 145 mmol1~!. The electrical potential is zero. On the
other side of the membrane the concentration is 15 mmol 17!
and the potential is —90 mV. The change in electrical poten-
tial energy is e Av. What is the change in Gibbs free energy
if a single sodium ion goes from one side to the other? The
temperature is 310 K and the pressure is atmospheric.

Section 3.18

Problem 70. Suppose that a potential energy term as well as
a pressure must be added to the chemical potential, as was
argued in Sect. 3.13. Consider a column of pure water. What
is the difference in chemical potential between the top of the
column and the bottom?

Problem 71. The open circles in the drawing represent water
molecules. The solid circles are solute molecules. The verti-
cal line represents a membrane that is permeable to water
but not solute. In case (a) there are two water molecules to
the right of the membrane. In (b) there is one, and in (c) none.
What is the total number of microstates of the combined
system in each case?

CNelel X Jole
‘lelel X Jo/®
Clelel X Jole|

Problem 72. If we want to apply Eq. 3.79 when there is
an appreciable difference in concentration, we can define an
average concentration by

Apg = kT In(Cy2/Cs1) = kT (ACS/ES)’
c__ NG AC,
' In(Cy2/Cs1)  In(1+ AC/Cy)’

Use the Taylor’s-series expansion y = x/In(l +x) ~ 1 +
x/2—x%/12+- - - to find an approximate expression for Cy.
Problem 73. Verify that differentiation of Eq. 3.69 with
respect to Ny, and Ny gives Eq. 3.71.

References

Atkins PW (1994) The 2nd law: energy, chaos and form. Scientific
American, New York

Cook G, Dickerson RH (1995) Understanding the chemical potential.
Am J Phys 63(8):737-742

Denny MW (1993) Air and water: the biology and physics of life’s
media. Princeton University Press, Princeton

Haynie DT (2008) Biological thermodynamics, 2nd edn. Cambridge
Univ Press, Cambridge

Hildebrand JH, Prausnitz JM, Scott RL (1970) Regular and related so-
lutions: the solubility of gases, liquids, and solids. Van Nostrand
Reinhold, New York



84

3 Systems of Many Particles

Hildebrand JH, Scott R L (1964) The solubility of nonelectrolytes, 3rd
edn. Dover, New York

Huang S, Wikswo J (2006) Dimensions of systems biology. Rev Physiol
Biochem Pharmacol 157:81-104

Press WH, Teukolsky SA, Vetterling WT Flannery BP (1992) Numeri-
cal recipes in C: the art of scientific computing, 2nd edn., reprinted
with corrections. Cambridge University Press, New York

Reif F (1964) Statistical physics. Berkeley physics course, vol 5.
McGraw-Hill, New York

Reif F (1965) Fundamentals of statistical and thermal physics.
McGraw-Hill, New York

Rossi-Fanelli A, Antonini E (1958) Studies on the oxygen and carbon
monoxide equillibria of human myoglobin. Arch Biochem Biophys
77(478):478-492

Schroeder DV (2000) An introduction to thermal physics Addison
Wesley Longman, San Francisco

Schwartz D, Mayaux MJ (1982) Female fecundity as a function of age:
results of artificial insemination in 2193 nulliparous women with
azoospermic husbands. N Engl J Med 306(7):404—406

Weaver W (1963) Lady luck: the theory of probability Anchor, Garden
City

Weaver WD (1982) Ventricular defibrillation—a comparative trial using
175-J and 320-J shocks. N Engl J Med 307:1101-1106



Transport in an Infinite Medium

In this book, Chaps. 4 and 5 are devoted to one of the most
fundamental problems in physiology: the transport of solvent
(water) and uncharged solute particles. Chapter 4 develops
some general ideas about the movement of solutes in solu-
tion. Chapter 5 applies these ideas to movement of water and
solute through a membrane.

Section 4.1 defines flux and fluence rate and derives the
continuity equation. Section 4.2 shows how to calculate the
solute fluence rate when the solute particles are drifting with
a constant velocity, as when they are being dragged along by
flowing solvent.

The next several sections are devoted to diffusion, the ran-
dom motion of solute particles. Sections 4.3-4.5 describe
random motion in a gas and a liquid. Section 4.6 states Fick’s
first law, which relates the fluence rate of diffusing parti-
cles to the gradient of their concentration. Section 4.7 relates
the proportionality constant in Fick’s first law to the viscous
drag coefficient of the particle in the solution. Section 4.8
combines Fick’s first law and the equation of continuity to
give Fick’s second law, the diffusion equation, that tells how
the concentration C(x, y, z, t) evolves with time. Section 4.9
discusses various time-independent (steady-state) solutions
to the diffusion equation. Section 4.10 analyzes steady-state
diffusion to or from a cell, including both diffusion through
the membrane and in the surrounding medium. Section 4.11
discusses a model of steady-state diffusion of a substance
that is being produced at a constant rate inside a spherical
cell. Section 4.12 develops a steady-state solution when both
drift and diffusion are taking place in one dimension. One
technique for solving the time-dependent diffusion equation
is introduced in Sect. 4.13. Section 4.14 describes a simple
random-walk model for diffusion.

This chapter discusses how molecules and other objects
can diffuse or drift. These physical processes occur in both
living and nonliving material. However, much motion in the
body arises from truly biological mechanisms (Fletcher and
Theriot 2004; Hoffmann 2012). A simple example is the
flagella that power the swimming of Escherichia coli bac-
teria (Berg 2003). Perhaps the best known example is the

R. K. Hobbie, B. J. Roth, Intermediate Physics for Medicine and Biology,
DOI 10.1007/978-3-319-12682-1_4, © Springer International Publishing

contractions caused by myosin and actin in skeletal muscle.
Actin proteins form a “track,” and myosin proteins “step”
along the track, using energy stored in ATP. A similar molec-
ular motor, kinesin, causes motion along microtubules, and
is responsible for many intracellular types of motion such
as chromosome migration during cell division (mitosis). The
details about how these motors work is beyond the scope of
our book, but understanding them requires knowledge from
Chap. 1 (viscosity), Chap. 3 (bioenergetics), and this chapter
(Brownian motion).

4.1 Flux, Fluence, and Continuity

Flow was introduced in Sect. 1.17 of Chap. 1. The flow rate,
volume flux, or volume current i is the total volume of ma-
terial transported per unit time and has units of m3 s~!. One
can also define the mass flux as the total mass transported per
unit time or the particle flux as the total number of particles,
and so on.

The particle fluence is the number of particles transported
per unit area across an imaginary surface (m~2). The volume
fluence is the total volume transported across the surface per
unit area and has units m> times m_z, or m.

The fluence rate or flux density is the amount of “some-
thing” transported across an imaginary surface per unit area
per unit time. It can be represented by a vector pointing in
the direction the “something” moves and is denoted by j. It
has units of “something” m~2 s~!. It is traditional to use a
subscript to tell what is being transported: j, is the solute
particle fluence rate (m~2 71, Jjm 1is the mass fluence rate
(kg m~2 s~ 1), and Jjo is volume flux density (m*m=2s1or
m s~ ). In a flowing fluid, j,, is the velocity with which the
fluid moves.

Slightly different nomenclature is used in different fields.
The words flux and flux density are often used interchange-
ably. Table 4.1 shows some of the names that are encoun-
tered. Do not spend much time memorizing it; it is provided
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Table 4.1 Units and names for j and j S in various fields

J Jjs
Units Names Units Names
Particles m 2! Particle fluence rate 5! Particle flux
Particle current density Particle current
Particle flux density Particle flux
Particle flux
Electric charge Cm2slorAm™2 Current density Cs'orA Current
Mass kgm=2s~! Mass fluence rate kgs~! Mass flux
Mass flux density Mass flow
Mass flux
Energy Jm™2 s~ or Wm™2 Energy fluence rate Jslorw Energy flux
Intensity Power
Energy flux
these gives the net increase in the number of particles in the
/ ; volume SAx:
! S l,' S
{ : AN = [j(x,t) — j(x + Ax, )] S At. 4.1)
jlx,t) ] Ill j(x+ Ax,t)
] b As Ax — 0, the quantity involving j is, by definition, related
AN > to the partial derivative of j with respect to x (Appendix N):
fe——— Ax —|
X x+ Ax ] ) 3j(x, 1)
Jjx,t)—jlx +Ax, 1) = T Tox Ax.

Fig.4.1 The fluence rates used to derive the continuity equation in one
dimension

to help you when you must deal with the notation in other
books.

4.1.1 The Continuity Equation in One

Dimension

As long as we are dealing with a substance that does not
appear or disappear (as in a chemical reaction, radioactive
decay, or the like), the number of particles or the mass, or
in the case of an incompressible liquid, the volume, remains
constant or is conserved. This conservation leads to a very
useful equation called the equation of continuity. It will be
derived here in terms of the number of particles.

We will first derive it in one dimension. Let the fluence
rate of some species be j particles per unit area per unit time,
passing a point. All motion takes place in the x direction
along a tube of constant cross-sectional area S. The value
of j may depend on the position in the tube and on the time:
Jj = j(x,t). The number of particles in the volume shown in
Fig. 4.1 between x and x + Ax is N(x, t). At x, there may
be particles moving both to the right and to the left; the net
number to the right in Az is j(x, t) times the area S times the
time At. A flux density in the 4-x direction is called positive.
The net number of particles in at x is j(x, r) SAz. Similarly,
the net number out at x +Ax is j(x+ Ax, t)SAt. Combining

Similarly, the increase in N (x, ) is
oN
AN(x,t) =N(x,t+ At) — N(x,t) = o At.
These two expressions can be substituted in Eq. 4.1 to give

d d
— N(x,t) = —(SAx) — j(x,1).
a7 (x,1) (SAx) ix Jx.0)
This equation can be written in terms of the concentration
C(x, t) by dividing both sides by the volume SAux:

aCc  9j
o _ Y9 4.2)
at dx

This is the continuity equation in one dimension.

4.1.2 The Continuity Equation in Three
Dimensions

In three dimensions j is a vector with components jy, jy, and
Jjz- The flux across a surface dS oriented at some arbitrary
direction with the x, y, z axes is equal to the component of
Jj perpendicular to the surface times dS. To see this, imagine
that j lies in the xy plane with components j; and j,. If j
makes an angle ¢ with the vertical, then j, = jsin¢, j, =
Jj cos ¢.

Consider the small volume shown in Fig. 4.2. If there is
no buildup of particles within the volume, the flux in across
the two faces parallel to the axes is equal to the flux across
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Fig.4.2 Volume element used to relate the fluence rate across the slant
face to the components of the fluence rate parallel to the x and y axes

dS. The area dS of the slant surface is drdz, where dz
is the thickness of the volume perpendicular to the paper.
The number of particles per second across the face dydz is
Jjxdydz = (jsin¢)(dydz). Since dy = dr sin6, this may
be written as j sin ¢ sin fdzdr. Similarly, the number of par-
ticles per second in across the bottom face is j, dxdz =
jcos@cosOdzdr. The sum of these must be equal to the
number leaving across the slant face: j dzdr(sin¢ sin6 +
cos¢pcosf) = jdzdrcos(¢p —0) = jdScos(¢p — 0). The
number of particles per unit area per second across the slant
face is, therefore, j cos(¢ — ). Now ¢ — 6 is the angle be-
tween j and the unit vector fi perpendicular to the surface. We
can write the flux density across d S as j, (the component of
j parallel to n), or j - i (the dot product of j and the normal).
The flux (flow per second) is sometimes written as

(j-ndS, j.,dS, or

- dS). 4.3)

These are all equivalent: vector dS is defined to have mag-
nitude dS and to point along the normal to the surface that
points outward from the enclosed volume. The same result is
obtained (with more algebra) when j is not in the xy plane.

4.1.3 The Integral Form of the Continuity
Equation

If we consider a closed volume as shown in Fig. 4.3, the total
number of particles flowing out of the volume can be ob-
tained by adding up the contribution from each element d.S.
Itis

(total number of particles out in time Ar)

- ( ﬂ jndS) At.
losed surface

Since the total number of particles in the volume enclosed by

the surface is
IJ

enclosed volume

C(x,y,z,t)dxdydz,

Fig. 4.3 The total number of particles per second passing through the
closed surface (flux) is the sum of the contributions j,dS from all
elements of the surface

we can write!

]

enclosed volume

cdvV =—

J

surface enclosing
the volume

JjndS. (4.4)

The outward flux density or fluence rate of the substance
integrated over a closed surface (the net flux through the
surface) is equal to the rate of decrease of the amount of
substance within the volume enclosed by the surface.

How to evaluate the surface integral is best shown by two
examples. First consider a volume defined by a sphere of
radius r. A lamp at the center of the sphere radiates light
uniformly in all directions. The light leaves through the sur-
face of the sphere. The amount of light energy in the volume
defined by the sphere is not changing, so the rate of energy
production by the lamp P is equal to the energy flux through
the surface of the outer sphere:

P :ﬂj,,ds.

Because of the spherical symmetry, j is perpendicular to the
surface and is the same at all points on the sphere. Therefore,

(4.5)

P:j,,f ds.

Since the integral of dS over the surface of a sphere of radius
ris 4Ttr2,

P
42’
The amount of energy per unit area per unit time crossing
the surface of the sphere is the energy fluence rate or the
intensity.

The second example is slightly more complicated. Sup-
pose that j is parallel to the z-axis and has the same value
everywhere. The net flux through any closed surface will
be zero in that case, and we will verify it to show how to
evaluate a surface integral. Consider the situation shown in

J=1n (4.6)

' 'We can write dV as d°r or dxdyd?z.
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Fig. 4.4 The fluence rate is the same everywhere. The flux is f jndS
over the entire sphere. When the normal component of the fluence rate is
outward, the contribution is positive. When it is inward, the contribution
is negative

Fig. 4.4, where j, is integrated over the surface of the sphere.
At every point in the shaded strip, j, = jcos6. The strip
has width r d6 and circumference 27 r sinf, so its area is
272 sin6 d6. Thus

LY
/j,,dS:/ jcos@2nr25in6d9
0

T
=zm2j/ cosf sinf d = 0.
0

4.1.4 The Differential Form of the Continuity
Equation

The continuity equation can be expressed in terms of deriva-
tives instead of integrals. To derive this form, consider the
increase in the number of particles in a small rectangular
volume located at (x, y, z) and having sides (dx, dy, dz) as
shown in Fig. 4.5. Apply Eq. 4.4 to each face of the vol-
ume. The rate at which the substance flows in through the
face at x is j (x)(dydz). At face x 4+ dx, it flows out at a rate
Jx(x+dx)dydz. There is no contribution to the flow through
this face from j, or j;, since they are parallel to the face. The
net increase in the number of particles in the volume due to
the two terms is

0
— [ x +dx) — jo(x)] dydz = —% dxdydz.

Similar terms can be written for the faces perpendicular to
the y and z axes. The total amount of the substance enter-
ing the volume per unit time is the rate of change of the
amount within the volume, which is the rate of change of
concentration times the volume dxdydz. Therefore,

o, 0y

aC
9= (dxdydz) = —
gy (dxdydz) (ax 3y

Ny
+ ﬁ) (dxdydz)
90z

Fd dz
(x,y,?.}
d

Fig. 4.5 The small volume used to derive the differential form of the
continuity equation

or
L€ _ O Wy O
ot 9x  dy 0z
This is the differential form of the continuity equation. Equa-
tion 4.2 was a special case of this when j was parallel to the
X axis.
The combination of derivatives on the right-hand side of
Eq. 4.7 occurs frequently enough to warrant a special name.
It is called the divergence of the vector j:2

“.7)

i 8jy 9
divj=V~j:%+% %
X y z

The continuity equation is therefore

aC
= = —divj.

” (4.8)

This differential form of the continuity equation is com-
pletely equivalent to the integral form, Eq. 4.4. It is some-
times more convenient to use Eq. 4.4 and at other times more
convenient to use Eq. 4.8.

The continuity equation says that the rate of decrease of
the amount of a conserved substance in a certain region ex-
pressed as —dC/dt is equal to the rate at which it leaves the
region expressed as the flow through the surface surrounding
the region. The substance may be a certain kind of molecule,
electric charge, heat, or mass. If it is electric charge, j is the
electric current per unit area and C is the charge per unit vol-
ume. If it is mass, C is the mass per unit volume or density p.
The continuity equation is found in many contexts; in each,
it expresses the conservation of some quantity.

In the flow of a liquid, the density of the liquid p, the mass
M, and volume V are related by M = pV. If the liquid is

2 The divergence is one of the concepts of vector calculus. A good
review of vector calculus is Schey (2004).
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incompressible, a given mass always occupies the same vol-
ume, and the density does not change. Therefore, dp/dt = 0,
and the equation of continuity gives

div jm = 0. (4.9)

4.1.5 The Continuity Equation with a
Chemical Reaction

Our derivation of the continuity equation assumed that the
substance was conserved—neither created nor destroyed. If
a chemical reaction is creating the substance at a rate Q
particles m— s~! (which may depend on position) then the
continuity equation becomes

aC
5 =0~ divj, (4.10a)
ad
p ﬂf C(x,y,z)dV (4.10b)
volume
= [[] e.y.mav— [ uds.
volume surface
enclosing
the volume

If particles are being consumed in the chemical reaction, then
Q is negative.

4.2 Drift or Solvent Drag

One simple way that solute particles can move is to drift
with constant velocity. They can do this in a uniform elec-
tric or gravitational field if they are also subject to viscous
drag, or they can be carried along by the solvent, a process
called drift or solvent drag. (The solute particles are dragged
by the solvent.) The solute fluence rate is j;, with units of
particles m™2 s~! or just m~2 s~!. The number of solute par-
ticles passing through a surface is the volume of solution that
moves through the surface times the concentration of solute
particles. Therefore,

Js = Cju. (4.11)

This effect will be explored in greater detail in Sect. 4.12.

4.3 Brownian Motion

There is also movement of solute molecules when the water
is at rest. If the solution is dilute, the solute particles are far
apart and hit each other only occasionally. They are struck by

Table 4.2 Values of the rms velocity for various particles at body
temperature

Particle Molecular weight Mass (kg) Vrms (M S*I)
H, 2 3.4 x 10727 1940

H,0 18 3x1072 652

0, 32 5.4 % 10726 487
Glucose 180 3x1072 200
Hemoglobin 65,000 1x1072 11
Bacteriophage 6.2 x 10° 1x107%0 1.1

Tobacco mosaic virus 40 x 100 6.7 x 10720 0.4

E. coli 2x 1071 0.0025

water molecules much more often. The result is that they are
in continual helter—skelter motion. Each solute molecule is
influenced by the water molecules around it, but not by other
solute molecules.

In Chap. 3, it was shown that the relative probability
for a particle to have energy u when it is in thermal equi-
librium with a reservoir at temperature 7 is given by a
Boltzmann factor:®> P oc e™*/*8T In Chap. 3, the Boltzmann
factor was used to show that if any energy term depends on
the square of some variable, then the average value of that
term is kg7 /2. A particle with kinetic energy of translation
m(v)zc + ug + vg) /2 has an average energy kp7 /2 for each
of the three terms, or a total translational kinetic energy of
3kpT /2. This is true regardless of the mass of the particle.
Any particle in thermal equilibrium with a reservoir (which
can be the surrounding fluid) will move with a mean square
velocity given by*

3kpT
m

v2 =

) (4.12)

The square root of v2 is called the root-mean-square or
rms velocity. It decreases with increasing mass of the parti-

cle. Table 4.2 shows values of vyms = (v2)1/2 for different
particles at body temperature.

This movement of microscopic-sized particles, resulting
from bombardment by much smaller invisible atoms, was
first observed by the English botanist Robert Brown in 1827
and is called Brownian motion. Solute particles are also sub-
ject to this random motion. If the concentration of particles
is not uniform, there will be more particles wandering from
a region of high concentration to one of low concentration
than vice versa. This motion is called diffusion.

3 The Boltzmann factor provided Jean Perrin with the first means to de-
termine Avogadro’s number. The density of particles in the atmosphere
is proportional to exp(—mgy/kpT), where mgy is the gravitational po-
tential energy of the particles. Using particles for which m was known,
Perrin was able to determine kp for the first time. Since the gas con-
stant R was already known, Avogadro’s number was determined from
the relationship R = Nakp. See Problem 12.

4 The average velocity is o, = 0, since a particle with a given speed
moves with equal probability to the left or right.
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In the next several sections, we study random motion and
diffusion, first for a gas and then for a liquid.

4.4 Motion in a Gas: Mean Free Path and
Collision Time

It is possible to define a mean free path, which is the aver-
age distance a particle travels between successive collisions,
and a collision time, the average length of time between col-
lisions. Consider a collection of Ny molecules. The number
that have moved distance x without suffering a collision is
N (x). For short distances dx, the probability that a molecule
collides with another molecule is proportional to dx: call
it (1/A)dx. Then, on the average, the number of molecules
having their first collision between x and x + dx is dN =
—N(x)(1/A)dx. This is the familiar equation for exponen-
tial decay. The number of molecules surviving without any
collision is N (x) = Noe */*.

To compute the average distance traveled by a molecule
between collisions, we multiply each possible value of x by
the number of molecules that suffer their first collision be-
tween x and x + dx. Since N (x) is the number surviving at
distance x, and dx /A is the probability that one of those will
have a collision between x and x + dx, the mean value of x
is

_ 1 [ 1
X = —/ xN(x)—dx.
No Jo A
With the substitutions s = x/A and N (x) = Npe™*, this can
be written as

(4.13)
=-A[e s+ D] = A

Thus A is the mean free path.

A similar argument can be made for the length of time
that each molecule survives before being hit. The probability
that a molecule is hit during a short time dt is proportional
to dt: call it (1/¢.)dt. The number of molecules surviving a
time 7 is given by N = Noe "/’ and the mean time between
collisions can be calculated as above. It is ¢., which is called
the collision time. The number of collisions per second is the
collision frequency, 1/t..

It is possible to estimate the mean-free path and the col-
lision frequency. Consider a particle of radius a; moving
through a dilute gas of other particles of radius a,. For con-
venience, imagine that particle 1 is moving and that all the
other particles are fixed in position. The path of the first
particle is shown in Fig. 4.6. If the center of one of these
other molecules lies within a distance a; + a; of the moving

No collision

2 Collision

Fig. 4.6 A particle of radius a; moves through a gas of particles of ra-
dius az. A collision will occur if the center of another particle lies within
a distance a; + ay of the trajectory of the particle under consideration

molecule, there will be a collision. The effect is the same as
if the moving particle had radius a; + a, and all the other
particles were points. In moving a distance x, the particle
sweeps out a volume V(x) = mw(a; + az)%x. On average,
when the particle has traveled a mean-free path there is one
collision. The average number of gas particles in the volume
V(L) = wt(a; + az)?x is therefore 1. The average number of
particles per unit volume is C. Thus 1 = Cn(a; + a)?x, or

1
A=— 4.14
n(a; + az)?C “.19

The quantity 7(a; +az)? is the area of a circle. It is called the
cross-section for the collision of these particles. The concept
of cross-section is used extensively in Chap. 15.

This estimation is somewhat crude in its assumption that
only one molecule is moving. If all the molecules are of the
same kind then the factor 1 in the numerator is replaced by
27172 = 0.707 (Reif 1965, p. 471).

For a gas at standard temperature and pressure, the vol-
ume of 1 mol is 22.4 1 = 22.4 x 1073 m?, so C = 2.7 x
10® m=3.If @1 = a, = 0.15 nm, then Eq. 4.14 can be used
to calculate the mean free path:

1
A=
(3.14)(3 x 10-9)2m2(2.7 x 1055 m3)

=0.13 um.

For a gas at standard temperature and pressure, the mean-
free path is about 1000 times the molecular diameter, and the
assumption of infrequent collisions is justified.

The collision time can be estimated by saying that

where v is the average speed of the molecules. Using the rms
velocity for v, we can use Eq. 4.12 to write

m O\ 12
fe A A .
3kgT

(4.15)
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The important feature of this is the dependence on m!/? and
on A. For air at room temperature, t, = 2 X 10710,

4.5 MotioninaLiquid

The assumptions of the previous section do not hold in a lig-
uid, in which the particle is being continually bombarded by
neighbors. Blindly applying Eq. 4.14 to water, we can use
the fact that 1 mol is 18 g and occupies 18 cm?, to obtain
A = 0.1 nm, so that a/A &~ 1, and the assumptions behind
the derivation break down. Estimating the collision time with
Eq. 4.15 gives a value that is a factor of 1000 less than for the
gas, or 10713 .

Although these estimates of the mean-free path and the
collision time are undoubtedly wrong, the concepts appear to
be valid. Computer simulations of molecular collisions show
that the distribution of free paths is exponential even though
the mean-free path is only a fraction of a molecular diameter.
In Sect. 4.12, we will regard diffusion as a random walk of
the diffusing particles and relate the diffusion constant to the
mean-free path and collision time. Equations 4.14 and 4.15
can then be used to show that the diffusion constant should
be inversely proportional to the square of the particle ra-
dius. This has been verified experimentally for the diffusion
of certain liquids. Evidence for the validity of this random-
walk model for diffusion in liquids has been summarized by
Hildebrand et al. (1970, pp. 36-39).

A particle in a liquid is subject to a fluctuating force F(z),
which is random in magnitude and direction. The particle
begins to move in response to this force. However, once it has
begun to move, it suffers more collisions in front than behind,
so the force slows it down. As the particle can neither stay at
rest nor continue to move in the same direction, it undergoes
a random, zig-zag motion with average translational kinetic
energy 3kpT /2. The mean square velocity is not zero, but
the mean vector velocity is zero.

For each particle, Newton’s second law is m(dv/dt) =
F(¢). This is not very useful as it stands. To make it more
tractable, consider a particle with average velocity v. (The
average means that an ensemble of identically prepared par-
ticles is examined.) The particle has more collisions on the
front that slow it down. We therefore break up F(z) into two
parts: an average drag force, which will be the same for all
the particles in the ensemble, and a rapidly fluctuating part
g(1), which will vary with time and from particle to particle.
Newton’s second law is then m(dv/dt) = (drag force)+g(?),
where g(¢) is random in direction. The drag force will be zero
when V is zero. For average velocities that are not too large,
it can be approximated by a linear term:

(drag force) = —p V.

With this approximation, Newton’s second law is known as
the Langevin equation:

mﬂ =—BV+g).

o (4.16)

(If the liquid is moving, the drag force will be zero when
the particle has the same average velocity as the liquid. So
v can be interpreted as the relative velocity of the particle
with respect to the liquid.) This equation often has another
term in it, which does not average to zero and which rep-
resents some external force such as gravity that acts on all
the particles. This approximate equation can be solved in
some cases, though with difficulty, and has formed the ba-
sis for some treatments of the motion of large particles in
fluids. With suitable interpretation, it can describe motion of
the fluid molecules themselves.? In particular, when dealing
with molecular motion it is necessary to consider the fact that
the molecules do not move independently of one another.

For a Newtonian fluid (Eq. 1.33) with viscosity 71, one
can show (although it requires some detailed calculation,®
see Problem 46 in Chap. 1) that the drag force on a spherical
particle of radius a is given by

Firag = —BV = —67nav. 4.17)
This equation is valid when the sphere is so large that there
are many collisions of fluid molecules with it and when the
velocity is low enough so that Reynolds number is small.
This result is called Stokes’ law.

If the sphere is not moving in an infinite medium but is
confined within a cylinder, then a correction must be ap-
plied.” In that case, the viscous drag depends on the velocity
of the spherical particle through the fluid, the average veloc-
ity of the fluid through the cylinder, and the distance of the
particle from the axis of the cylinder.®

5 See, for example, Pryde (1966, p. 161).
6 This is an approximate equation. See Barr (1931, p. 171).

7 An early correction for particles on the axis of a cylinder is found
in Barr (1931, p. 183). More recent work is by Levitt (1975), by Bean
(1972), and by Paine and Scherr (1975).

8 Stokes’ law is valid for a particle in a gas if the mean free path
is much less than the particle radius a, so that many collisions with
neighboring molecules occur. At the other extreme, a mean free path
much greater than the particle radius, the drag force turns out to be
Farag = ana(a/A)v. Although this will not be directly useful to us in
considering biological systems, it is mentioned here to show how im-
portant it is to understand the conditions under which an equation is
valid. Although the dimensions of this new equation are unchanged (we
have introduced a factor a/A, which is dimensionless), the drag force
depends on a? instead of on a. The reason for the difference is that col-
lisions are now infrequent and that the probability of a collision that
imparts some average momentum change is proportional to the pro-
jected cross-sectional area of the sphere, a?. In the regime of interest
to us, in which there are many collisions, we would not expect the force
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Fig.4.7 Anexample of diffusion. Each molecule at A or B can wander
with equal probability to the left or right. There are more molecules at
A to wander to the right than there are at B to wander to the left. There
is a net flow of molecules from A to B

4.6 Diffusion: Fick’s First Law

Diffusion is the random movement of particles from a region
of higher concentration to a region of lower concentration.
The diffusing particles move independently of one another;
they may collide frequently with the molecules of the fluid
in which they are immersed, but they rarely collide with one
another. The surrounding fluid may be at rest, in which case
diffusion is the only mechanism for transport of the solute,
or it may be flowing, in which case it carries the solute along
with it (solvent drag). Both effects can occur together.

We first consider diffusion from a macroscopic point of
view and write down an approximate differential equation to
describe it. We then obtain a second equation describing dif-
fusion by combining this with the continuity equation. After
discussing some solutions to these equations, we look at the
problem from a microscopic point of view, considering the
random motion of the particles, and show that we get the
same results.

Suppose that the surrounding solvent does not move. If
the solute concentration is completely uniform, there is no
net flow. As many particles wander to the left as to the
right, and the concentration remains the same. There will
be local fluctuations in concentration, analogous to those we
have seen in the preceding chapter for fluctuations in the
concentration of a gas, but that is all.

However, if the concentration is higher in region A than in
region B to the right of it, there are more particles to wander
to the right from A to B than there are to wander to the left
from B to A (Fig. 4.7). If the problem is one-dimensional,
there is no net flow if dC/dx = 0, but there is flow if
dC/dx # 0. If the concentration difference is small, then the

to depend on A. We hope that this will convince you of the danger in
using someone else’s equation without understanding it.

flux density j is linearly proportional to the concentration
gradient dC/dx. The equation is

. aC
je=-D=.

4.18
0x ( 2)

Constant D is called the diffusion constant. The units of
D are m®> s~!, as may be seen by noting that the units
of j are (something) m~2 s~! and the units of dC/dx are
(something) m~*. This relationship is called Fick’s first law
of diffusion, after Adolf Fick, a German physiologist in the
last half of the nineteenth century. The minus sign shows that
the flow is in the direction from higher concentration to lower
concentration: if dC/dx is positive, the flow is in the —x
direction.

If the actual process is not linear, this can be thought of as
the first term of a Taylor’s series expansion (Appendix D).

Fick’s first law is one of many forms of the transport equa-
tion. Other forms are shown in Table 4.3. The units of the
constant are different for the last three entries in the table
because the quantity that appears on the right has different
units than the quantity on the left. In each case, however, a
fluence rate or flux density (of particles, mass, energy, elec-
tric charge, or momentum) is related to a rate of change
of some other quantity with position. This rate of change
is called the gradient of the quantity. The gradient is often
called the driving force. The concentration gradient or driv-
ing force causes the diffusion of particles; the temperature
gradient “causes” the heat flow; the electric voltage gradient
“causes” the current flow; the velocity gradient “causes” the
momentum flow.

The diffusive fluence rate can be related to the gradient of
the chemical potential of the solute. With the notation C| =
Cs and C; — C1 = AC;, Eq. 3.48 can be rewritten as

Aps = kgT In(C2/Cy) = kT In(1 + ACy/Cy)
~ kpT ACy/Cs,

from which ACs =~ CsAug/kpT, so

aC; N Cy Oy
ox  kpT ox
and
. DCy s
= —__ . 4.18b
Jsx aT ox ( )

The solute flux density is proportional to the diffusion
constant, the solute concentration, and the gradient in the
chemical potential per solute particle.

In three dimensions, the flow of particles can point in
any direction and have components jy, jy, and j,. An equa-
tion can be written for each component that is analogous to
Eq. 4.18a or 4.18b. We can write one vector equation instead
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Table 4.3 Various forms of the transport equation

Substance flowing Equation Units of j Units of the constant
aC
Particles js=—-D — m2s7! mZs~!
ax
: dp -2 1 2 1
Mass jm =—D — kgm™s m” s
dx
aT
Heat JH = —K T Jm=2s ! orkgs™3 JKIm!s™!
X
: ; v -2 1 -1 1 y-1 -1 1
Electric charge Jo=—0 o2 Cm™~s Cm™ s V3ior27' ' m
X
a
Viscosity (y component of momentum transported in the x direction)  j, = —n % NmZ2orkgm™'s2 kegm!s 'orPas
X
of three equations for the three components by defining X, ¥,
and Z to be unit vectors along the axes. Then ]
v for all
JxX + ])y + j.Z g ‘parilcles
p (%4, 9C, ., €, -8V
= — —X+ — —1]).
ax dy y 0z &

We have created a vector that depends on C(x, y, z,t) by
performing the indicated differentiations on C and multiply-
ing the results by the appropriate unit vectors. This vector
function is the gradient of C in three dimensions:

oac, oC,. 0C,

gradC = VC = a—x-i——y-i——z.

4.19
by ay 9z ( )

Fick’s first law with this notation is

j=-DgradC=—-DVC. (4.20)

Remember that this is simply shorthand for three equations
like Eq. 4.18a. If you feel a need to review vector calculus,
which deals with the divergence and gradient, an excellent
text is the one by Schey (2004).

4.7 The Einstein Relationship Between
Diffusion and Viscosity

Before we can apply Fick’s first law to real problems, we
must determine the value of the diffusion constant D. The
experimental determination of D is often based on Fick’s
second law of diffusion, which combines the first law with
the equation of continuity and is discussed in the next sec-
tion. It is closely related to the viscosity, as was first pointed
out by Albert Einstein. This is not surprising, since diffusion
is caused by the random motion of the particles under the
bombardment of neighboring atoms, and viscous drag is also
caused by the bombardment by neighboring atoms. What is
remarkable is that a general relationship between them can

Fig.4.8 Particles drifting under the influence of a downward force Fey(

be deduced quite easily by imagining just the right sort of
experiment.

Consider a collection of particles uniformly suspended in
a fluid at rest. Imagine that each particle is suddenly sub-
jected to an external force Feyx (such as gravity) that acts in
the —y direction, as shown in Fig. 4.8. The particles will all
begin to drift downward, speeding up until the upward vis-
cous force on them balances the external force: Fex¢ — BV =
0. In terms of magnitudes, Fext = Bv.

Because these particles are all moving downward, there
is a downward flux density. With reference to Fig. 4.9, the
number of particles crossing area S in time At will be those
within the cylinder of height vA¢. That number is the con-
centration times the volume (SvAf). Dividing by S and At
gives

Jdrife = —0C(y)y.

As the particles move down, they deplete the upper region
of the fluid and cause a concentration gradient. This concen-
tration gradient causes an upward diffusion of particles, with
a flux density given by

. aC .
Jaitr = —D —y.
ay
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Fig. 4.9 Calculating the fluence rate of particles drifting downward

Equilibrium will be established when these two flux
densities are equal in magnitude:|jqris| = |jairel,

oC
[vC(y)| = 'D —‘ . 4.21)

dy
But equilibrium means that the particles have a Boltzmann
distribution in y, because their potential energy increases
with y (work is required to lift them in opposition to
Fex). For a constant Fey; independent of y, the energy is
u(y) = Fexty, Where Fex is the magnitude of the force. The
concentration is

C(y) = C(O)e*Fexty/kBT.

Therefore

€ _ Tt gy,

8y kBT
Inserting this in Eq. 4.21 gives v = DFe/kpT or D =
VkpT/Fex. In equilibrium, the magnitude of Fuy is equal
to the magnitude of the viscous force f. Therefore D =
kpTv/f. Since the viscous force is proportional to the
velocity, | /| = |87,

_kBT
5

The derivation of this equation required only that the ve-
locities be small enough so that the linear approximations for
Fick’s first law and the viscous force are valid. It is indepen-
dent of the nature of the particle or its size. If in addition
the diffusing particles are large enough so that Stokes’ law is
valid, then 8 = 6mtna and

D 4.22)

_ kpT

D= .
6Ttna

(4.23)

The diffusion constant is inversely proportional to the fluid
viscosity and the radius of the particle.

Combining Egs. 4.18b and 4.22 shows that in terms of the
chemical potential,

Coom,
B ox

Jsx =

)
o
L)
E
=
15
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Fig. 4.10 Viscosity of water at various temperatures. (Data are from
Weast 1972, p. F-36)

Sometimes minus the gradient of the chemical potential is
called the driving force. To see why, note that for solvent
drag, j; = C,v, so BU = —du,/dx is the driving force.

The viscosity of water varies rapidly with temperature, as
shown in Fig. 4.10. These values of viscosity and Eq. 4.23
have been used to calculate the solid lines for D vs a shown
in Fig. 4.11. Various experimental values are also shown. The
diffusion constant increases rapidly with temperature, so that
care must be taken to specify the temperature at which the
data are obtained. Since not all the molecules are spherical,
there is some uncertainty in the value of the particle radius a.

Figure 4.12 is a plot of D for particles diffusing in water
at 20 °C (293 K) vs. molecular weight M. Although the solid
line provides a rough estimate of D if M is known, scatter
is considerable because of varying particle shape. DNA lies
a factor of 10 below the curve, presumably because it is par-
tially uncoiled and presents a larger size than other molecules
of comparable molecular weight.

It is possible to measure the self-diffusion of water in wa-
ter by using a few water molecules in which one hydrogen
atom is radioactive and measuring how they diffuse. Water
has an unusually large self-diffusion constant.”

9 For self-diffusion (such as radioactively tagged water in water), a hy-
drodynamic calculation shows that § = 4mna instead of 6mtna (Bird
et al. 1960, p. 5141f.).
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Fig. 4.11 Diffusion constant versus sphere radius a for diffusion in
water at three different temperatures. Experimental data at 20°C (293
K) are from Benedek and Villars (2000, Vol. 2, p. 122). Data at 25°C
(298 K) are from Weast (1972, p. F-47)

If all of the molecules shown had the same density, then
their radius would depend on M!/3 and the line would have
a slope of —%. The slope is steeper than this, suggest-
ing that the molecules are larger for large M than constant
density would predict. This increase in size may be par-
tially attributable to water of hydration. The precise values
of diffusion constants depend on many details of the par-
ticle structure; however, the lines in Fig. 4.12 provide an
order-of-magnitude estimate.

The assumption that the flux depends linearly on the
concentration gradient was an approximation. The diffusion
constant is found, as a result, to be somewhat concentration
dependent.

4.8 Fick’s Second Law of Diffusion

Fick’s first law of diffusion, Eq. 4.18a, is the observation that
for small concentration gradients, the diffusive flux density is
proportional to the concentration gradient: j, = —D dC/0dx.
If this is differentiated, one obtains 3, /dx = —D 8%C/dx>.
Similar equations hold for the y and z directions. The
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Fig.4.12 Diffusion constant versus molecular weight in daltons. (One
dalton is the mass of one hydrogen atom.) Data at 293 K are from
Benedek and Villars (2000, Vol. 2, p. 122). The 293-K solid line was
drawn by eye through the data; the line at 310 K was drawn parallel to
it using the temperature change in Eq. 4.23. Data scatter around the line
by about 30%, with occasional larger departures

equation of continuity, Eq. 4.2, is

0C _ Bjx | djy

_C %z
ot ax ay

dz

If we combine these two equations, we get Fick’s second law
of diffusion, also known as the diffusion equation:

N 92C N 32C
ayr  3zz )

The first law relates the flux of particles to the concentra-
tion gradient. The second law tells how the concentration at
a point changes with time. It combines the first law and the
equation of continuity. The function on the right-hand side of
Eq. 4.24,

2
c_ (8 = 4.24)

o dx?

92C N 92C
ayr 972’

32C
dx2
is called the Laplacian of C. It is often abbreviated as V2C
(read “del squared C”) in American textbooks or AC in
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European books. It is given in other coordinate systems in
Appendix L.

In principle, if C(x, y, z) is known at t = 0, Eq. 4.24
can be solved for C(x, y, z,t) at all later times. (We de-
velop a general, and sometimes useful, equation for doing
this below.) We may also look at this equation as a local
equation, telling how C changes with time at some point
if we know how the concentration changes with position in
the neighborhood of that point. The change of concentration
with position determines the flux j. The changes in flux with
position determine how the concentration changes with time.

There is extensive literature on how to solve the diffu-
sion equation (or the heat-flow equation, which is the same
thing).'% Instead of discussing a large number of techniques,
we show by substitution that a Gaussian or normal distribu-
tion function, spreading in a certain way with time, is one
solution to Eq. 4.24. In Sect. 4.14, we independently derive
the same solution from a random-walk model of diffusion.
An important feature of the Gaussian solution is that the
center of the distribution of concentration does not move.

For simplicity, consider the one-dimensional case. Take
the distribution to be centered at the origin and find those
conditions under which!!

e—x2/262(t)

Clx,t) = (4.25)

N
V2mo (1)
We can view the one-dimensional case in either of two ways.
If it represents diffusion along a pipe, then C(x,t) is the
number of particles per unit length in a slice between x and
x+dx, and N is the total number of particles. If it represents
a three-dimensional problem with concentration changing
only in the x direction, then C(x,t) is the number of par-
ticles per unit volume and N is the number of particles per
unit area.

Eq. 4.25 is a solution to the one-dimensional version of
Eq. 4.24:

9C _0°C

B ax2
To check this, we will need various derivatives of Eq. 4.25.
They can be evaluated using the chain rule:

(4.26)

IC N (L1 epe X e do
ot 4 dr’

€ ___N o2 X

dx V27 o3’

82C _ N _Le7x2/2(72 + ieix2/20.2i
9x2 V27 o3 o3 o)’

10 See, for example, Crank (1975) or Carslaw and Jaeger (1959).

I The properties of the Gaussian function, Eq. 4.25, are discussed in
Appendix .

When these are substituted in Eq. 4.26, the result is

Le*xz/z”z _1+x_2 d_CT
V2mo? o2 ) dt

N 7)C2/2O'2 .x2

We can divide both sides of this equation by

=D

2N . e—x2/202
A LTTO

because this factor is never zero. The result is

x2 1 do B D [ x? :

o2 di o \o2 '
We can divide by (x?/o? — 1) for all values of x except x =
+o. These values of x are where the second derivative of C

vanishes; at these points, dC/dt = 0 for any value of 0. At
all other points, the solution will satisfy the equation only if

do
o— = D.
dt

This can be integrated to give
/ odo = / Ddt

1
Eaz(t) = Dt + const.

Multiply through by 2 and observe that o>(0) = 2const, so
that

or

o2(t) = 2Dt + o(0). 4.27)

If the concentration is initially Gaussian with variance a2(0),
after time ¢ it will still be Gaussian, centered on the same
point, with a larger variance given by Eq. 4.27. Figure 4.13
shows this spreading in a typical case. At still earlier times,
the concentration would have been even more narrowly
peaked. In the limit when o (¢) is zero, all the particles are at
the origin, giving an infinite concentration. This is, of course,
impossible. However, all the particles could be very close to
the origin, giving a very tall, narrow curve for C(x).

The width of the curve, determined by o, increases as the
square root of the time. A square-root increase is less rapid
than a linear increase, reflecting the fact that as the particles
spread out, the concentration does not change as rapidly with
distance, so that the flux and the rate of spread decrease.

Note that the rate of change of concentration with time
depends on the second derivative of the concentration with
distance. This is because the rate of buildup is the flux into a
region at some surface minus the flux out through a nearby
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0.5 | | | | | The total flux or current i is constant, so
6%(0) = 1 ;
041 iy = (4.29)
S
é 0.3 6?(1) = 6%(0) + 2 x 1 7] where S is t.he area perpendicul'ar to the flow. . o
8 In two dimensions, we consider a problem with cylindri-
02 , , PR 7] cal symmetry and consider only flow radially away from or
o2 =0 ((1), +2x2 S toward the z-axis. In that case, the equation in Table L.1 for
01r 7 7] the divergence becomes
0.0 ezt ' manseey 1d,
-6 0 2 4 6 - —(rj,) =0, (4.30)
r dr
X
from which
Fig.4.13 Spreading of particles by diffusion assuming D = 1 d .
—(rj,) =0. (4.31)
dr
This means that (rj,) is constant, or
surface; each flux is proportional to the gradient of the con- b
centration, so the buildup is proportional to the difference in Jr = 2 (4.32)
r

gradients or the second derivative.

In the problems at the end of this chapter, you will dis-
cover that diffusion of small particles through water for a
distance of 1 um takes about 1 ms, and diffusion through
100 um takes 100% times as long, or 10 s. The times are
even longer for larger particles. Thus, diffusion is an effec-
tive mode of transport for distances comparable to the size
of a cell, but it is too slow for larger distances. This is why
multicelled organisms evolve circulatory systems.

4.9 Time-Independent Solutions

In this section, we develop general solutions for diffusion and
solvent drag when particles are conserved and the concentra-
tion and fluence rate are not changing with time. The system
is in the steady state. The continuity equation, Eq. 4.8, then
becomes div j = 0. We consider the solutions for C and j in
one, two, and three dimensions when the symmetry is such
that j depends on only one position coordinate, x or r. These
solutions are sometimes appropriate models for limited re-
gions of space. There is always some other region of space,
serving as a source or sink for the particles that are diffusing,
where the model does not apply.

The behavior of j can be deduced from the continuity
equation. In one dimension, such as flow in a pipe or between
two infinite planes, the continuity equation is

djx
—= =0, 4.28
. (4.28)

which has a solution j, = b; where b is a constant. (The
subscript denotes the constant for the one-dimensional case.)

This is valid everywhere except along the z-axis, where there
is a source of particles and the divergence is not zero. The
total current i leaving a region of length L parallel to the z
axis is also constant,

_ i
T 2mLr’

i (4.33)

In three dimensions with spherical symmetry, the radial
component of the divergence is

,iz :—r(rzm =0,
from which
%(ﬂjr) =0, (4.34)
so that
jr = 1:_; (4.35)
or
Jr = 4;2. (4.36)

This is valid everywhere except at the origin, where there is
a source of particles.

These results depend only on continuity, time indepen-
dence, and the assumed symmetry. They are true for diffu-
sion, solvent drag, or any other process. Note the progression
in going to higher dimensions: in n dimensions r"~!j, is
constant.

Now consider how the concentration varies in the two
limiting cases of pure solvent drag and pure diffusion.
(Sect. 4.12 discusses what happens when both transport
modes are important.)
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For solvent drag, the velocity of the solvent is the volume
flux density j,,, which also satisfies the continuity equation.
In one dimension j, = i,/S. In two dimensions j, =
iy/27Lr, and in three dimensions j, = i,/4mr2. In each
case

s s

Cs — = —. (4.37)
Ju Ly
Since C, is constant, there is no diffusion.
For the case of diffusion, j = —DVC. In one dimension
this becomes
dc i
dx ~ SD’
which is integrated to give
C i b
=~ 5p” + 01,

where bp is the constant of integration. The concentration
varies linearly in the one-dimensional case. If i is positive
(flow in the +x direction), C decreases as x increases. Often
the concentration is known at x| and x, and one wants to
know the current. We can write

i
C = _S_Dxl + b1,
i
Cr=—— by,
2 Ssz—i— 1
and solve for i:
Cc—-C
=G =D (4.382)
(x2 — x1)

In two dimensions
dC . i1
dr = 2mLDr’

and the solution is

i

C(r):—2 Dlnr+b2.

B
We can again solve for the current when the concentrations
are known at two different radii:

. 2nLD(C; — Cp) 2nLD(Cr,— Cy)
i = = .
In(rz/r1) In(r1/r2)
Diffusion in two dimensions with cylindrical symmetry has
been used to model the concentration of substances in the

region between two capillaries.
In three dimensions, the diffusion equation is

(4.38b)

c
dr —  4mDr?’

which has a solution

i
C(r) = —— + bs.
) 4nDr+ 3

The current in terms of the concentration is
. 4nDIC(r) — C(r)]
1/r1 —1/r

The three-dimensional case is worth further discussion,
because it can help us to understand the diffusion of nutrients
to a single spherical cell or the diffusion of metabolic waste
products away from the cell. Consider the case in which the
cell has radius r; = R, the concentration at the cell surface
is Co, and the concentration at infinity is zero. Then

(4.38¢)

i = 41D CyR, (4.392)
CoR
ciry =222, (4.39b)
r
_ CoDR
= (4.39¢)

The particle current depends on the radius of the cell, R,
not on R?. This very important result is not what we might
naively expect. Diffusion-limited flow of solute in or out of
the cell is proportional not to the cell surface area, but to
the cell radius. The reason is that the particle movement is
limited by diffusion in the region around the cell, and as the
cell radius increases, the concentration gradient decreases.
(It is possible for the rate of particle migration into the cell
to be proportional to the surface area of the cell if some other
process, such as transport through the cell membrane, is the
rate-limiting step.)

If diffusion is toward the cell, the concentration is Co in-
finitely far away. At the cell surface, every diffusing molecule
that arrives is assumed to be captured, and the concentration
is zero. The solutions are then

i = —4DCyR, (4.40a)

C(r)=Co(l—R/r), (4.40b)
CoDR

Jr(r) = — Orz . (4.40¢)

4.10 Example: Steady-State Diffusion to a
Spherical Cell and End Effects

In the preceding section, we considered diffusion from in-
finitely far away to the surface of a spherical cell where the
concentration was zero. We now add the effect of steady-
state diffusion through a series of pores or channels in the
cell membrane. This will lead to a very important result: it
does not require very many pores per unit area in the cell
membrane to “keep up with” the rate of diffusion of chem-
icals toward or away from the cell. The result is important
for understanding how cells acquire nutrients, how bacteria
move in response to chemical stimulation (chemotaxis), and
how the leaves of plants function.
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Impervious
Infinite
Plane

Fig. 4.14 The diffusion flux from the disk of radius a and concentra-
tion C; to the infinite sheet where the concentration is C is given by
i =4Da(Cy — Cy)

Fig.4.15 End effects in diffusion through a pore

To develop the model we need one more result: the current
due to diffusion from a disk of radius a where the concentra-
tion is C; to a plane far away where the concentration is C».
The disk is embedded in the surface of an impervious plane
as shown in Fig. 4.14, so particles cannot cross to the region
behind the disk. The current is (Eq. 6.97)

i =4Da (C1 — C7). (4.41)

It is proportional to the radius of the disk, not its surface area.
(Obtaining this result requires solving the diffusion equation
in three dimensions. See Carslaw and Jaeger (1959), p. 215.)

Consider diffusion through a pore of radius R, which
pierces a membrane of thickness AZ, including diffusion in
the medium on either side of the membrane (Fig. 4.15). If
the material on either side were well stirred, there would be a
uniform concentration C| on the left and C4 on the right. Be-
cause it is not stirred, there is diffusion in the exterior fluid.
Let Cy and C4 be measured far away, and call the concen-
trations at the ends of the pore C; on the left and C3 on the
right.

Cs

Fig. 4.16 Diffusive end effects for a spherical cell pierced by pores

Equation 4.38a gives the diffusion flux within the pore

TR2D (C2 — C3)

= AZ (4.42)
Diffusion from Cj to C; is given by Eq. 4.41. It is
i =4D R,(Cy — Cy), (4.43)
while from Cj3 to Cy, it is
i =4D R, (C3 — Cy). (4.44)

In the steady state, there is no buildup of particles and
i is the same in each region. We can solve Eqs. 4.42-4.44
simultaneously to relate i to concentrations C; and Cy:

an, D

=P (€, —Cy).
"= Az tomr, A T

(4.45)

This has the same form as Eq. 4.42, except that the membrane
thickness has been replaced by an effective thickness

! _ T[RP
AZ =AZ+2—.

(4.46)
An extra length R, /4 has been added at each end to correct
for diffusion in the unstirred layer on each side of the pore.
This correction is important when the pore length is less than
two or three times the pore radius.

Now consider diffusion in or out of the spherical cell
shown in Fig. 4.16. The radius of the cell is B. The mem-
brane has thickness AZ and is pierced by a total of N pores,
each of radius R p- Within the cell, we do not know the de-
tails of the concentration distribution, since they depend on
what sort of chemical reactions are taking place and where.
But we will assume that at the radius where diffusion to the
pores becomes important, the concentration is C;. At the in-
ner face of each pore it is C», at the outer face it is C3, and
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over an approximately spherical surface of radius B it is Cy.
Far away, the concentration is Cs. As a result, there are four
separate regions in which we must consider diffusion. The
first is from C; to the opening of each pore; the second is
through the pore; third, there is diffusion from the outer face
of each pore to Cy4; and, finally, there is diffusion from the
spherical object of radius B’ to the surrounding medium.

4.10.1 Diffusion Through a Collection of

Pores, Corrected

The first three processes are taken into account by applying
the end correction to each end of the pores. The flow through
one pore is, using Eq. 4.45,

nR2 D

—L () - Cy),

NG (4.47)

ipore =
where AZ' is given by Eq. 4.46. Since there are N pores in
all, the total flow through the cell membrane is

Nan, D

T(Cl — Cy).

(4.48)

lcell = Nipore =
The diffusion from C4 to infinity is given by Eq. 4.38c.

Icell = 41D B/(C4 —Cs), (4.49)

where B’ is the effective radius for diffusion to the sur-
rounding medium. It is slightly larger than B. If we equate
Egs. 4.48 and 4.49, solve for C4 and substitute this result
back in Eq. 4.49, we get

_ 4nDB'NR?
Leell = W(Cl — Cs). (4.50)
This can be rewritten as
Icell = NT[—RIZ’D(Cl - Cs), (4.51)
AZfp
where
AZet = AZ + ZT[—RP + NR—I%. (4.52)
4 4B’

The first term in AZgg is the membrane thickness. The
second term corrects for diffusion from the end of each pore
to the surrounding fluid; the last corrects for diffusion away
from the cell into the surrounding medium. The third term
can be expressed as

NR, B
= —Bf,
4B’ B’
where
NT Rlz7
f= (4.53)

T 47B?

is the fraction of the cell surface occupied by pores.

We now assume that B = B’. (Problem 33 shows that the
difference is usually very small.) The effective pore length is
then

R,
AZet = AZ +2 T + Bf. (4.54)
Equations 4.51-4.54 treat the problem as diffusion
through a collection of N pores, corrected for diffusion
outside the pore by increasing the length of the pore.

4.10.2 Diffusion from a Sphere, Corrected

It is also useful to write these results as the equation for diffu-
sion to or from a sphere, Eqs. 4.39, corrected for the diffusion
through the cell membrane. Writing it in this form gives us
insight into how much of the cell membrane must be occu-
pied by pores for efficient particle transfer. Solve Eq. 4.53
for N R,27 and substitute the result in Eq. 4.50. The result is

i 41D B'B? f (CiCs)
o B2f + B'AZ
=4nBD (Cy — Cs) (E/) f .
B ) f+(B'/B)(AZ'/B)
(4.55)

This has the form of diffusion to the sphere multiplied by a
correction factor. With B’/B again approximated by unity,
the correction factor is

_r
f+AZ/B

The correction factor is zero when f is zero and becomes
nearly unity when the entire cell surface is covered by pores.

4.10.3 How Many Pores Are Needed?

We now ask what fraction of the cell’s surface area must be
occupied by pores. The cell will receive half the maximum
possible diffusive flow when the fraction f = AZ’/B. For
a typical cell with B =5 pm and AZ = 5 nm, f = 0.001.
This is a surprisingly small number, but it means that there
is plenty of room on the cell surface for different kinds of
pores. There are two ways to understand why this number
is so small. First, we can regard the ratio of concentration
difference to flow as a resistance, analogous to electrical
resistance. The total resistance from the inside of the cell to
infinity is made up of the resistance from the outside of the
cell to infinity plus the resistance of the parallel combination
of N pores. Once the resistance of this parallel combination
is equal to the resistance from the cell to infinity, adding
more pores in parallel does not change the overall resistance
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very much. The second way to look at it is in terms of the
random walks of the diffusing solute molecules. Once a
solute molecule has diffused into the neighborhood of the
cell, it undergoes many random walks. When it strikes the
cell membrane, it wanders away again, to return shortly and
strike the cell membrane someplace else. If the first contact
is not at a pore, there are more opportunities to strike a pore
on a subsequent contact with the surface.

4.10.4 Other Applications of the Model

The same sort of analysis that we have made here can be
applied to a plane surface area, such as the underside of a leaf
(Meidner and Mansfield 1968) and to a cylindrical geometry,
such as a capillary wall.

The analysis can also be applied to the problem of bac-
terial chemotaxis—the movement of bacteria along concen-
tration gradients. This problem has been discussed in detail
by Berg and Purcell (1977).!> The cell detects a chemical
through some sort of chemical reaction between the chemical
and the cell. Suppose that the reaction takes place between
the chemical and a binding site of radius R, on the surface
of the cell. We want to know what fraction of the surface area
of the cell must be covered by binding sites. This is similar to
the diffusion problem of Eq. 4.55, except that if the binding
site is on the surface of the cell, there is no diffusion through
a pore of length AZ. The effective pore length AZ’ is just
the end correction for one end of the pore, TR, /4. Half of
the maximum possible flow to the binding site occurs when

f =mR,/4B.

A typical bacterium might have a radius B = 1 um; the
binding site might have a radius of a few atoms or 1 nm. With
these values f = 7.9 x 10~*. The number of sites would be
f4nB2/an, = nB/R, = 3000. There is plenty of room on
the cell surface for many different binding sites, each specific
for a particular chemical.

An E. coli cell typically travels 10-20 body lengths per
second. It detects concentration gradients as changes with
time. Because of this, Berg and Purcell concluded that a uni-
form distribution of chemoreceptors over the surface of the
cell would be optimum. It would give the highest probabil-
ity of capture of a chemical molecule that wandered near
the cell. However, studies of E. coli have shown that the re-
ceptors are located near the poles of the cell [Maddock and
Shapiro (1993); see also the comment by Parkinson and Blair
(1993), who point out that the reduced efficiency of sensors
could make sense if “eating” or transport into the cell is more
important than “smelling.”]

12 See also Berg (1975, 1983) and Purcell (1977).

The Berg—Purcell model has been extended to provide a
time-dependent solution and allow the receptors not to be
perfectly absorbing (Zwanzig and Szabo 1991) and also to
have a process in which the molecules attach to the mem-
brane and then diffuse in the two-dimensional membrane
surface (Wang et al. 1992; Axelrod and Wang 1994).

4.11 Example: A Spherical Cell Producing a

Substance

Here is a simple model that extends the arguments of
Sect. 4.9 to develop a steady-state solution for a spherical cell
excreting metabolic products. The cell has radius R. The
concentration of some substance inside the cell is C(r), inde-
pendent of time ¢ and the spherical coordinate angles 6 and
¢. (Spherical coordinates are described in Appendix L.) The
substance is produced at a constant rate Q particles per unit
volume per second throughout the cell and leaves through
the surface of the cell at a constant fluence rate j(R), in-
dependent of ¢, 6, and ¢. Assume that all transport is by
pure diffusion and the diffusion constant for this substance
is D everywhere inside and outside the cell. The material in-
side the cell is not well stirred. (For this model we assume
that the cell membrane does not affect the transport process.
We could make the model more complicated by introducing
the features described in Sect. 4.10.) With these assumptions,
the cell can be modeled as an infinite homogeneous medium
with diffusion constant D that contains a spherical region
producing material at rate Q per unit volume per second.

We first find the concentration C(r) inside and outside
the cell by using a technique that only works because of the
spherical symmetry. We use the continuity equation in the
form Eq. 4.10b. Because the concentration is not changing
with time, the total amount of material flowing through a
spherical surface of radius r is equal to the amount produced
within that sphere. For r < R

4nr?j(r) = 4nr’ /3,
j(r)y=Qr/3.
Forr > R
4nr?j(r) = 4R Q/3,
jr) = QR /37,

Using the fact that j(r) = —DdC/dr, we obtain for r < R

dC 0
“@“__ =,
dr 3D’
or?
Clr) = —=— + by,
(r) <D + by
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where b is the constant of integration. For r > R,

dC QR
dr ~ 3Dr?’
OR?
Cir)=—+5b
) 3Dr 02

The fact that the concentration must be zero far from the cell
means that b, = 0. Matching the two expressions at ¥ = R
gives

—QR?/6D + b, = QR?/3D,

b1 = QR?*/2D,
so that
%(3132 —-rY, r<R
Cr)= 3
R
0 , r > R.
3Dr

The other method is more general and can be extended to
problems that do not have spherical symmetry. We find solu-
tions to Fick’s second law, modified to include the production
term Q and with the concentration not changing with time:

aC

0=— =DV?*C ,

ot +o
v%:-g.
D

In spherical coordinates (Appendix L; Schey 2004) this is

1 0 ,0C n 1 ) S.neac
r2 or or r2sinf 96 00

1 92C 0
toao\52) = 5
r2sin“ 0 \ 9¢ D

Since there is no angular dependence, we have separate
equations for each domain:

Qe
—_— re— —
r2dr dr 0

It is necessary to solve each equation in its domain, and then
at the boundary require that C be continuous and also that j
and therefore dC/dr be continuous. For r < R we get the
following (b1 and b; are constants of integration):

r <R

r > R.

dc or3

2

— = —=— 4,
" 3p T
dC _ Qr b

P R

Since the concentration is finite at the origin, b1 = 0:

2
p
C(r)zbz—g—D,

r < R.

For r > R, we can use the general solution with QO = 0 and
different constants:

/

bl /
Cry=—-1+0

Far away, the concentration is zero, so b’2 = 0. Matching
dC/dr at the boundary gives

OR b , R3
==Ly =—0—.
3D R2 ! Q3D

Matching C(r) at the boundary gives

2 ’

_9R +by= —ﬁ.
6D R
Putting all of this together gives the same expression for the
concentration we had earlier. This technique is a bit more
cumbersome, but there are many mathematical tools to ex-
tend this technique to cases where there is not spherical
symmetry and where Q is a function of position. These ad-
vanced techniques can also be used when C is changing with
time.

4.12 Drift and Diffusion in One Dimension

The particle fluence rate due to diffusion in one dimension is
Jdiff = —D (0C/0dx). That of particles drifting with velocity
v 18 jgrift = vC. The total flux density or fluence rate is the
sum of both terms:

: aC
Jjs =—D— +vC. (4.56)
ox
The homogeneous (j; = 0) solution was discussed in

Sect. 4.7, where cancellation of these two terms in equi-
librium was used to derive the relationship between the
diffusion constant and viscosity. Using the techniques of
Appendix F, we can write the homogeneous solution as

C(x) = AeW/P)x, (4.57)
This can be used to solve the problem of j; = const when
the concentration is Cy at x = 0 and C6 at x = x1. C(x)
must vary in such a way that the total flux density, the sum of
the diffusive and drift terms, is constant. Suppose both terms
give flow from left to right. If the concentration is high, then
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the drift flux density is large and the concentration gradient
must be small. If the concentration is small, the diffusive flux,
and hence the gradient, must be large. To develop a formal
solution, write Eq. 4.56 as

dc 1

Js
I AC =-7 (4.58)
where A = D/v has the dimensions of length and can be
interpreted as the distance over which diffusion is important.
If the velocity is zero, diffusion is important everywhere and
A = oo. If the velocity is very large, A — 0. Since v can be
either positive or negative, so can A. A particular solution to
Eq. 4.58 is

AMs s
C(x) = D

The general solution is the sum of the particular solution and
the homogeneous solution, Eq. 4.57:

C(x) = Ae*™ + ji Jv. (4.59)

The situation is slightly different than what we encoun-
tered in Chap. 2. We must determine two constants, A and
Js» given the two concentrations Co and C|,. Writing Eq. 4.59
for x = 0 and for x = x{, we obtain

Co=A+2,
v, (4.60)
Cy= Ae¥1/* 4 £
v
Subtracting these gives
C)— Co = A(e"/* = 1),
0~ Co= A ) 4.61)

A= (Cy— Co)/(e"/* = 1),
This can be combined with either of Egs. 4.60 to give

S

Js = ey — V. (4.62)

We can also substitute Eqs. 4.61 and 4.62 in 4.59 to obtain
an expression for C(x). The result is

Co(e*/* — /™) + Cl(e*/* — 1)

Cx) = ey

(4.63)

We will discuss the implications of this equation below.
Let us first determine the average concentration between
x = 0 and x = x1. The average concentration is defined by

C = i/x' C(x)dx. (4.64)
X1.Jo

While one could integrate this directly, it is much easier to
integrate Eq. 4.56 from 0 to x1:

X1/ dC X X1
—D/ (—) dx+v/ C(x)dx=+js/ dx.
o \dx 0 0
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Fig. 4.17 The correction factor G(§) used in Eq. 4.68. The dashed
line is the approximation G (§) = &/12, which is valid for small & and
is used in Eq. 4.67

The first term is —D(C(’) — Cp). The second is vx;C. The
third is jsx1. The equation can therefore be rewritten as

D(C—Co) |

X1

vC = Js- (4.65)

Substituting Eq. 4.62 for j; gives the average concentration

Coe™t/* — C)

€= exi/h —1

A
— —(Co — C(’)). (4.66)
xi

The exponentials can be expanded to give an approximate
expression for small values of x1 /A3

(Co + C/) x; 1
0 (Co— C)).

C =
2 A 12

(4.67)

For larger values of x1 /A, the mean can be written

(Co + Cp)

= _ , ﬂ
C=—2—"+(C CO)G()L). 4.68)
The correction factor G(x1/A) = G(§), given by
lef+1 1
= - - -, 4.6
G(§) 21 & (4.69)

is plotted in Fig. 4.17. The function is odd, and only values
for & > 0 are shown. For £ = 0 (A = oo, pure diffusion), the
average concentration is (Co + C(’)) /2.

Figure 4.18 shows the concentration profile calculated
from Eq. 4.63. The concentration is 5 times larger on the left,
so diffusion is from left to right. When x; /A = xjv/D = 0.8,
drift is also from left to right. As the concentration falls, the
magnitude of the gradient rises, so that the sum of the diffu-
sive and drift fluxes remains the same. When x; /A = —0.8,

13 See Levitt (1975, p. 537). For x1/» = 1.5, this approximation is
within 1%. For x; /X = 2.5, the error is about 6 %.



104 4 Transportin an Infinite Medium
1.0 T T T T o -
£,0)d¢ Probability that any one of these
Drift To The Right (0.8) particles is later in {x,dx)=P(&,0;x,t)dx
0.8+ _ initially
(x-¢) i

06| | e b -
x € E+dg X x+dx
O

0.4} —

Drift To The Left (-0.8) Fig.4.19 Diffusion from & to x
0.2
0.0 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4.18 Concentration profile for combined drift and diffusion. The
concentration is 1.0 on the left and 0.2 on the right. For x;/A =
x1v/D = 0.8, drift and diffusion are both to the right. As the con-
centration falls, the magnitude of the gradient increases. For x1/A =
x1v/D = —0.8 drift opposes diffusion. As the concentration falls, so
does the magnitude of the gradient

drift is opposite to diffusion. Therefore, both the concentra-
tion and the magnitude of the gradient must rise and fall
together to keep total flux density constant.

Equation 4.65 can be rewritten as

-D(C—C _
Js = PG=% & (4.70)

X1

This can be interpreted as meaning that the fluence rate is
given by the sum of a diffusion term with the average con-
centration gradient and a drift term with the average concen-
tration. However, the discussion in the preceding paragraph
showed that there is actually a continuous change of the rel-
ative size of the diffusion and drift terms for different values
of x.

4.13 A General Solution for the Particle
Concentration as a Function of Time

If C(x, 0) is known for ¢t = 0, it is possible to use the result
of Sect. 4.8 to determine C(x, t) at any later time. The key
to doing this is that if C(x, t) dx is the number of particles
in the region between x and x + dx at time ¢, it may be
be interpreted as the probability of finding a particle in the
interval (x, dx) multiplied by the total number of particles.
(Recall the discussion on p. 96 about the interpretation of
C(x, t).) The spreading Gaussian then represents the spread
of probability that a particle is between x and x + dx.

If a particle is definitely at x = £ att = 0, then a2(0) = 0.
The particle cannot remain there because of equipartition of
energy: collisions cause it to acquire a mean square velocity

3kpT /m and move. Some time later

o(t) = 2Dt)\/2. 4.71)

Define P (&, 0; x, t) dx to be the probability that a particle
has diffused to a location between x and x + dx at time ¢, if
it was at x = & when ¢ = (. This probability is given by
Eq. 4.25, except that the distance it has diffused is now x — &
instead of x. The variance o2(r) is given by Eq. 4.71. The
result is

6_(X_E)2/4Dt dx.

P(E,0;x,t)dx =
€ ) Va4n Dt

(4.72)

The number of particles initially between x = £ and x =
& + dé& is the concentration per unit length times the length
of the interval N = C (&, 0)d§, as shown in Fig. 4.19.

The particles can diffuse in either direction. At a later time
t, the average number between x and x 4 dx that came orig-
inally from between x = & and x = & + d£ is the original
number in (&, d§) times the probability that each one got
from there to x. This number is a differential of a differential,
d[C(x, t)dx], because it is only that portion of the particles
in dx that came from the interval d&:

1
d[C(x,t)dx] = C(,0) d§4_Dtef(xfé)2/4Dt dox.
Van

To get C(x, t)dx, it is necessary to integrate over all possible
values of &:

1 oo 2
—— C(&,0)e~F=97/4D1 ge | .
ol

ot 4.73)

This equation can be used to find C(x, ¢) at any time, pro-
vided that C (x, t) was known at some earlier time. The factor
that multiplies C (&, 0) in the integrand is called the influ-
ence function or Green’s function for the diffusion problem;
it gives the relative weighting of C (&, 0) in contributing to
the later value C (x, 1).

As an example of using this integral, consider a situation
in which the initial concentration has a constant value Cy
from & = —oo to & = 0 and zero for all positive &, as shown

Cx,t)ydx =
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1 C(€,0)

Fig.4.20 The initial concentration is constant to the left of the origin
and zero to the right of the origin

in Fig. 4.20. At r = 0 the diffusion starts. The concentration
at later times is given by

Clx,1) = —(8)/ADI g

Co /0
— e
VA Dt J -0
Such integrals are most easily evaluated by using the error
function, defined by

erfe) = — [ e, (4.74)
v Jo

The error function is plotted in Fig. 4.21. One must be careful
in using tables, which may be for related functions that differ
in normalization constants or the limits of integration.

To use the error function in evaluating the integral in
Eq. 4.73, make the substitution s = (x — &)/(4Dt)'/2. The
integral becomes

Clx, 1) = ——=0 /X/ W o Jabia
X, 1) = —— e s.
VAr Dt Jx

o]
-5
Fig.4.22 The spread of an initially sharp boundary due to diffusion

Since [P fydx = [ fdx + [y fx)dx =
[ f(x)ydx — [ f(x)dx, this can be written as

_ x/~/4Dt oo
Cx,t) = % (/ e ds —/ e_szds)
n 0 0

% [1 _ erf(x/«/zﬁ)] .

(4.75)

The plot in Fig. 4.22 shows how the initially sharp con-
centration step becomes more diffuse with passing time.
Quantitative measurements of the concentration can be used
to determine D. Benedek and Villars (2000, pp. 126-136)
discuss some experiments to verify the solution we have
obtained above and to determine D.

Many other solutions to the diffusion equation and tech-
niques for solving it are known. See Crank (1975) or Carslaw
and Jaeger (1959).

4.14 Diffusion as a Random Walk

The spreading solution to the one-dimensional diffusion
equation that we verified can also be obtained by treating the

erf(x)

y=

Fig.4.21 Plot of the error function erf(x)
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motion of a molecule as a series of independent steps either
to the right or to the left along the x axis. (The same treatment
can be extended to three dimensions, but we will not do so.)
The derivation gives us a somewhat simplified molecular pic-
ture of diffusion. The derivation also provides an opportunity
to see how the Gaussian distribution approximates the bino-
mial distribution. This section is not necessary to understand
the rest of Chaps. 4 and 5, and you should tackle it only if
you are familiar with the binomial and Gaussian probability
distributions (Appendices H and I). The model is more re-
strictive than the diffusion equation derived above, since the
latter is the linear approximation to the transport problem.

We use a simplified model in which the diffusing particle
always moves in steps of length A (the mean free path), either
in the +x or —x direction. Let the total number of steps taken
by the particle be N, of which n are to the right and n’ are to
the left: N = n +n’. Also let m = n — n’. The particle’s net
displacement in the +x direction is then

ni —n'A = mA.

Since the steps are independent and a step to the left or
right is equally likely (p = 1/2), the probability of hav-
ing a displacement mA is given by the binomial probability
P(n; N):

po Ny — N 1\" (1\"
N = G = (5) (E) '

Since this problem is analogous to a coin being tossed, and
we know that on the average we get the same number of
heads (steps to the left) as tails (steps to the right), we
know that the distribution is centered at n = n’ or m = 0.
We also know [Eq. G.4] that the variance in n is given
by n? —n? = Npg = N/4. Since n = N/2, this says
that ﬁ_: N/4 + N?/4. However, we need the variance

in m, m2 — 2. To obtain it, we write m = 2n — N and
m? = 4n% + N? — 4nN. Therefore,

(4.76)

m? =4n2 + N? — 4Nuw = N.

The variance of the distribution of displacement x is equal
to the step length A times the variance in the number of steps:

The number of steps is the elapsed time divided by the
collision time N = ¢ /.. Therefore,

22t
ol ="".
Ie

Comparing this with Eq. 4.71, we identify D = A%/2t,, so
that

0% =2Dt. 4.77)

dx

2\

m+2 m+4 m+6

Fig.4.23 Relationship between the values of x and the allowed values
of m. Every other value of m is missing

We have shown that this simple model gives a distribution
with fixed mean which spreads with a variance proportional
to . We now must show that the shape is Gaussian. Ap-
pendix I shows that the Gaussian is an approximation to the
binomial distribution in the limit of large N. Since 0> = N /4
and n = N /2, Eq. G.4 can be used to write

—1/2
P(n) = (—ZZN) e~ (1=N/2?/QN/4)

This can be rewritten in terms of the net number of steps to
the right, since m =n —n’ =2n — N:

1/2
p = ()"
T

Note that only every other value of m is allowed. Since m =
2n — N, m goes in steps of 2 from —N to N as n goes from
Oto N.

To write the probability distribution in terms of x and ¢,
refer to Fig. 4.23. The spacing between each allowed value of
x is 2, so that the number of allowed values of m in interval
(x, x +dx) is dx /2. Therefore, P(x)dx = P(m)(dx/2)\),

[ 2 2
) Naa2¢

With the substitutions m = x /A and N = t/1,, this becomes

t
P(x,t) = me_xz(rﬁ-/zm).

With the substitutions D = A%/2f. and C(x,1) =
C(0)P(x, t), we obtain Eq. 4.25.

The result of Eq. 4.71 is easily extended to two dimen-
sions. Imagine that a total of N steps are taken, half in the
x direction and half in the y direction. Then o} = o) =
A(N/2). If r? = x2 + 2, 0,2 = UXZ + 0y2 = A2N. We still
define D in any direction as A2/2t., where 1, is the time be-
tween steps in that direction. After a total time 7, N steps
have been taken, but only half of them were in, say, the x

direction. Therefore t. = 2¢/N. Therefore

o) =07 4+ 0, =4Dt (two dimensions). ~ (4.78)

r
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Jn Component of j normal to a m2s! 87
START surface
Jp Momentum fluence rate Nm~2 93
Jv Volume fluence rate ms~! 85
Jx» Jy» jz  Components of j m2s! 87
kp Boltzmann’s constant JK! 89
/ Linear separation of pores on m 112
cell surface
m Mass kg 89
m n—n 106
n Unit vector normal to a surface 87
n,n' Number of steps to right, left 106
P, q Probabilities 106
4,000 STEPS 40,000 STEPS r Distance, radius m 87
s Dummy variable 90
(a) (b) t Time s 85
te Collision time S 90
Fig. 4.24 a Trail of a particle for 4000 steps. b Trail for additional Energy of a particle J 89
steps to total 40,000 _ Velocity ms! 39
X, V,2 Cartesian coordinates m 85
A similar argument in three dimensions gives A Constant 103
B, B’ Cell radius m 99
. . : -3
0o’ =02+ oy2 + 022 = 6Dt (three dimensions). (4.79) €. Cs Concentration m 85
D Diffusion constant m? s~ 92
Figure 4.24 shows the result of a computer simulation of a ¥ F, Fexi Force N 91
two-dimensional random walk. A random number is selected ¢ Correction factor for average 103
to determine whether to step one pixel to the left, up, right concentration
. p P . ? p, mght, Thermal conductivity JK-'m's7! 93
or down—each with the same probability. The trail for 4000 Length m 97
steps is shown in Fig. 4.24a. The results of continuing for 4 Mass kg 38
40,000 steps are shown in Fig. 4.24b. Note how the particle M Molecular weight 94
wanders around one region of space and then takes a num- N,No  Number of molecules 86
ber of steps in the same direction to move someplace else. N Number of pores on cell surface 100
The particle trajectory is “thready.” It does not cover space v N“ﬁ:ber of steps in a random 106
. . wa
uniformly. A uniform coverage would be very nonrandom. It .
X . A R P Rate of energy production w 87
is only when many particles are considered that a Gaussian (power)
distribution of particle concentration results. P Probability 89
Both results in Fig. 4.24 were for the same sequence of Q Rate of creating a substance per ~m—> s~ ! 89
random numbers. A computer simulation with 328 runs of unit volume 1 1
10,000 steps each gave ¥ = —3.3, 02 = 5142, 5 = 8.2, K Gas constant JK= mol 103
5 d_2 ) 10.027. Th dval R Radius of a sphere m 98
oy = 4773, and x~ + y~ = 10, 027. The expected values are, R, Radius of a pore m 99
respectively, 0, 5000, 0, 5000, and 10,000. s Surface area m2 86
ds Vector surface element pointing ~ m? 87
in the direction of the normal
T Absolute temperature K 89
\%4 Volume m3 88
Symbols Used in Chap. 4 AZ Cell membrane thickness m 99
) ) o Proportionality constant 91
Symbol Use Units First B Proportionality constant Nsm™! 91
used between force and velocity
i ) page Mean free path m 90
a,ap,ay  Particle radius m 90 A Ratio of D /v m 103
b1, by, b3 Constants 97 0, ¢ Angles 86
f Fract}on. of cell surfacc? area i 100 7 Coefficient of viscosity Pas 93
g Gravitational acceleration ms 89 . Standard deviation 92
g Forc.e N 91 o Electrical conductivity 2 'm™! 93
i Particle current s7! 85 £ Position m 104
Jid Js Solute fluence rate m2s! 85 & Dimensionless variable 103
Jarife, jaiee  Solute fluence rate due to drift m2s7! 93 P Mass density ke m=3 88
. velocity, diffusion o s Chemical potential of solute J molecule™! 92
Jm Mass fluence rate kgm s 85
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Problems
Section 4.1

Problem 1. A cylindrical pipe with a cross-sectional area
S = 1 cm? and length 0.1 cm has j;(0)S = 200 s~ and
js(0.1)S =150 s~ 1.
(a) What is the total rate of buildup of particles in the pipe?
(b) What is the average rate of change of concentration in
the section of pipe?
Problem 2. Write the continuity equation in cylindrical
coordinates if j, = 0 but j, and j, can be nonzero.
Problem 3. Consider two concentric spheres of radii r and
r +dr. If the particle fluence rate points radially and depends
only on r, and the number of particles between r and r + dr
is not changing, show that d(r>j)/dr = 0.
Problem 4. Integrate Eq. 4.8 over a volume and subtract the
result from Eq. 4.4. The resulting relationship is called the
divergence theorem.

Section 4.2

Problem 5. Suppose that the total blood flow through a re-
gion is F (m> s~!). A chemically inert substance is carried
into the region in the blood. The total number of molecules of
the substance in the region is N. The amount of blood in the
region is not changing. Show that dN/dt = (Ca — Cy)F,
where C 4 and Cy are the concentrations of substance in the
arterial and venous blood. This is known as the Fick princi-
ple or the Fick tracer method. It is often used with radioactive
tracers.

Section 4.3

Problem 6. Allen et al. (1982) report seeing regular move-
ment of particles in the axoplasm of a squid axon. At a
temperature of 21 °C, the following mean drift speeds were
observed:

Particle size (um) Typical speed (um s7h
0.8 —-5.0 0.8
02-0.6 2

How do these values compare to thermal speeds? (Make

a reasonable assumption about the density of particles and

assume that they are spherical.)

Problem 7. This problem looks at the original observations

of Robert Brown that established Brownian motion.

(a) Combine Eqgs. 4.23 and 4.71 to determine an expression
for the average distance a particle of radius a will diffuse
through a fluid of viscosity 7 in time ¢.

(b) Assume you observe a pollen grain with a radius of 50
microns in water at room temperature, and that your
visual perception is particularly sensitive to motions oc-
curring over a time of about one second. What is the
average distance you observe the grain to move?

(c) Now assume your eye cannot see movements that occur
over angles of less than 1 min of arc, or 3 x 1074 ra-
dians (In Chap. 14, we estimate 3 min of arc, but use
1 min here to be conservative). Most eyes cannot fo-
cus on objects closer than 25 cm. Determine the smallest
displacement you can observe with the naked eye.

(d) Robert Brown had a microscope that could magnify ob-
jects by a factor of about 370. What is the smallest
displacement he could observe with his microscope? Is
this larger or smaller than the displacement of a pollen
grain in one second?

In fact, Brown did not observe the motion of entire pollen

grains. He observed fat and starch particles about 2 pum in

diameter that are released by pollen. For more on Brown’s

original observations, see Pearle et al. (2010).

Section 4.4

Problem 8.(a) Use the ideal gas law, pV = NkpT =
nRT to compute the volume of 1 mole of gas at T =
30°C and p = latm. Express your answer in liters.
Show that this is equivalent to a concentration of 2.4 x
10% molecule m—3.

(b) Find the concentration of liquid water molecules at room
temperature.

Problem 9. Using the information on the mean free path

in the atmosphere and assuming that all molecules have a

molecular weight of 30, find the height at which the mean

free path is 1 cm. Assume the atmosphere has a constant

temperature.

Section 4.6

Problem 10. Suppose C(x,7) = (N/«/4Tth) =X /AD1,
Find an expression for j(x, 7).

Problem 11. Show that the momentum flux density, j,, in
Table 4.3 has the same units as force per unit area. Compare
the equation to Eq. 1.33 and interpret n physically.

Problem 12. Jean Perrin measured the distribution of gam-
boge particles in water as a function of height, to determine
Avagadro’s number (Perrin 1910). The radius of the spherical
particles was 0.212 pm, the density of water was 1 g cm™3,
the density of the particles was 1.207 g cm™>, and the tem-
perature was 20 °C. He counted 13,000 particles, and found
their relative number, N, as a function of height, z, to be (data
normalized so N is 100 at z = 5 um)
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Z (nm) N
5 100
35 47
65 22.6
95 12

(a) Fit these data to a Boltzmann distribution, and determine
a value for Boltzmann’s constant. Include the effect
of buoyancy in your calculation. Fitting techniques are
discussed in Chap. 11.

(b) In Perrin’s time, the gas constant was known approxi-
mately: R = 8.32J K~! mol~!. Use this value and your
result from part (a) to calculate Avogadro’s number.

Section 4.7

Problem 13. If all macromolecules have the same density,
derive the expression for D versus the molecular weight that
was used to draw the line in Fig. 4.12.
Problem 14. For diagnostic studies of the lung, it would be
convenient to have radioactive particles that tag the air and
that are small enough to penetrate all the way to the alveoli.
It is possible to make the isotope **"Tc into a “pseudogas”
by burning a flammable aerosol containing it. The resulting
particles have a radius of about 60 nm (Burch et al. 1984).
Estimate the mean free path for these particles. If it is
small compared to the molecular diameter, then Stokes’ law
applies, and you can use Eq. 4.23 to obtain the diffusion
constant. (The viscosity of air at body temperature is about
1.8x107° Pas.)
Problem 15. Figure 4.12 shows that D for O, in water at
298 K is 1.2 x 10~ m? s~! and that the molecular radius of
O, is 0.2 nm. The diffusion constant of a dilute gas (where
the mean free path is larger than the molecular diameter) is
D = A2 /2t., where the collision time is given by Eq. 4.15.
(a) Find a numeric value for the diffusion constant for O, in
O, at 1 atm and 298 K and its ratio to D for O, in water.
The molecular weight of oxygen is 32.
(b) Assuming that this equation for a dilute gas is valid
in water, estimate the mean free path of an oxygen
molecule in water.

Section 4.8

Problem 16. (a) The three-dimensional normalized analog
of Eq. 4.25 is

x2+y2+Z2)

coy.z0= 202(1)

N exp (_
[27 (72(t)]3/2

Find the three-dimensional analog of Eq. 4.27.

(b) Show that 02 = x2 + y2 + 22 = 6Dt.

Problem 17. A crude approximation to the Gaussian prob-

ability distribution is a rectangle of height Py and width 2L.

It gives a constant probability for a distance L either side of

the mean.

(a) Determine the value of Py and L so that the distribution
has the same value of o as a Gaussian.

(b) Plot P(x, 1) if o is given by Eq. 4.27 and the mean re-
mains centered at the origin for times of 1, 5, 50, 100,
and 500 ms. Use D for oxygen diffusing in water at body
temperature.

(c) How long does it take for the oxygen to have a rea-
sonable probability of diffusing a distance of 8 um, the
diameter of a capillary?

(d) Fort = 100 ms, plot both the accurate Gaussian and the
rectangular approximation.

Problem 18. Write an equation for Fick’s second law in

three-dimensional Cartesian coordinates when the diffusion

constant depends on position: D = D(x, y, z).

Problem 19. The heat-flow equation in one dimension is

, aT
= —K _— .
JH iy

where « is the thermal conductivity in W m~! K~!. One of-
ten finds an equation for the “diffusion” of energy by heat

flow:

oT _ 3’7

E = UVH (W) .
The units of jy are J m~2 s~!. The internal energy per unit
volume is given by u = pcT, where c is the heat capacity
per unit mass and p is the density of the material. Derive the
second equation from the first and show how Dy depends on
K, c,and p.
Problem 20. The dimensionless Lewis number is defined
as the ratio of the diffusion constant for molecules and the
diffusion constant for heat flow (see Problem 19). If the
Lewis number is large, molecular diffusion occurs much
more rapidly than the diffusion of energy by heat flow. If the
Lewis number is small, energy diffuses more rapidly than
molecules. Use the following parameters:

Air Water
D (m%s™h 2x 1070 2x107°
k(Wm~ 'K 0.03 0.6
c(kg 'K~ 1000 4000
o (kg m™3) 1.2 1000.

(a) Calculate the Lewis number for oxygen in air and in
water.

(b) Is it possible using either air or water to design a system
in which oxygen is transported by diffusion with almost
no transfer of heat?
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Problem 21. A sheet of labeled water molecules starts at the
origin in a one-dimensional problem and diffuses in the x
direction.
(a) Plot o vs ¢ for diffusion of water in water.
(b) Deduce a “velocity” versus time.
(c) How long does it take for the water to have a reason-
able chance of traveling 1 pum? 10 pm? 100 pm? 1 mm?
1 cm? 10 cm?
Problem 22. In three dimensions the root-mean-square dif-
fusion distance is 0 = +/6Dt, where ¢ is the diffusion time.
Consider the diffusion of oxygen from air to the blood in the
lungs. The terminal air sacs in the lungs, the alveoli, have a
radius of about 100 um. The radius of a capillary is about
4 pum. Estimate the time for an oxygen molecule to diffuse
from the center to the edge of an alveolus, and the time to
diffuse from the edge to the center of a capillary. Which is
greater? From the data in Table 1.4 estimate how long blood
remains in a capillary. Is it long enough for diffusion of oxy-
gen to occur? Assume the diffusion constant of oxygen in air
is2 x 107> m? s~! and in water is 2 x 107 m? s~!.
Problem 23. Why breathe? Estimate the time required for
oxygen to diffuse from our nose to our lungs. Assume the
diffusion constant of oxygen in airis 2 x 107> m? s~
Problem 24. At a nerve-muscle junction, the signal from
the nerve is transmitted to the muscle by a chemical junction
or synapse. Molecules of acetylcholine (ACh) must diffuse
from the end of the nerve cell across an extracellular gap
about 20 nm wide, to the muscle cell in order to activate the
muscle. Assuming one-dimensional diffusion, estimate the
signal delay caused by the time needed for ACh to diffuse.
The delay of the signal at the nerve-muscle junction is about
0.5 ms. How does this compare to the diffusion time? Use a
diffusion constant of 5 x 10710 m? s~1,
Problem 25. A substance has diffusion constant D, and its
concentration is distributed in space according to C(x,t) =
A(t)sin(2nx /L), where L is the wavelength and A(¢) is
the amplitude of the distribution. Use the one-dimensional
diffusion equation, Eq. 4.26, to show that the concentration
decays exponentially with time, A(f) o e~/T. Determine
an expression for the time constant t in terms of L and
D. Which decays faster: a long-wavelength (diffuse) distri-
bution, or a short-wavelength (localized) distribution? This
result can be used with the Fourier methods developed in
Chap. 11 to derive very general solutions to the diffusion
equation.
Problem 26. Some tissues, such as skeletal muscle, are
anisotropic: the rate of diffusion depends on direction. In
these tissues, Fick’s first law in two dimensions has the form

() =-(o 22 ) (e )

The 2 x 2 matrix is called the diffusion tensor. It is always
symmetric, S0 Dy, = Dyy.

DX)C
Dy,

ny
Dyy

(a) Derive the two-dimensional diffusion equation for
anisotropic tissue. Assume the diffusion tensor depends
on direction but not on position.

(b) If the coordinate system is rotated from (x, y) to (x’, y')

by
x"\ _ [ cos@ sinfY (x
y' )] \—sind cos6) \y)’

the diffusion tensor changes by

(Dx/x/ Dx’y’)

Dx/y/ Dy/y/

_ [ cost  sin@ Dyx  Dyy\ (cos6 —sind
“ \—sinf cosf) \ Dy, Dy,) \sinf coso )’

Find the angle 6 such that the tensor is diagonal (D, =
0). Typically, this direction is parallel to a special di-
rection in the tissue, such as the direction of fibers in a
muscle.

(c) Show that the trace of the diffusion tensor (the sum of
the diagonal terms) is the same in any coordinate system
(Dxx + Dyy = Dy, + Dy for any 6). Basser et al.
(1994) invented a way to measure the diffusion tensor
using Magnetic Resonance Imaging (Chap. 18). From
the diffusion tensor, they can image the direction of the
fiber tracts. When they want images that are independent
of the fiber direction, they use the trace.

Problem 27. Calcium ions diffuse inside cells. Their con-

centration is also controlled by a buffer:

Ca+B <= CaB.

The concentrations of free calcium, unbound buffer, and
bound buffer ([Ca], [B], and [CaB]) are governed, assuming
the buffer is immobile, by the differential equations

%Cta] = DV?[Ca] — k*[Ca][B] + k[CaB],
? = —kT[Ca][B] + k~[CaB],
@ = k*[Ca][B] — k~[CaB].

(a) What are the dimensions (units) of kT and k~ if the
concentrations are measured in mol 17! and time in s?

(b) Derive differential equations governing the total calcium
and buffer concentrations, [Ca]; = [Ca] + [CaB] and
[B]7 = [B] + [CaB]. Show that [B]; is independent of
time.

(c) Assume calcium and buffer interact so rapidly that they
are always in equilibrium:

[Ca][B]

[CaB] =
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where K = k= /k™. Write [Ca]r in terms of [Ca],
[B]y , and K (eliminate [B] and [CaB]).

(d) Differentiate your expression in (c) with respect to time
and use it in the differential equation for [Ca]; found in
(b). Show that [Ca] obeys a diffusion equation with an
“effective” diffusion constant that depends on [Ca]:

D
K[B]r
(K +[Ca])?

Defr =
1+

(e) If [Ca] <« K and [B]y = 100K (typical for the
endoplasmic reticulum), determine Degr/D.

For more about diffusion with buffers, see Wagner and
Keizer (1994).

Problem 28. Inside cells, calcium is stored in compartments,
such as the sarcoplasmic reticulum. In some cells, a rise in
calcium concentration, C, triggers the release of this stored
calcium. A model of such calcium-induced calcium release
is

dc k
= —C—§C(4C—Co) (C = Co) (1

(a) Plot the rate of calcium release (the right-hand side
of Eq. 1) vs C. Identify points for which the calcium
release is zero (steady-state solutions to Eq. 1). By qual-
itative reasoning, determine which of these points are
stable and which are unstable. (Will a small change in
C from the steady-state value cause C to return to the
steady-state value or move farther away from it?)

(b) If C <« Cp/4, what does Eq. 1 become, and what is its
solution?

(c) Eq. lisdifficult to solve analytically. To find a numerical
solution, approximate it as

C(t+ Ar) — C(1) _
At

’ @)
Write a computer program to determine C(¢) at times
t = nAt,n = 1,2,3,...,100, using At = 0.1s,
k=1s"1 Cy=1uM, and C(t = 0) = C’. Find the
threshold value of C’, below which C(r) goes to zero,
and above which C(¢) goes to Cop.
(d) If we include diffusion of calcium in one dimension,
Eq. 1 becomes

92C
dx2

0C k
= = _C—gC(4C—Co)(C—C0)- (3)

This is a type of reaction—diffusion equation. To solve
Eq. 3 numerically, divide the distance along the cell
into discrete points, x = mAx, m = 0,1,2,..., M.
Approximate Eq. 3 as

Cx,t+ At) —C(x,t)
At

“)

k
= —EC(I) [4C(@1) — Col[C (1) — Col.

DC(x—l—Ax,t) —2C(x,t) + C(x — Ax, 1)
(Ax)?

- %C(x, t)(4C(x,t) — Cp) (C(x,t) — Cp)
0

Assume the ends of the cell are sealed, so C(0,¢1) =
C(Ax,t) at one end and C(MAx,t) = C(M —
1)Ax, t) at the other. Start with the cell at C(x,0) = 0
for all points except at one end, where C(0,0) = Co.
Calculate C(x,t) using Ax = Sum, Ar = O0.1s,
D = 200um?s~!, and Cyp = 1 uM. You should get
a wave of calcium propagating down the cell. What is
its speed?

Calcium waves play an important role in many cells.
This simple model does not include a mechanism to
return the calcium concentration to its originally low
value after the wave has passed (a process called recov-
ery). For a more realistic model, see Tang and Othmer
(1994). For more information about numerical methods,
see Press et al. (1992).

Problem 29. The numerical approximation for the diffusion
equation, derived as part of Problem 28, has a key limita-
tion: it is unstable if the time step is too large. This problem
can be avoided using the Crank—Nicolson method. Replace
the first time derivative in the diffusion equation with a fi-
nite difference, as was done in Problem 28. Next, replace the
second space derivative with the finite difference approxima-
tion from Problem 28, but instead of evaluating the second
derivative at time ¢, use the average of the second derivative
evaluated at times ¢ and 1 4+ At.

(a) Write down this numerical approximation to the diffu-
sion equation, analogous to Eq. 4 in Problem 28.

(b) Explain why this expression is more difficult to compute
than the expression given in the first two lines of Eq. 4.
Hint: consider how you determine C(f + At) once you
know C(¢). The difficulty you discover in part (b) is off-
set by the advantage that the Crank—Nicolson method is
stable for any time step. For more information about the
Crank—Nicolson method, stability, and other numerical
issues, see Press et al. (1992).

Section 4.9

Problem 30. Consider steady-state diffusion through two
plane layers as shown in the figure. Show that the diffu-
sion is the same as through a single plane layer of thickness
Ax1 4+ Axp, with diffusion constant

D1 D>

D= AXxy Axo

D> + D
Ax1 4+ Axo 2 Ax1 4+ Axp !
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Problem 31. A fluid on the right of a membrane has dif-
ferent properties than the fluid on the left. Let the diffusion
constants on left and right be D and D3, respectively, and let
the pores in the membrane be filled by the fluid on the right
a distance x L, where L is the thickness of the membrane.

(a) Use the results of Problem 30 to determine the effec-
tive diffusion constant D for a membrane of thickness
L when Dy = yDy, Ax; = (1 —x)L, and Axy = xL.
Neglect end effects.

(b) In the case that oxygen is diffusing in air and water
at 310 K, the diffusion constants are D; = 2.2 x
105 m?s7!, Dy = 1.6 x 1072 m? s~!. Plot D/D;
VS X.

Section 4.10

Problem 32.

(a) Derive Eq. 4.45.

(b) Derive Egs. 4.51 and 4.52 from Eqgs. 4.48 and 4.49.
Problem 33. We can estimate B/B’ of Egs. 4.49-4.55 by
noting that B’ must be larger than B because of two effects.
First, it is larger by R, /4 because of end effects. Second,
the concentration varies near the pores and smooths out fur-
ther away, so B’ must also be larger by an amount roughly
equal to /, the spacing of the pores. There are N /47 B> pores
per m?, so | ~ Rp(n/f)1/2. Use the example in the text:
B =5um, AZ = 5nm, f = 0.001, to estimate these two
corrections. Assume that the pore radius, R, is smaller than
AZ. Are these corrections important?

Problem 34. Consider an impervious plane at z = 0 con-
taining a circular disk of radius a having a concentration Co.
The concentration at large z goes to zero. Carslaw and Jaeger

(1959) show that the steady-state solution to the diffusion
equation is

C(r,z) = X% sin™! 2a
I Jr—a?+2+Jr+a?+22]

(a) (optional) Verify that C(r, z) satisfies V2C = 0. The
calculation is quite involved, and you may wish to use
a computer algebra program such as Mathematica or
Maple.

(b) Show thatforz =0,C = Cyifr < a.

(¢) Show thatforz =0,dC/dz =0ifr > a.

(d) Integrate j, over the disk (z = 0, 0 < r < a) and show
that i = 4DaCy.

Problem 35. Apply the analysis of Sect. 4.10 to determine

how the current iy.s50; depends on the fraction of surface area

covered by pores, for a cylindrical vessel of radius B. As-

sume that the concentration reaches a value Cs at some large

finite radius R.

Section 4.11

Problem 36. The processes of heat conduction and diffusion
are similar: the concentration and temperature both obey the
diffusion equation (Problem 19). Consider a spherical cow of
radius R having a specific metabolic rate Q W kg~!. Assume
the temperature of the outer surface of the cow is the same as
the surroundings, Tg,,. Assume that heat transfer within the
cow is by heat conduction.

(a) Calculate the steady state temperature distribution inside
the animal and find the core temperature at the center of
the sphere.

(b) Consider a smaller (but still spherical) animal such as a
rabbit. What is its core temperature?

(c) Calculate the temperature distribution and core temper-
ature in a rabbit covered with fur of thickness d.

Assume the bodies of the cow and rabbit have the thermal

properties of water and that the fur has the thermal properties

of air. Let d = 0.03 m and T, = 20°C.

Water Air
k(Wm~ 'K 0.6 0.03
c(Okg 'K~ 4000 1000
o (kg m™3) 1000 1.2

Cow  Rabbit
R (m) 0.3 0.05
0 (Wkg™h 0.6 1.6

Problem 37. The goal of this problem is to estimate how
large a cell living in an oxygenated medium can be before
it is limited by oxygen transport. Assume the extracellular
space is well stirred with uniform oxygen concentration C.
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The cell is a sphere of radius R. Inside the cell oxygen is con-
sumed at a rate Q molecule m—> s~!.The diffusion constant
for oxygen in the cell is D.

(a) Calculate the concentration of oxygen in the cell in the
steady state.

(b) Assume that if the cell is to survive the oxygen concen-
tration at the center of the cell cannot become negative.
Use this constraint to estimate the maximum size of the
cell.

(c) Calculate the maximum size of a cell for Cop =
8 mol m3, D = 2 x 107 m? sl Q0 =
0.1 mol m—3 s~!. (This value of Q is typical of pro-
tozoa; the value of Cy is for air and is roughly the same
as the oxygen concentration in blood.)

Problem 38. A diffusing substance is being consumed by a

chemical reaction at arate Q per unit volume per second. The

reaction rate is limited by the concentration of some enzyme,
so Q is independent of the concentration of the diffusing sub-
stance. For a slab of tissue of thickness b with concentration

Cp at both x = 0 and x = b, solve the equation to find

C(x) in the steady state. This is known as the Warburg equa-

tion (Warburg 1923). It is a one-dimensional model for the

consumption of oxygen in tissue: points x = 0 and x = b

correspond to the walls of two capillaries side by side.

Problem 39. Suppose that a diffusing substance disappears

in a chemical reaction and that the rate at which it disap-

pears is proportional to the concentration —kC. Write down
the Fick’s second law in this case. Show what the equa-
tion becomes if one makes the substitution C(x, y, z,t) =

C'(x,y, z,t)e k.

Problem 40. A spherical cell has radius R. The flux density

through the surface is given by j; = —D grad C. Suppose

that the substance in question has concentration C(¢) inside
the cell and zero outside. The material outside is removed
fast enough so that the concentration remains zero. Using
spherical coordinates, find a differential equation for C(¢)
inside the cell. The thickness of the cell membrane is Ar <

R.

Problem 41. The cornea of the eye must be transparent,

so it can contain no blood vessels. (Blood absorbs light.)

Oxygen needed by the cornea must diffuse from the sur-

face into the corneal tissue. Model the cornea as a plane

sheet of thickness L = 500 um. The oxygen concentration,

C, is governed by a one-dimensional steady-state diffusion

equation

d*C
Froias

Assume the cornea is consuming oxygen at a rate Q =
4 x 10?* molecule m™3 s~! and has a diffusion constant
D =3 x 107°m?s~!. The rear surface of the cornea is in
contact with the aqueous humor, which has a uniform oxygen

concentration Cy = 1.8 x 10%* molecule m—3. Consider three

cases for the front surface:

(a) Solve the diffusion equation for C(x) when the front
surface is in contact with air, which has an oxygen
concentration C; = 5 x 10%* m—3.

(b) The eye is closed, but a layer of tears maintains the con-
centration at the front surface that is the same as the
aqueous humor: C; = 1.8 x 10%* m=3. Plot C(x).

(c) The eye is covered by an oxygen-impermeable contact
lens, so that at the front surface dC/dx = 0. Solve the
diffusion equation and plot C(x).

Supplying oxygen to the cornea is a major concern for
people who wear contact lenses. Often a tear layer be-
tween the contact and cornea, replenished by blinking, is
sufficient to keep the cornea oxygenated. If you sleep wear-
ing a contact lens, this tear layer may not be replenished,
and the cornea will be deprived of oxygen. For a simi-
lar but somewhat more realistic model, see Fatt and Bieber
(1968).

Problem 42. The distance L that oxygen can diffuse in the

steady-state is approximately L = /CD/Q,where C is the

oxygen concentration, D is the diffusion constant, and Q is
the rate per unit volume that oxygen is used for metabolism.

(a) Show that L has dimensions of length.

(b) The diffusion of oxygen in air is about 10,000 times
larger than the diffusion of oxygen in water (Denny
1993). By how much will the diffusion distance L
change if oxygen diffuses through air instead of water,
all other things being equal?

Insects deliver oxygen to their flight muscles by diffusion

down air-filled tubes instead of by blood vessels, thereby tak-

ing advantage of the large diffusion constant of oxygen in air

(Weiss-Fogh 1964).

Section 4.12

Problem 43. Dimensionless numbers, like the Reynolds
number of Chap. 1, are often useful for understanding phys-
ical phenomena. The Péclet number 1is the ratio of transport
by drift to transport by diffusion. When the Péclet num-
ber is large, drift dominates. The solute fluence rate from
drift is Cv, where C is the concentration and v the sol-
vent speed. The solute fluence rate from diffusion is D times
the concentration gradient (roughly C/L, where L is some
characteristic distance over which the concentration varies).
(a) Determine an expression for the Péclet number in terms
of C, L,v,and D.
(b) Verify that the Péclet number is dimensionless.
(c) Which parameter in Sect. 4.12 is equivalent to the Péclet
number?
(d) Estimate the Péclet number for oxygen for a person
walking.
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(e) Estimate the Péclet number for a swimming bacterium.
For more about the Péclet number, see Denny (1993) and
Purcell (1977).

The Péclet number is sometimes known as the Sherwood

number.

Problem 44. Extend Fick’s second law in one dimension

dC/dt = D (9>C/dx?) to include solvent drag.

Problem 45. Use Eqs. 4.63 and 4.64 to derive Eq. 4.66.

Problem 46. Expand ¢* = 1 4 x + x2/2! 4+ x3/3! to derive

Eq. 4.67 from Eq. 4.66.

Problem 47. Use a Taylor’s series expansion to show that

G (&)in Eq. 4.69 is equal to £/12 for small &.

Problem 48. Consider Eq. 4.63 with Cop = 0 and Cjj = 1.

(a) If v > 0, write an equation for C(x). Plot C(x) for 0 <
x/x1 < 1 for two cases: x; < A and x1 > A. Interpret
these results physically.

(b) Repeat the analysis for v < 0.

Section 4.14

Problem 49. We can use the microscopic model of a random
walk to derive important information about diffusion without
ever using the binomial probability distribution. Let x; (n) be
the position of the ith particle after n steps of a random walk.
Then

xi(n) =x;(n) £ A,

where half the time you take the + sign and half the time
the — sign. Then x(n), the value of x averaged over N
particles, is

1 N
) = in(n).
i=1

(a) Show that x(n) = x(n — 1) so that on average the
particles go nowhere.

(b) Show that x2(n) = x2(n — 1) + 2. Use this result to
show that x2(n) = niZ.

For a detailed discussion of this approach, see Denny (1993).

Problem 50. We can write the diffusion constant, D, and

the thermal speed, vy, in terms of the step size, A, and the

collision time, 7., as

)\2
D=,
21,

A

U, = —.

rms tc

Solve for A and 7. in terms of D and vyyps.

Problem 51. Using the definitions in Prob. 50, write the dif-
fusion constant in terms of A and vyys. By how much do you
expect the diffusion constant for heavy water (water in which
the two hydrogen atoms are deuterium, 2H) to differ from the

diffusion constant for water? Assume the mean free path is
independent of mass.
Problem 52. Write a computer program to model a two-
dimensional random walk. Make several repetitions of a
random walk of 3600 steps and plot histograms of the
displacements in the x and y directions and mean square
displacement.
Problem 53. Write a program to display the motion of 100
particles in two dimensions.
Problem 54. Particles are released from a point between two
perfectly absorbing plates located at x = 0 and x = 1. The
particles random walk in one dimension until they strike a
plate. Find the probability of being captured by the right-
hand plate as a function of the position of release, x. (Hint:
The probability is related to the diffusive fluence rate to the
right-hand plate if the concentration is C¢ at x and is O at
x=0andx =1.)
Problem 55. The text considered a one-dimensional
random-walk problem. Suppose that in two dimensions the
walk can occur with equal probability along +x, +y, —x, or
—y. The total number of steps is N = N, + N,, where the
number of steps along each axis is not always equal to N /2.
(a) What is the probability that N, of the N steps are
parallel to the x axis?
(b) What is the probability that the net displacement along
the x axis is mA?
(c) Show that the probability of a particle being at
(myA, my)) after N steps is

P/(mx’ my) =

N! N\
S () (5) Pome o P =,

Ny

where P(m, N) on the right-hand side of this equation
is given by Eq. 4.76.

(d) The factor N!/N,!(N — N,)! is proportional to a bi-
nomial probability. What probability? Where does this
factor peak when N is large?

(e) Using the above result, show that P’(my, my) =
P(my, N/2) P(my, N/2).

(f) Write a Gaussian approximation for two-dimensional
diffusion.
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Transport Through Neutral Membranes

The last chapter discussed some of the general features of
solute movement in an infinite medium. Solute particles can
be carried along with the flowing solution or they can diffuse.
This chapter considers the movement of solute and solvent
through membranes, ignoring any electrical forces on the
particles.

The movement of electrically neutral particles through
aqueous pores in membranes has many applications in phys-
iology. They range from the flow of nutrients through cap-
illary walls, to the regulation of the amount of fluid in the
interstitial space between cells, to the initial stages of the
operation of the kidney.

Sections 5.1-5.4 are a qualitative introduction to the flow
of water through membranes as a result of hydrostatic pres-
sure differences or osmotic pressure differences. The reader
who is not interested in the more advanced material can
read just this part of the chapter, culminating in the clinical
examples of Sect. 5.4.

Sections 5.5 and 5.6 present phenomenological trans-
port equations that are simple linear relationships between
the flow of water and solute particles and the pressure and
concentration differences that cause the flows. These re-
lationships are valid for any type of membrane as long
as a linear relationship adequately describes the flow and
the proportionality constants are regarded as experimentally
determined quantities. These equations are applied to the
artificial kidney in Sect. 5.7.

Section 5.8 presents a simple model for countercurrent
transport, which is important in artificial organs, the kidney,
and in conserving heat loss from the extremities.

The last section, Sect. 5.9, provides a more advanced
treatment of one particular membrane model: a membrane
pierced by pores in which electrical forces can be neglected
and in which Poiseuille flow takes place. The model leads to
expressions for the phenomenological coefficients that can
be compared to experimental data, though that is not done
here. The last part of the section uses this model to calculate
the forces on a membrane when there are osmotic effects.

R. K. Hobbie, B. J. Roth, Intermediate Physics for Medicine and Biology,

5.1 Membranes

All cells are surrounded by a membrane 7-10 nm thick. Fur-
thermore, virtually all the physical substructures within the
cell are also bounded by membranes. Membranes separate
two regions of space; they allow some substances to pass
through but not others. The membrane is said to be perme-
able to a substance that can pass through it; it is semiper-
meable when only certain substances can get through. A
substance that can pass through is said to be permeant.

Simple models for a semipermeable membrane are shown
in Fig. 5.1. Figure 5.1a shows a pore that pierces the mem-
brane. A narrower pore, in which the transported particles
move single-file, is shown in Fig. 5.1b. Another simple
model is shown in Fig. 5.1c: there are no pores, but water and
small solute molecules actually “dissolve” in the membrane
and diffuse through. The examples in Fig. 5.1 shows water
molecules (open circles), solute molecules (small solid cir-
cles), and a large protein molecule that cannot pass through
the membrane.

In Fig. 5.1a and b the motion of the water molecules
is quite different from that of the small solute molecules.
Each water molecule is in contact with neighboring water
molecules so that when the water molecules move, they flow
together. The result is the familiar bulk flow that occurs in
a pipe. The solute molecules, on the other hand, are so di-
lute that they seldom collide with one another. Each solute
molecule’s motion is independent of other solute molecules.

The motion of each solute molecule is not independent of
the motion of the surrounding water molecules. If the water
is at rest, the movement of the solute molecules is diffusion;
if the water is moving, this diffusion is superimposed on a
flow of the solute molecules with the moving fluid (solvent
drag).

In Fig. 5.1c, both the water and solute molecules dissolve
into the bilayer lipid membrane. They are very dilute within
the membrane, so that both kinds of molecules diffuse. The
water molecules are not in contact with each other, but are
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(b)

Fig. 5.1 Simple models for a semipermeable membrane. a A “large”
pore. b A single-file pore such as an aquaporin channel. ¢ Small
molecules dissolve in the membrane and diffuse through

in some sort of interstices within the membrane structure,
walking randomly in response to thermal agitation of the
membrane.

It has long been known that the rate of water transport
through cell membranes was too large to be explained by
diffusion as in Fig. 5.1c, although such diffusion does take
place. The pores that allow transport are more like those
shown in Fig. 5.1a and b. Pores like the one in Fig. 5.1b,
called aquaporins, were first discovered by Peter Agre in
1993 (Parisi et al. 2007).! Other mechanisms for water flow
are associated with ion transport and are not discussed here
(Zeuthen 2010).

! Some aquaporins are permeable only to water, and not to any other
small molecules or ions, even hydrogen ions (Preston et al. 1992).
Aquaporins are formed by proteins that span the cell membrane. Their
structure has been determined by x-ray crystallography (Murata et al.
2000). Their selectivity arises from a narrowing of the channel to about
0.3 nm, about the size of a single water molecule. Aquaporins allow wa-
ter to cross cell membranes at a much higher rate than it could diffuse
through. Genetically defective aquaporins may be responsible for some
clinical diseases, such as nephrogenic diabetes insipidus and congenital
cataracts (Agre et al. 2002).

5.2 Osmotic Pressure in an Ideal Gas

The selective permeability of a membrane gives rise to some
striking effects. The flow of water that occurs because so-
lutes are present that cannot get through the membrane is
called osmosis. This phenomenon seems strange when it is
first encountered, and explanations are often fraught with
misconceptions (Kramer and Myers 2012). Osmosis is im-
portant in a variety of clinical problems that are described in
Sect. 5.4. We begin by finding the conditions under which no
flow takes place and the direction of flow when it does occur.
Later, in Sect. 5.5, we consider the rate of flow in response
to a given pressure difference.

It is easiest to understand osmotic pressure by consider-
ing the special case of two ideal gases and a membrane that
is permeable to one but not the other. This case is simple
because the gas molecules do not interact with one another.
Then, in Sect. 5.3, we will examine the phenomenon when
the substances are liquids.

Suppose a box with total volume V* contains Ny
molecules of gas species 1. If the box is at temperature 7',
the ideal-gas law relates the pressure, temperature, and the
number of molecules:

p1V* = NikgT. 5.1
This has been written the way physicists like to write it, in
terms of the number of molecules N{. Chemists write it in
terms of the number of moles n7:

p1V* =niRT.

The only difference is that the gas constant R is per mole
while the Boltzmann constant kp is per molecule. Since
1 mole contains N4 molecules, where N4 is Avogadro’s
number, N = Nanj and R = Nakp. Numerical values
are

N4 = 6.022 x 10> mol ™!,
kg = 1.3806 x 1072 JK !,
R =8.3145J mol ™' K™,
R = 0.08206 atm 1 mol ™' K~
The concentration is the number of molecules or moles

per unit volume. We denote molecular concentration by
capital letter C and molar concentration by lowercase c:

N*
_ 1 -3 -3
C; = — m ~ or moleculesm™ ",
V*
*
n
cl = —L m3 ormolm™3.
V*

Chemists often express concentrations in moles per liter.
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Fig.5.2 An ideal gas fills a box of volume V*
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Fig. 5.3 The introduction of a semipermeable membrane does not
change the pressure or concentration of the gas

If we were to imagine volume V* divided into two sub-
volumes of volume V and V', the average concentration
of molecules in each subvolume would remain unchanged.
The pressure in each subvolume would still be p;, and the
temperature would be 7. We can write

p1V=N1kBT, p1V/=N1/kBT.

Dividing both sides of each equation by the appropriate
volume gives

p1 = CikgT, p1 = py = CikgT. (5.2)

Now place a membrane along the surface separating the
subvolumes. The membrane has small holes so that the
molecules can pass through, as shown in Fig. 5.3. This does
nothing to change the fact that at equilibrium p; = p}. When
the pressures are the same on both sides of the membrane, no
molecules pass through on average. If the pressure is greater
on one side than the other, molecules pass through to bring
the pressures into equilibrium, as we saw in Chap. 3. Equa-
tions 5.2 say nothing about how frequently a molecule that
strikes the membrane passes through. It could take hours
or days for equilibrium to be attained if we started away
from equilibrium and the molecules do not pass through very
often.

Next, keeping V fixed, introduce species 2 on the left
as in Fig. 5.4. Suppose that species 2 cannot pass through
the membrane. Bombardment of the membrane by the new
molecules causes an additional force on the left side of the
membrane. The total pressure in volume V is now the sum
of the partial pressures p; due to species 1 and p, due to the
second species:

p =p1+ p2,

]

e

_ﬁ -
o _21:
3 ~
%/t’// A

p A

i ]

Fig.5.4 Species 2, which cannot pass through the membrane, has been
introduced in V. The pressure in V is higher than in V' by the partial
pressure po

p1V = NikgT,
P2V = NokpT.

(5.3)

The ideal-gas law is still obeyed in terms of the total number
of molecules in V, N = Ny 4+ Ny: pV = p1V + ppoV =
NikpT + NokpT = (Ny + N2)kpT = NkpT.

In an ideal gas the presence of the second species does
not change the partial pressure p;. The total pressure on the
walls and the membrane is increased by p; so the membrane
is bowed towards the right, but the total pressure is simply
the sum of the two partial pressures. The ratio p;/p is the
fraction of the pressure due to collisions of molecules of the
first kind with the membrane.

Suppose now that the pressure in V' is raised, either by
compressing the gas or by introducing more molecules of
type 1, so that instead of p| = pi, we have p| = p. The
partial pressure of species 1 is higher in V' than in V. Since
these molecules can pass through the membrane, they will
flow from V' to V. An identical flow could have been caused
without having species 2, simply by raising the pressure in
V’. Not every molecule striking the membrane will pass
through, but some fraction of all collisions with the mem-
brane will result in a molecule passing through. The fraction
will depend on the details of the membrane structure. The
number going through will be proportional to the number
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of collisions on one side minus the number of collisions on
the other and hence to the difference of partial pressures. If
p1 > pj. species 1 will flow from V to V'. If p; < p}, the
flow will be in the other direction. The details of the mem-
brane will determine how rapid this flow is. The movement of
any species of gas molecule that can pass through the mem-
brane will be from the region of higher partial pressure to
lower partial pressure.

Suppose we start out with only species 1 on each side
of the membrane and equal pressures on both sides so that
p = p1 = p' = p|. There are three ways to make p; less
than p, thereby causing movement from right to left. One is
simply to let the gas on the left expand into a larger volume,
which lowers p = p;. (Or we could have compressed the gas
on the right, raising p’ = p}.) The other two ways involve
introducing on the left a species 2 that cannot pass through
the membrane. The second way would be to keep the total
pressure and volume on the left the same, but remove one
molecule of species 1 for every molecule of species 2 that is
introduced. The third way would be to increase the volume
on the left as each molecule of species 2 is introduced, so
that p = p; 4+ p» remains the same.

The total partial pressure of all species that cannot pass
through the membrane is called the osmotic pressure in re-
gion V and is usually denoted by 7. If the subscript 2 denotes
all impermeant species,

) = CokgT. (5.4)

The flow through the membrane because of an increase in the
osmotic pressure or a decrease in the total pressure is iden-
tical. In each case the flow is determined by the difference
across the membrane of pi, the total partial pressure of all
the species that can pass through.

The description in the previous paragraphs of partial pres-
sure is easy to visualize, and for the case given it is correct. It
is more general, however, to express the condition for equi-
librium in terms of the chemical potential, p. Recall that in
Chap. 3 we derived the pressure in terms of volume changes
of a system and the chemical potential in terms of the number
of particles in the system. Suppose that the membrane sepa-
rating the two sides is actually a semipermeable piston that
is free to move. Equality of the total pressure on both sides
of the piston means that the piston will not move and the two
systems will not exchange volume. Equality of the chemi-
cal potential of a species that can get through the membrane
means that the two systems will not exchange particles. It
is better, therefore, to say the flow of any species that can
pass through the membrane will be from the region of higher
chemical potential to the region of lower chemical potential
for that species. If the chemical potentials are the same, there
will be no flow.

The mixture of two ideal gases is a special case of the
ideal solution that was described in Sect. 3.18. The chemical
potential of species 1 that can pass through the membrane is
given by Eq. 3.77:

Apy = Vi(Ap —kpT ACy),
pwi—py=Vi[p—p —kgT(C2—0)],
w1 — = Vi(pi + p2 — pi — kT Ca).

Since pp = kpT C», the chemical potential is the same on
both sides of the membrane when p; = p/l.

5.3 Osmotic Pressure in a Liquid

Imagine now that the two volumes are filled with a solvent,
such as water. If the pressure of the water is the same in both
regions there is no movement of water through the mem-
brane, nor is there exchange of volume if the membrane
piston is free to move. Increasing the pressure on one side
of the fixed membrane causes water to move through the
membrane from the side with higher pressure to the side with
lower pressure. There is no flow when Ap = 0. If there is a
solute in the water that can pass freely through the membrane
along with the water, the situation is unchanged.

Now let us add some solute on the left that cannot pass
through the membrane. We will keep the volume on the left
fixed. To add the solute in such a way that the pressure does
not change, we must remove some water molecules as we
add it.

We saw in Chap. 3 that replacing some water molecules
with solute increases the entropy of the solution.? This means
that the Gibbs free energy and the chemical potential are de-
creased. Water moves from the region on the right, where the
chemical potential is higher, to the region on the left, where
it is lower. The chemical potential of the water on the left can
be increased by increasing the total pressure on the left.

The chemical potential contains terms proportional to the
pressure and the concentration of the impermeant solute. It

2 This, recall, is because the water molecules are indistinguishable. A
simple model (Fig. 3.15) shows why this happens. Suppose that three
water molecules occupy three identical energy levels, and that these
are the only three levels available. Because the molecules are indistin-
guishable, there is only one microstate and the entropy is zero. If one
molecule of water is replaced by one solute molecule, there are then
three separate microstates, corresponding to the solute molecule being
in any one of the three. The entropy is kg In(3).
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was shown in Sect. 3.18 that for an ideal solution?

Ap —kpT AC,

A =
Mw Cu

The osmotic pressure is the excess pressure that we must ap-
ply on the left to prevent the movement of water through the
membrane. There is no movement of water when p = p’+.
It is more convenient to write all the unprimed quantities on
the left: p — 7w = p’. The quantity p — 7 will occur so often
in what follows that it is worth a special name. We will define
the driving pressure

Pi=p-—T. (5.5
As far as we know, it has not been used by other authors. It
is a monotonic function of the chemical potential. In an ideal
solution it is Cy14qy. Except in an ideal gas, it is not the same
as the partial pressure (a concept that is not normally used in
aliquid). On the right there is no solute and p/, = p’. There is
no movement when the driving pressure is the same on both
sides,

Pd = Dy, (5.6a)

or the chemical potential of the water is the same on both
sides,

Pow = M- (5.6b)

The water passes through the membrane in the direction from
higher pq to lower pg (or from higher chemical potential
to lower chemical potential). Either the total pressure or
the osmotic pressure can be manipulated to change pg (and
Ww). An increase of total pressure has the same effect as a
decrease of osmotic pressure.

Increasing the concentration of the solute increases the
osmotic pressure. The fact that p; = p — 7 = Cy 1y means
that for ideal solutions obeying Eq. 3.77,

7 = CkpT = cRT. (5.7)

In many cases this is confirmed by experiment, particularly
in dilute solutions. This is known as the van’t Hoff law for
osmotic pressure.

An osmole is the equivalent of a mole of solute particles.
The term osmolality is used to refer to the number of os-
moles per kilogram of solvent, while osmolarity refers to the
number of osmoles per liter of solution. The reason for in-
troducing the osmole is that not all impermeant solutes are
ideal; their osmotic effects are slightly less than CkpT. The
osmole takes this correction into account.

3 An ideal solution can be defined in several equivalent ways. One is
that it is a solution that obeys Eq. 3.77. Another is that when the sepa-
rated components are mixed, there is no change of total volume and no
heat is evolved or absorbed. See Hildebrand and Scott (1964, Chap. 2).

5.4 Some Clinical Examples

As blood flows through capillaries, oxygen and nutrients
leave the blood and go to the cells. Waste products leave
the cells and enter the blood. Diffusion is the main pro-
cess that accomplishes this transfer. The capillaries are about
the diameter of a red cell; the red cells therefore squeeze
through the capillary in single file. They move in plasma,
which consists of water, electrolytes, small molecules such
as glucose and dissolved oxygen or carbon dioxide, and large
protein molecules. All but the large protein molecules can
pass through the capillary wall.

Outside the capillaries is the interstitial fluid, which
bathes the cells. The concentration of protein molecules in
the interstitial fluid is much less than it is in the capillaries.
Osmosis is an important factor determining the pressure in
the interstitial fluid and therefore its volume. The following
values (in units* of torr) are typical for the osmotic pressure
inside and outside the capillary:’

Inside capillary m; = 28 torr

Outside capillary, interstitial fluid 7, = Storr

Measurements of the total pressure in the interstitial fluid are
difficult, but the value seems to be about —6 torr. It is main-
tained below atmospheric pressure (taken here to be O torr)
by the rigidity of the tissues. The driving pressure of water
and small molecules outside is therefore

Pdo = Po — o = —6—5 = —11torr.

The total pressure within the capillary drops from the ar-
terial end to the venous end, causing blood to flow along
the capillary. A typical value at the arterial end is 25 torr;
at the venous end, it is 10 torr. If the drop is linear along
the capillary, the total pressures versus position is as plotted
in Fig. 5.5a.% Subtracting from this the osmotic pressure of
the large molecules gives the curve for the driving pressure
inside, pg;, which is also plotted in Fig. 5.5a. Figure 5.5b
shows the total and driving pressures in the interstitial fluid.
Figure 5.5¢ compares the driving pressure inside and out-
side. The driving pressure is larger inside in the first half of
the capillary and larger outside in the second half of the cap-
illary. The result is an outward flow of plasma through the
capillary wall in the first half and an inward flow in the sec-
ond half. There is a very slight excess of outward flow. This
fluid returns to the circulation via the lymphatic system.

41 torr = 1 mmHg = 133.3 Pa = 0.01934 Ib in. 2.

5 A short account of the pressures used here is found in Hall (2011,
Chap. 16). A more detailed discussion is in Guyton et al. (1975).

6 This simple discussion uses pressures that compensate for the fact that
the surface area of the capillary is larger at the venous end than at the
arterial end.
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There are three ways that the balance of Fig. 5.5 can
be disturbed, each of which can give rise to edema, a col-
lection of fluid in the tissue. The first is a higher average
pressure along the capillary. The second is a reduction in
osmotic pressure because of a lower protein concentration
in the blood (hypoproteinemia). The third is an increased
permeability of the capillary wall to large molecules, which
effectively reduces the osmotic pressure. Each is discussed
below.

5.4.1 Edema Due to Heart Failure

A patient in right heart failure exhibits an abnormal collec-
tion of interstitial fluid in the lower part of the body (the legs

for a walking patient; the back and buttocks for a patient in
bed). This can be understood in terms of the mechanism dis-
cussed above. The right heart pumps blood from the veins
through the lungs. If it can no longer handle this load, the
venous blood is not removed rapidly enough, and the pres-
sure in the veins and the venous end of the capillaries rises.
There is a corresponding rise in p; along the capillary. More
fluid flows from the capillary to the interstitial space. The
interstitial pressure rises until the net flow is again zero.

The same process can occur in left heart failure in which
the pressure in the pulmonary veins builds up. The patient
then has pulmonary edema and may literally drown.

5.4.2 Nephrotic Syndrome, Liver Disease,
and Ascites

Patients can develop an abnormally low amount of protein
in the blood serum, hypoproteinemia, which reduces the os-
motic pressure of the blood. This can happen, for example,
in nephrotic syndrome. The nephrons (the basic functioning
units in the kidney) become permeable to protein, which is
then lost in the urine. The lowering of the osmotic pressure
in the blood means that the p, rises. Therefore, there is a net
movement of water into the interstitial fluid. Edema can re-
sult from hypoproteinemia from other causes, such as liver
disease and malnutrition.

A patient with liver disease may suffer a collection of
fluid in the abdomen. The veins of the abdomen flow through
the liver before returning to the heart. This allows nutrients
absorbed from the gut to be processed immediately and effi-
ciently by the liver. Liver disease may not only decrease the
plasma protein concentration, but the vessels going through
the liver may become blocked, thereby raising the capillary
pressure throughout the abdomen and especially in the liver.
A migration of fluid out of the capillaries results. The sur-
face of the liver “weeps” fluid into the abdomen. The excess
abdominal fluid is called ascites.

5.4.3 Edema of Inflammatory Reaction

Whenever tissue is injured, whether it is a burn, an infec-
tion, an insect bite, or a laceration, a common sequence of
events initially occurs that cause edema. They include the
following:

1. Vasodilation. Capillaries and small blood vessels dilate,
and the rate of blood flow is increased. This is respon-
sible for the redness and warmth associated with the
inflammatory process.

2. Fluid exudation. Plasma, including plasma proteins, leaks
from the capillaries because of increased permeability of
the capillary wall.
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3. Cellular migration. The capillary walls become porous
enough so that white blood cells of the immune system
move out of the capillaries at the site of injury.

5.4.4 Headaches in Renal Dialysis

Dialysis is used to remove urea from the plasma of patients
whose kidneys do not function. Urea is in the interstitial brain
fluid and the cerebrospinal fluid in the same concentration as
in the plasma; however, the permeability of the capillary—
brain membrane is low, so equilibration takes several hours
(Patton et al. 1989, Chap. 64). Water, oxygen, and nutrients
cross from the capillary to the brain at a much faster rate
than urea. As the plasma urea concentration drops, there is
a temporary osmotic pressure difference resulting from the
urea within the brain. The driving pressure of water is higher
in the plasma, and water flows to the brain interstitial fluid.
Cerebral edema results, which can cause severe headaches.

The converse of this effect is to inject into the blood urea
or mannitol, another molecule that does not readily cross the
blood-brain barrier. This lowers the driving pressure of wa-
ter within the blood, and water flows from the brain into the
blood. Although the effects do not last long, this technique
is sometimes used as an emergency treatment for cerebral
edema (Fishman 1975; White and Likavec 1992).

5.4.5 Osmotic Diuresis

The functional unit of the kidney is the nephron. Water
and many solutes pass into the nephron from the blood at
the glomerulus. As the urine flows through the rest of the
nephron, a series of complicated processes cause a net re-
absorption of most of the water and varying amounts of the
solutes. Some medium-weight molecules such as mannitol
are not reabsorbed at all. If they are present in the nephron—
for example, from intravenous administration—the driving
pressure of water is lowered and less water is reabsorbed
than would be normally. The result is an increase in urine
volume and a dehydration of the patient called osmotic diure-
sis (Gennari and Kassirer 1974; Hall 2011). Similar diuretic
action takes place in a diabetic patient who “spills” glucose
into the urine.

5.4.6 Osmotic Fragility of Red Cells

Red blood cells (erythrocytes) are normally disk-shaped,
with the center thinner than the rim. In the disease called
hereditary spherocytosis the red cells are more rounded. If
a red cell is placed in a solution that has a higher driving
pressure than that inside the cell, water moves in and the cell

swells until it bursts. Since cell membranes (as distinct from
the lining of capillaries) are nearly impermeable to sodium,
sodium is osmotically active for this purpose. The osmotic
fragility test consists of placing red cells in solutions with
different sodium concentrations and determining what frac-
tion of the cells burst. A patient with hereditary spherocytosis
has cells that will be destroyed at a lower external p; (higher
sodium concentration) than normal, because the membrane
is more permeable to the sodium.

5.5 Volume Transport Through a Membrane

In this section and the next we develop phenomenologi-
cal equations to describe flow of fluid and flow of solute
through a membrane. These are linear approximations to the
dependence of the flows on pressure and solute concentra-
tion differences. Three parameters are introduced that are
widely used in physiology: the filtration coefficient (or hy-
draulic permeability), the solute permeability, and the solute
reflection coefficient.

The volume fluence rate or volume flow per unit area per
second through a membrane is J,,.

( total volume per second

through membrane area S ) iy |

= E ms (58)

Jy = 3

Consider pure water. The fluence rate depends on the pres-
sure difference across the membrane. When the pressure
difference is zero there is no flow. The direction of flow,
and therefore the sign of the fluence rate, depends on which
side of the membrane has the higher pressure. The simplest
relationship that has this property is a linear one:’

Jv =L,Ap. 5.9
The proportionality constant is called the filtration coefficient
or hydraulic permeability. It depends on the details of the
membrane structure, such as the properties of the pores. The
SI units for L, are m g Pa’], m3 N~! s’l, orm? s kg’l.
Often in the literature, however, values of L, are reported in
units of cm s~ atm™!. Since 1 atm = 1.01 x 10° Pa, the
conversion is

lems latm™ =099 x 107" ms™! Pa~l. (5.10)

7 The traditional sign convention has been followed here. There would
be a minus sign in the equation if Ap were defined to be p(x + Ax) —
p(x). However, it is usually defined as p — p’. The flow is from the
region of higher pressure to the region of lower pressure.
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If a solute is present to which the membrane is completely
impermeable, only water will flow, and the flow will depend
on Apy:

Apa=pa—py=p—n—(p —n")
=p—p —(m—n")
=Ap — Arn

SO

Jo = Ly(Ap — Ar). (5.11)

Figure 5.6 shows the pressure relations on each side of the
membrane for no flow and for flow in either direction.

It is important to note that the quantity in parentheses is a
property of the solutions on either side of the membrane. The
permeability depends on the transport mechanism.
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Fig. 5.6 Different flow possibilities for a completely impermeant so-
lute. a Ap, = 0, so there is no flow even though p > p’. b Flow to the
right even though p = p’. ¢ Flow to the left even though p = p’

When the solute is partially permeant, the volume fluence
rate in the linear approximation still depends on both Ap and
A, but the proportionality constants may be different. Since
the solute does not reduce the flow as much as in Eq. 5.11, it
is customary to write the two constants as L, and o L :

Jo =L,(Ap — o Am). (5.12)
Parameter L, is determined by measuring J,, and Ap when
Amr = 0, while o is determined from measurements of Ap
and Amwr when J, = 0.

Parameter o is called the reflection coefficient. It has dif-
ferent values for different solutes. When o = 0 there is no
reflection, and the solute particles pass through like water.
When o = 1 all the solute particles are reflected and Eq. 5.12
is the same as Eq. 5.11.

We can imagine that part of the solute moves freely with
the water and part is reflected. (Later, we will consider a
model for partial reflection in which a solute particle of ra-
dius @ < R), can enter the pore, but its center cannot be
closer to the wall than its radius.) We can write

p=pis+orm, (5.13)

and we can further break this down to a driving pressure for
the water pg,, and one for the permeant solute:

osmotic pressure
of all solute molecules

P = Ppd +(1—-0)r +om.
v (5.14)
~——

driving pressure osmotic pressure

for permeant of impermeant

molecules molecules

With this substitution the flow equation becomes

Jo =Ly [Apaw + (1 —0)Ar]. (5.15)

Figure 5.7 shows the pressure relationships across the mem-
brane.

In the approximation that van’t Hoff’s law holds, 7 =
kpTC = RTc and Eq. 5.12 can be written as

Jo=Ly(Ap —okpT AC),
Jyv =Ly(Ap — o RT Ac).

(5.16)
(5.17)

In Eq. 5.16 the concentration is in molecules m~3; in
Eq. 5.17 it is mol m™3. In both cases the units of kT AC
and RT Ac are pascals.

As an example of volume flow, consider ultrafiltra-
tion. Ultrafiltration is the process whereby water and small

molecules are forced through a membrane by a hydrostatic
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Fig. 5.7 Pressure relationships on each side of the membrane when
o= % a There is no bulk flow. b There is flow to the right

pressure difference while larger constituents are left behind.
An interesting clinical application of ultrafiltration has been
proposed. A severely edematous patient (for any of the rea-
sons mentioned in the previous section) must have the extra
water removed from the body. This is usually accomplished
with diuretics, drugs that increase the renal excretion of wa-
ter. Some patients may not respond to these drugs, and in
other cases, particularly pulmonary edema, the response may
not be fast enough. In the latter case, phlebotomy (bloodlet-
ting) is sometimes used to reduce the body water rapidly.
This has obvious disadvantages, for example, the removal of
blood cells. Silverstein et al. (1974) used ultrafiltration to re-
move water and sodium from the plasma while leaving the
other constituents behind. Ultrafiltration is sometimes called
reverse osmosis. The name is unfortunate, because it sug-
gests some mysterious process unrelated to the principles of
this section. Ultrafiltration is often used by campers for puri-
fying water and has been suggested for desalinization of sea
water.

5.6 Solute Transport Through a Membrane

Solute can pass through the membrane in two ways: it can
be carried along with flowing water (solvent drag), and it can
diffuse.

If there is no reflection (o = 0) and the solute concentra-
tion is the same on both sides of the membrane so there is no

diffusion, the flux density or fluence rate is caused by solvent
drag and is simply the solute concentration (particles per unit
volume) times the volume fluence rate (Sect. 4.2):

Jx = Csz~

If the solute particles are completely reflected (o = 1) then
Js =0.
In the intermediate case with coefficient o,

Jo=U—=0)CsJy.

This is consistent with the idea expressed by Eq. 5.14 that a
fraction (1 — o) of the solute particles can enter the mem-
brane. In that case, C; is the outside solute concentration on
both sides of the membrane, and C(1 — o) is the solute con-
centration inside the membrane. We will develop a detailed
model for transport in a right-cylindrical pore in Sect. 5.9.
We anticipate that discussion and present a simple justifica-
tion of the factor 1 — . In bulk solution the concentration Cy
is obtained by imagining a certain volume of solution, count-
ing the number of solute particles whose centers lie within
the volume, and taking the ratio. In a cylindrical pore of
radius R, and length AZ, the volume of fluid is an,AZ.
The centers of solute particles of radius a cannot be within
distance a of the pore wall. The number of solute particles
within the pore is therefore C; 1t (R p— a)2 AZ. The concen-
tration in the pore is the number of particles divided by the
pore volume:

Cym (R, —a)’ AZ
TRIAZ

=c(1-2& 2—c1
= s( _R_) =Ci(1-0).

p

Cs, inside =

This correction is called the steric factor. Solvent flow within
a distance a of the walls contributes to J,, but not to solvent
drag. This model will be extended to a volume flow with a
parabolic velocity profile in Sect. 5.9.4.

If J, = O there will be no solvent drag but there will
be diffusion. The solute flux will be proportional to the
concentration gradient and therefore to the concentration
difference across the membrane: J; o« AC;. The propor-
tionality constant depends on properties of the membrane.
If the membrane is pierced by pores, for example, it de-
pends on pore size, membrane thickness, number of pores per
unit area, and the diffusion constant. The dependence will be
derived later in this chapter. It is customary to write the pro-
portionality constant as wRT: J; = wRT ACj. The factor w
is called the membrane permeability or solute permeability.

In the linear approximation the fluence rate resulting from
both processes is the sum of these two terms:

Js = (1 —0)CsJy + wRT AC;. (5.18)
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Here an average value C has been written for the solvent
drag term, because the concentration on each side of the
membrane is not necessarily the same. The way that this av-
erage is taken will become clearer in the discussion of the
pore model described in Sect. 5.9.

The solute equation has been written for both fluence rate
and concentration in terms of particles. In terms of molar
fluence rate and concentration, it is exactly the same:

Js(molar) = (1 — o)csJy + wRT Acy. (5.19)

Either way, the diffusion proportionality constant is o RT . It
does not change because Cs and Jg(particles) are both written
in terms of particles, and ¢ and Jg(molar) are both written in
terms of moles. Referring to Eq. 5.18, the solvent drag term
has units of (particles m3) (ms!) = particles m~2 s~ L,
Therefore the factor @ RT has units of ms~!. Since the units

of RT are joules or N m (per mole), the units of w are

mol m s~!

N m

=mol N~! s (5.20)
Further interpretation of w will be made for specific models.

We have used the same o in both the solvent drag term and
in the preceding section. Although this was made plausible
by saying that 1 — o is the fraction of solute molecules that
gets through the membrane, its rigorous proof is more subtle.
It has been proved in general using thermodynamic argu-
ments, which can be found in Katchalsky and Curran (1965).
It can be proved in detail for specific membrane models.

5.7 Example: The Artificial Kidney

The artificial kidney provides an example of the use of the
transport equations to solve an engineering problem. The
problem has been extensively considered by chemical en-
gineers, and we will give only a simple description here.
Those interested in pursuing the problem further can begin
with reviews by Mavroidis (2006) or Lysaght and Moran
(2006). The reader should also be aware that this “high-
technology” solution to the problem of chronic renal disease
is not entirely satisfactory. It is expensive and uncomfort-
able and leads to degenerative changes in the skeleton and
severe atherosclerosis (Lindner et al. 1974). The alternative
treatment, a transplant, has its own problems, related pri-
marily to the immunosuppressive therapy. Anyone who is
going to be involved in biomedical engineering or in the
treatment of patients with chronic disease should read the
account by Calland (1972), a physician with chronic renal
failure who had both chronic dialysis and several transplants.
The distinction between a high-technology treatment and a
real conquest of a disease has been underscored by Thomas
(1974, pp. 31-36).

|
Body fluid : Dialysis
(including blood) | fluid
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Fig. 5.8 The simplest model of dialysis. All the body fluid is treated
as one compartment; transport across the membrane is assumed to take
longer than transport from various body compartments to the blood

The simplest model of dialysis is shown in Fig. 5.8. Two
compartments, the body fluid and the dialysis fluid, are sep-
arated by a membrane that is porous to the small molecules
to be removed and impermeable to larger molecules. If such
a configuration is maintained long enough, then the concen-
tration of any solute that can pass through the membrane will
become the same on both sides. The dialysis fluid is pre-
pared with the desired composition of such small molecules
as sodium, potassium, and glucose. Volume V' must be larger
than V for effective dialysis to take place; otherwise, the con-
centration of solutes in the dialysis fluid builds up from the
initially prepared values. In early work, V' was up to 1001
(since V is about 401). Although the fluid was replaced ev-
ery two hours or so, it was an excellent medium in which to
grow bacteria. Although the bacteria could not get through
the membrane, they released exotoxins (or, if they died, en-
dotoxins) which diffused back into the patient and caused
fever. Now a continuous flow system has been used in which
the solutes are continually metered into flowing dialysis fluid
that is then discarded. Because of this, we will assume that
there is no buildup of concentration in the dialysis fluid. (Ef-
fectively volume V" is infinite.) We will assume that Ap = 0.
(Actually, proteins cause some osmotic pressure difference,
which we will ignore.)

Without solvent drag, the solute transport is by diffusion,
Js = wRT (C—C"), where C is the concentration of solute in
the blood and C’ is the concentration in the dialysis fluid. If
the surface area of the membrane is S, then the rate of change
of the number of solute molecules N is

an SwRT(C — C))
— = —Jw - .
dt

If the solute is well mixed in the body fluid compartment,
then N = CV, and this equation can be written as
dC  SoRT

— = c-0Ch.
dt Vv ( )

This is the equation for exponential decay. The steady state
solution is C = C’. The complete solution is (Appendix F)

C(t)=[CO) —C]e"" +C', (5.21)
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where the time constant is

%4
T = .
SwRT

(5.22)

The only things that are adjustable in this equation are the
membrane area S and its permeability w. The size of pores
in the membrane is dictated by what solutes are to be retained
in the blood. The number of pores per unit area and the thick-
ness of the membrane can be controlled. Typical cellophane
membranes have wRT = 5 x 107% m s~! (with a thick-
ness of 500 um). The area may be 2 m?. With a fluid volume
V =401, this gives

40 x 1073 m? 5
T = =4x10°s=1.1h.
(2m?) (5 x 10~%m s~1)

Typically, dialysis requires several hours. This longer period
is for two reasons. Some of the larger molecules have smaller
permeabilities and therefore longer time constants, and rapid
dialysis causes cerebral edema and severe headaches.

The actual apparatus is quite complicated. First, it must be
sterile, which requires a sterilized, disposable dialysis mem-
brane. Second, the apparatus causes clots, so the blood must
be treated with heparin as it enters the machine, and the hep-
arin must be neutralized with protamine as it returns to the
patient.

5.8 Countercurrent Transport

This section considers a problem that demonstrates the prin-
ciple of countercurrent transport. An apparatus (perhaps a
dialysis machine or an oxygenator) transports a single solute
across a thin membrane of permeability @ RT. On one side
of the membrane (the “inside”) is a thin layer of solvent that
flows along the membrane in the 4+x direction as shown in
Fig. 5.9. On the “outside” is another thin layer of solvent that
may be at rest or may flow in either the +x or the —x di-
rection. When it flows in the opposite direction of the fluid
inside we have the countercurrent situation.

—
K
z
Y< N Fluid
M | Membrane

» Fluid

-

Jv out

Fig. 5.9 Layers of fluid containing a solute flow parallel to the x axis
on either side of a membrane

Suppose that the concentration of solute in the two layers
is Cip(x) inside and Coyy(x) outside. Solute is transported
in the x direction in each fluid layer by pure solvent drag.
It diffuses through the membrane from the side with higher
concentration to the other. We develop the model below and
show that the steady-state concentration profiles are quite
different depending on whether the solvent flows are in
the same or opposite directions. The results are shown in
Fig. 5.10 for the situation in which the value of Cj, is 1 and
the value of Cqy is O where each solvent starts to flow across
the membrane. In Fig. 5.10a both layers flow to the right; in
Fig. 5.10b they flow in opposite directions. The countercur-
rent case is more effective in reducing Cj,. The final value of
Cin is 0.5 in the first case and 0.33 in the second.

To develop the model, we make the following assump-
tions. The concentration of solute in each fluid layer is
independent of y, z, and ¢. The thickness of the fluid layer
inside is Ai,. The fluid velocity j, in is everywhere constant.
The only important mechanism for solute transport within
the fluid is solvent drag. Let the width of the slab in the

1.0
0.8
. 0.6 — Cin(X)
a3
© 04
Coulx)
0.2+
0.0 | | |
0.0 0.5 1.0 1.5 2.0
X
(a) Both flows are to the right.
1.0
0.8 Cin(x)
= 0.6 —
5 04 Cout(X)
0.2+
0.0 | | |
0.0 0.5 1.0 1.5 2.0
X

(b) The flows are in opposite directions.

Fig. 5.10 Solute concentration profiles for two different situations
where solvent flows parallel to the membrane surface and solute moves
through the membrane from inside to outside. a Both fluid layers flow to
the right. The concentrations rise and falls exponentially, eventually be-
coming the same on both sides of the membrane. b The countercurrent
case, in which the solvent flows are in opposite directions. The solvent
outside flows from right to left. The concentrations vary linearly
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y direction be Y. Inside, the number of particles per sec-
ond in through the face of the rectangle of area Y hj, at x is
Cin(X) jy inY hin. The number out through the face at x + dx
is Cin(x + dx) jy in Y hin. The number through the membrane
into the exterior volume is [Cjn(x) — Cou(x)]wRTYdx.
Combining these we get

dC; wRT
— = ———— [Cin(x) — Cour(®)]. (5.23)
dx Jvinftin
A similar expression can be derived for the exterior:
dc wRT
== [Cin(0) = Cou)].  (5.24)
dx Jv outhout

Our notation allows j, to have a different direction (sign).

Defining a = wRT/j,h we have the coupled differential
equations
dCin
E = —ain(Cin — Cout),
(5.25)
d Cout
= +aout(Cin — Cour)-
dx
We restrict ourselves to the case in which |aj,| = |aout| =

a. Changing the direction of j, changes the sign of a. As-
sume a is the same on both sides. The equations show that
the slope of Cj,(x) is minus the slope of Cqy(x) if both cur-
rents are in the same direction, and the two slopes are the
same if the currents are in opposite directions. This can be
seen in the solutions in Fig. 5.10.

You can verify that Eqs. 5.26 represent a solution of
Egs. 5.25:

Cin(x) = % (1 4 e—2ax) 4 62_2 (1 _ e—2ax) ,
ol o (5.26)
Cout(x) = E (1 - e—2ax) + ? (1 + e—2ax) ,

where ¢ and ¢, are the values of Cj, and Cqy at x = 0.
Figure 5.10a shows the concentrations forc; = 1 and ¢ = 0
witha = 1 and 0 < x < 2. If the sign of a is changed in the
second differential equation, then the fluid outside is flowing
in the opposite direction to the fluid inside. Again you can
verify that the most general solution is

Cin(x) =c1 + (c2 — cy)ax,

Cout(x) =2 + (¢ — c1)ax. (5.27)

Figure 5.10b is a plot with the constants set so that the con-
centration inside on the left is 1 and on the outside on the
rightis zero (c; = 1,¢c2 =2/3,a = 1,0 < x < 2). This con-
figuration is called countercurrent flow. We can see from the
figure that the transport through the membrane is increased
because the concentration difference across the membrane is,
on average, greater.

The countercurrent principle is found in the renal tubules
(Hall 2011, p. 309; Patton et al. 1989, p. 1081), in the villi

of the small intestine (Patton et al. 1989, p. 915), and in
the lamellae of fish gills (Schmidt-Nielsen 1972, p. 45). The
principle is also used to conserve heat in the extremities—
such as people’s arms and legs, whale flippers, or the leg of
a duck. If a vein returning from an extremity runs closely
parallel to the artery feeding the extremity, the blood in the
artery will be cooled and the blood in the vein warmed. As a
result, the temperature of the extremity will be lower and the
heat loss to the surroundings will be reduced.

5.9 A Continuum Model for Volume and
Solute Transportin a Pore

In this section we develop a model to predict the values of the

phenomenological coefficients of Sects. 5.5 and 5.6. The suc-

cess of the model depends on its ability to predict behavior,
particularly as the size of solute particles is varied. This was
an important problem in physiology in the 1960s and 1970s.

Instead of comparing the model to experiment, we conclude

the section by showing what the forces are on the membrane.

This is important because there has been a fair amount of

confusion in the literature about the forces on a semiperme-

able membrane. This section is fairly long. It stands alone;
you can skip it if you wish.

The model assumes that the membrane has a particularly
simple structure.

1. The membrane is pierced by n circular pores per unit area,
all having radius R), and all being right cylinders. The
membrane thickness is AZ.

2. The pore and the fluid are electrically neutral. No electri-
cal forces are considered.

3. There is complete mixing on both sides of the pore, so
that flow within the liquid on either side can be neglected.

4. The system is in the steady state. There is no variation in
flux density (fluence rate) or concentration as a function
of time.

5. The pores are large enough so that the bulk flow can be
calculated by continuum hydrodynamics.

The quantities considered in this section are summarized in

Table 5.1.

5.9.1 Volume Transport

The results of Chap. 1 can be used when the pore is filled
with pure water or water and a solute for which o = 0. From
Eq. 1.40 the flux through a single pore is

nR* A
iy (single pore) = “p 2P

. 5.28
8n Ax ( )
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Table 5.1 Symbols used for porous membrane

Quantity On left In pore On right

Total pressure p P

Solute concentration Cy C(2) C;

Osmotic pressure 7w =kpTCy 7' =kpTC;,
Effectively impermeant part of osmotic pressure om on’

Effectively permeant part of osmotic pressure plus water driving pressure (1 —=0)7 + paw Ppa(2) (A —=o)a’" + pl,
The fluence rate through the membrane is obtained by multi-  Since the area of one pore is © Rf, = 6.36 x 1077 m?,

plying i, by n, the number of pores per unit area. The result
is

_ nnR;‘, ﬁ
YT 8n Az
so that
L nmR) .
P 8nAz
While L, can be measured fairly easily using Eq. 5.12, it
is much more difficult to measure the microscopic quantities
needed to test Eq. 5.29. We will not compare the model to
experiment here;® we will simply give an example of how
calculations are done.
A commercial filter used for ultrafiltration might have the
property L, ~ 1 ml min~! m~2 torr~!. Since 760 torr =
1 x 10° Pa, the hydraulic permeability in SI units is

(5.29)

I min 107°m3 760 torr
1 x 105 Pa

1 ml
Ly

1 torrminm? 60s 1ml

127 x 1079 ms~ ! pa~!,

The manufacturer’s literature® can be used to estimate

R, ~ 4.5 nm,
AZ ~ 10 um.'0
The viscosity of water is 0.9 x 1073 Pa s at 25 °C. This gives

us enough information to estimate n and the fraction of the
filter surface that is pores. From Eq. 5.29

(8)(0.9 x 1073 Pas)(10 x 107% m)
7 (4.5 x 10*9)4 m#

8nAZL, (
n —= =
4
TERP

x (127 x 1070 m s~ pa™h)

=7.1x 105 m2.

8 See the third or earlier editions or, for example, Bean (1969, 1972).
9 Amicon XM-50.
10 This value may not be consistent with the value of L, quoted. The

pore length AZ is not well known, and L is variable, depending on
experimental conditions.

the total pore area in 1 m? is 0.45 m2, a number that is not
unreasonable.

Next consider the volume flow when the reflection coeffi-
cient is not zero. The position within the pore is specified by
cylindrical coordinates (r, ¢, z). The position along the axis
of the pore is given by z. The position in a plane perpendic-
ular to the axis of the pore is specified by polar coordinates
r and ¢. Flow of the fluid is described by the vector vol-
ume fluence rate j,(r, ¢, z). (We use J for fluence rate for
the membrane as a whole and j for the fluence rate in bulk
solution inside a pore.) It is possible to show rigorously that
as long as the pore is a right circular cylinder, j,, points only
along z and is independent of ¢ (the fluid does not flow in a
spiral and does not flow into or out of the walls):

Jo(r, @, 2) = ju(r, 2)2. (5.30)

The solution is in a steady state and the flow is not changing
with time. Therefore the flux density into a volume at z must
be the same as the flux density out at z + dz:

B
0z

=0 (5.31)
so that j, is constant along the z axis (although it can be
a function of r). This is just what we saw in Chap. 1 for
Poiseuille flow; the variation of j, with r corresponds to the
parabolic velocity profile. A value of j, (r) that is constant in
the z direction requires a constant value of dp/dz inside the
pore.

In the pore, the driving pressure is p4(z). A typical pres-
sure profile is shown in Fig. 5.11. The symbols are defined
in Table 5.1. The pressure in the pore has been drawn with
constant slope, since dp,/dz is constant. Using Eqs. 5.16 and
5.29, we can write

Jo = L,(Ap — okpT ACy), (5.32)

where L, is given by Eq. 5.29. The value of o is derived in
the next section.

The average value of j, (r) within the pore will be called
Jo- It is the total flux density through the pore divided by
an,:

__i(singlepore) 1
v TR N TR

RI’
/ Ju(r)2mr dr
0



130

5 Transport Through Neutral Membranes

3 3 {
o
) A
w Dﬁ{z] et
(l-a)mr '
1y "
! (I-e)w'
p
p
" :
dw pd d
pﬂw
¥ l Y

0 AZ

Fig. 5.11 Pressure within a pore and at the boundaries in the steady
state

2
Jo__ _Ryopa
8n 0z

= 5.33
n JTR% (5.33)

5.9.2 Solute Transport

We now consider solute transport in our model pore. The
arguments here are very similar to those for combined dif-
fusion and solvent drag that were developed in Sect. 4.12.
Those arguments are extended by averaging over the cross
section of the pore.

Within the pore, the local solute flux is js(r, ¢, 7). Argu-
ments similar to those in the preceding section can be offered
to show that j; points along the z axis and is independent of

¢:

Js(r, ¢, 2) = js(r, 2)Z. (5.34)

The solute concentration does not depend on ¢, or else there
would be diffusion in the ¢ direction and j; would have a ¢
component. So C = C(r, z). The r dependence must be kept
because the center of a solute molecule of radius a cannot be
within a distance a of the wall. (Recall the discussion of the
steric correction on p. 125) Thus C(r, z) =0ifr > R, — a.
We write!!

0, Ry—a<r

Ck), 0<r<R,—a. (5.35)

C(r,z)=[

The solute flux due to solvent drag is Cy j,. For diffu-
sion in one dimension the solute flux along the z axis is

1 1t can be argued that this is the only possible form for C(r, z). See
Levitt (1975, p. 535ff.).

—D(0C/9z). For the cylindrical pore we can combine these
and write

aC(r, 2)

jS(r7 Z)ZC(V, Z)j’l)(r’ Z)_D(r7a7Rp) 8z

(5.36)
The diffusion constant has been written as a function of r,
a, and R), because in the pore, as distinct from an infinite
medium, the constant depends on how close the particle is to
the walls. (Remember the relation of D to the viscous drag
and the fact that Stokes’ law requires modification when the
fluid is confined in a tube.)

The preceding section showed that for the steady state j,
is independent of z. A similar argument can be made using
the continuity equation for solute particles, implying that j
is independent of z. Therefore Eq. 5.36 simplifies to

aC(r, 2)

a, — Ju(C ) =—js ().
Z

D(r,a, Rp) (5.37)

The easiest way to write C(r, z) in accordance with Eq. 5.35
is

C(r,2) =C@)I ),

01
re)=
I, 0<r<Rp,—a.

where

Ry—a<r
(5.38)

With this substitution Eq. 5.37 becomes

dC(z)
dz

I'(r)D(r,a, R)) —C@I'(r) ju(r) = —js(r).

This equation can be multiplied by 2nr dr and integrated
fromr = 0tor = Rp. The result is

R
(/ " F()D(r.a, Ry)2mr dr) 4c@)
0 dz

R, R,
— (/ I'(r) jy2nr dr) C(z) = —/ Js(r)2mrdr.
0 0

(5.39)

The physical meaning of this integration can be under-
stood with the aid of Fig. 5.12, which shows a slab of fluid in
the pore between z and z+dz. Solute does not cross a surface
of constant » but moves parallel to the z axis. Diffusion and
solvent drag are considered in each shaded area 277 dr. The
integration of Eq. 5.39 establishes an average solute fluence
rate, since the right-hand side of the equation is the total flux
or current of solute particles per second passing through the
pore:

RP
iy =/ Js(r)2mr dr.
0
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As with the volume fluence rate, it is convenient to call the
average solute fluence rate j:

= Is 1

Js = = B
‘J'[Rp

— 5.40
R (5.40)

Rp
/ Js(r)2mrdr.
0
The first term of Eq. 5.39 is the diffusive flux at z averaged
over the entire cross section of the pore. Define an effective
diffusion constant

R

14
Degr = I'(r)D(r,a, Rp)2nrdr. 541

T[RI% 0

The second term on the left of Eq. 5.39 is the solvent drag
flux averaged over the entire cross section of the pore. The
integral is

Rp Ry—a
/ Jo(@)(r)2mrdr =/ Jo(@)2mrdr.  (5.42)
0 0

This integral can be evaluated because we know the velocity
profile, j, (r), Eq. 1.39:12

1 A
jotr) = = 25 (R2 = 1?).
n

We have already defined the average volume fluence rate to
be

(5.43)

1 [R
J'[R[% 0
The desired quantity differs only in the limits of integration.
To calculate it, write

Jo = Jo(r)2Trdr.

Rp—a
/ Jo(r)27r dr
0

R, :
/ Jo(r)27r dr
0

Rp—a _
/0 Ju(r)2mrdr = mR>j,

12 This ignores the fact that since the walls affect the force on the solute
particles, the solute must distort the velocity profile slightly. This point
is discussed below.

%

T ZZZIIT7>
i~

47

Fig.5.12 A slab of fluid in a pore between z and z 4 dz, showing how
the integration over r is done

The integrals are easily evaluated (see the Problems). The
result is

RP —
/O Jo(MT(r)2mrdr = 7Ry j, f(a/Ry),  (5.44a)
where the function f is

fE) =1—48> 4483 — &4,

When Egs. 5.40, 5.41, and 5.44a are substituted into Eq. 5.39
and each term is divided by 1t R2, the result is

(5.44b)

D (25 = jus (&) cr = -7 5.45
o(1) s (D)ew=1 o
or
dC  juf(a/Rp) Js
SR ey s 45b
dz D €@ Dt (5430)

This is a differential equation for C(z). The right-hand side
is the total solute fluence rate, which is constant. On the left-
hand side, C varies along the pore so that the diffusive and
solvent-drag fluence rates add up to this constant value. If the
constant in front of C(z) is written as

1 _ juf@/Ry)

, (5.46)
A Dege

this is recognized as Eq. 4.58 for drift plus solvent drag in
an infinite medium. The results of Sect. 4.13 can be applied
here. It is only necessary to determine values for Cp and Cy.
Recall that in the pore C(r,z) = C(z)I(r). The function
I'(r) takes into account the reflection that occurs because
solute particles cannot be closer to the pore wall than their
radius. It was also assumed that the solution on either side
of the membrane is well stirred. Therefore, Co = C, and
C,, = C;. Equation 4.70 becomes

(Cs = Cy)

7 (5.47)

73‘ = fjv 65 + Dett

This is an expression for j, the average solute fluence rate in
the pore. To get solute fluence rate in the membrane, it must
be multiplied by nR[Z, and the number of pores per unit area.

Since J, = nTtRf, 711’ we have

n J'lfRIZ7 Dese

-]s: fEsz‘i‘ A7

Cs. (5.48)

Comparing this with the general phenomenological equation
for solute flow, Eq. 5.18,

Jy=(1—0)CsJy +®RT ACy
we see that

l—0o=f
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nTR2D ff
wRT = — 2%
AZ
Dt oRT(AZ)

T G.(-0) -0y

(5.49)

The average solute concentration C is obtained from
Eq. 4.66 with the substitution of AZ for the pore length:

— Gt —C 1 ,
CS = gx——l - ;(CS - CS)

This can be rearranged as

C, = 3(Cs + C)) + G(x)(Cs — C}) (5.50a)
with
1 (e +1 1
G(x) = - B — 5.50b
) z(w_l) - (5.50b)
where x = AZ/A. This is the same function we saw in
Fig. 4.17.

The solute concentration away from the sides of the pore
is

CS(EAZ/)\ _ ez/)\.) + C;(ez/)‘ -1

C(z) =
(2) CAZ ]

(5.51)
While the concentration profile is not usually measured ex-
perimentally, it is useful to plot it to help us visualize the
interrelation of diffusion and solvent drag. Call ¢ = C}/Cs.
Equation 5.51 can be rearranged as

e —1

We can see several things from this equation. First, if the
concentration is the same at each end of the pore, ¢ = 1,
the second term in the large parentheses vanishes, and the
concentration is uniform throughout the pore. If ¢ # 1, then
the concentration is that at z = 0, plus a factor which may
be positive or negative, depending on whether ¢ is less than
or greater than 1. The ratio of exponentials occurring in that
factor is plotted in Fig. 5.13 for different values of AZ /A, the
ratio of the pore length to the effective diffusion distance.

These curves determine the shape of the concentration
profile along the pore. If the flow is zero, A = Deff/fv(l —0)
is infinite and AZ/A is zero. We then have pure diffusion,
and the concentration changes uniformly along the pore, cor-
responding to the straight line in Fig. 5.13. The plots in
Fig. 5.14 show what the concentration profiles are like for
diffusion to the left and to the right when the flow is to the
right. Compare the shape of the concentration profile on the
left in Fig. 5.14 with the curve for AZ/}» = 1 in Fig. 5.13.
When the concentration is higher on the left, we have to take
the mirror image of Fig. 5.13; the curve for AZ/A = —1
gives the concentration profile in Fig. 5.14 on the right.

1.0 I
AZ/\ =-10
0.8
= AZ/ = -1
< 06
D) AZIL=0
2
= AZ/A =1
< 0.4
©
0.2
AZ/\ =10
0.0 '
0.0 0.2 0.4 0.6 0.8 1.0
Z/INZ
Fig.5.13 Plot of the factor (e¥/* — 1)/(e2%/* — 1), which appears in
Eq. 5.52

o'
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Fig. 5.14 A possible set of values for p, pg, and C along a pore for
diffusion to the left and diffusion to the right. The fluid on each side of
the pore is well stirred and of sufficient volume so that concentrations
do not change with time

As the pore becomes very long compared to the diffusion
length (for example, |[AZ/A| = 10 or more), the concen-
tration along the pore is nearly that carried into the pore by
bulk flow from the left until we get to the far end, where dif-
fusion back up the pore gives a smooth transition to the final
concentration on the right.
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We can think of the pressure in the pore as being made up
of driving pressures due to water and to the solute within the
pore:

Pd(2) = Paw(2) + pas(2).

Since the effective driving pressure for impermeant solute in
the J,, equation is kT AC, it would be nice to be able to
write

Pd(2) = paw(z) + (1 —o)kpT C(2).

This is consistent with the solvent drag flux at position z in
the pore, which was given in Eq. 5.45a by

Ju fC@) = j,(1—0)C().

The “effective” concentration for solvent drag is (1—o)C (2).

5.9.3 Summary

To summarize, the combination of solvent and a solute with
reflection coefficient has a volume flux

Jo=Ly(Ap — o kpT ACy) (5.53)
and a solute flux
Jy = (1 —0)CsJy + oRT AC,. (5.54)
The hydraulic permeability is
n JTR;‘]
p= . (5.55)
SnAZ
The solute permeability is
nm R% Dese
oRT = ——— (5.56)
AZ
The characteristic length for diffusion is
D AZ wRT
— et _ 2 ORT (5.57)
jo(1—0) Ju(1—-0)
The average concentration is
Cy = 3(Cs+ C) + G(x) ACy, (5.58)

where G (x) is given by Eq. 5.50b. The parameter x is

J(l—0) AZ
= —

. 5.59
oRT A (5-59)

Notice that the solvent drag term as well as the diffusion term
depends on ACj, through the factor Cj.
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Fig. 5.15 Calculated values of the reflection coefficient are indicated
by the lines. Calculations are shown for the simple steric factor, the
steric factor weighted by a parabolic velocity profile, Eq. 5.60, and
a more detailed calculation, which takes account of the distortion of
the velocity profile by the solute particles by Levitt (1975) and by
Bean (1972, pp. 29-35). The data points are from Durbin (1960) as
reinterpreted by Bean (1972)

5.9.4 Reflection Coefficient

We have referred previously to the fact that the centers of
solute particles can occupy only a fraction of the pore vol-
ume. A solute particle’s center cannot be further from the
pore axis than R, — a. The simplest correction is the steric
factor, seen on p. 125 . The ratio of effective area to total area
approximates 1 —o.If § = a/R,, then

R, —a)? 2 2
l—on Rl 20, @
TR2 R, R}

o =2&— &2

A better calculation was seen in the preceding subsection.
Accept the fact (quoted from thermodynamic results) that the
same ¢ occurs in the equations for J, and J;. We saw that
the edges of the pore have less bulk flow than the center, so
that the steric effect overestimates how many particles are
reflected. From Eq. 5.44b,

o=1— f =48> 48> 4 &* (5.60)
These two approximations to o are plotted in Fig. 5.15, along
with the results of a more detailed calculation that takes ac-
count of distortions in the velocity profile due to rotation of
the solute molecules.
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Fig. 5.16 Plot of w/wp for experimental data by Beck and Schultz
(1970) and a calculation by Bean (1972)

5.9.5 The Effect of Pore Walls on Diffusion

The solute permeability is given by

RT nnRiDeff
ORLT A7

The effective diffusion coefficient takes into account the
steric factor as well as the drag on the solute particles by
the pore walls. If the pore had an infinitely large diameter,
the unrestricted permeability would be

nnR},D

@oRT = —7—

El

where D is the diffusion coefficient for an infinite medium.
Figure 5.16 shows some data from Beck and Schultz (1970)
and a curve for w/w calculated by Bean (1972).13

In Europe, filtration rather than dialysis is used to treat
kidney patients. There is evidence that some as yet uniden-
tified toxin of medium molecular weight accumulates in the
blood. Comparison of 1 — ¢ from Fig. 5.15 with w/w( from
Fig. 5.16 shows that solvent drag removes medium-sized
molecules more effectively. The fluid and electrolytes lost
by the patient must be replaced.

13 The steric factor, which Bean includes separately, is built into Defr
through the function I"(r).
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Fig. 5.17 The forces on a membrane with pores. The fluid on the left
exerts force Fy due to the hydrostatic pressure p. A similar force F is
exerted on the right. Solute molecules like A are reflected at the pore
edge and exert force F,. Solute molecule B enters the pore. It con-
tributes to the viscous force of the flowing fluid on the cylindrical walls
of the pore, F3. F3 is to the right if the fluid flows from left to right
through the pore

5.9.6 Net Force on the Membrane

We conclude the section by calculating the force of the fluid
on our model membrane. The results give some insight into
the nature of osmotic pressure.

A membrane of total area S is pierced by n pores per unit
area of radius R),. The pressures in the fluid on each side of
the membrane are p and p’. A solute with reflection coeffi-
cient o has concentration C on the left and C’ on the right.
We want to calculate the total force exerted by the fluid on the
membrane. There are three contributions to this force. These
can be understood by referring to Fig. 5.17.

Forces Fi and F| are the forces exerted by the fluid on
the walls of the membrane on each side. They are obtained
by multiplying the total pressure on each side by the area of
the membrane that is not occupied by pores. In a total area S
there are nS pores, each of area T[Rl%.

Fi = pS (1 _ nan,)
2
Fi=p'S (1 —nTcRp) )
The net force to the right is
Fi—F=S(p-p) (1 - nan,) . (5.61)

Forces F, and F, are exerted by solute molecules reflected
from the pore region, such as molecule A in Fig. 5.17. These
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(a) the size of the water molecules has been exaggerated for
clarity
(b) the ratio of the number of solute molecules to the
number of solvent molecules has been exaggerated for
clarity.
Problem 2. Perform the unit conversions to verify that
8.3145 J mol~! K~! is equivalent to 0.08206 atm 1 mol~!
K1
Problem 3. The protein concentration in serum is made
up of two main components: albumin (molecular weight
75,000) 4.5 g per 100 ml and globulin (molecular weight
170,000) 2.0 g per 100 ml. Calculate the osmotic pressure
due to each constituent. (These results are inaccurate because
of electrical effects.)
Problem 4. If the osmotic pressure in human blood is
7.7 atm at 37 °C, what is the solute concentration assuming
that o = 1? What would be the osmotic pressure at 4 °C?
Problem 5. Sometimes after trauma the brain becomes very
swollen and distended with fluid, a condition known as cere-
bral edema. To reduce swelling, mannitol may be injected
into the bloodstream. This reduces the driving force of wa-
ter in the blood, and fluid flows from the brain into the
blood. If 0.01 mol 17! of mannitol is used, what will be the
approximate osmotic pressure?

Section 5.4

Problem 6. When a person is given an intravenous fluid,
the solute concentration in the fluid must be matched to the
solute concentration in the blood to avoid problems arising
from a change in the blood’s osmotic pressure. One such
fluid, called “isotonic saline,” can be made by adding salt
(NaCl) to distilled water. The osmolarity of the blood is about
0.3 osmole.

(a) How many grams of NaCl must be added to a liter of
water to make isotonic saline? What fraction of the solution’s
mass is NaCl1? (Hint: recall that NaCl dissolves into Na® and
CI™, and both contribute to the osmotic pressure.)

(b) Repeat for dextrose, C¢H20g, which does not disso-
ciate.

Problem 7. An understanding of osmotic pressure is impor-
tant in medicine. Consider the case reported by Steinmuller
(1998) in the New England Journal of Medicine. A 5%
solution of albumin was needed to infuse into a patient
with kidney disease (renal insufficiency). No 5 % solution
was available, so the hospital pharmacy used 25 % albumin
diluted 1:4 with pure water. Injection of the solution into the
patient caused renal failure. The albumin in a 25 % albumin
solution has an osmolarity of about 36 mosmol. Typically,
such a solution also contains about 300 mosmol of other
ions (see Problem 6).

(a) Calculate the osmolarity of the solution injected into

the patient.

(b) Calculate the osmolarity of the solution if the pharmacy
had properly used isotonic saline instead of pure water
to perform the 1:4 dilution.

Problem 8. Articular cartilage covers the ends of bones in
joints and allows the bones to move smoothly against each
other. It contains a network of collagen fibers that can exert
a mechanical tensile stress to resist tissue swelling, result-
ing in a pressure P. within the cartilage. The collagen fibers
do not withstand compression. The cartilage also contains
proteoglycan molecules that cause tissue swelling because
of their osmotic pressure, mpg. One can determine P, by
placing the cartilage in a polyethylene glycol solution with
osmotic pressure Tpgg, measuring wpg and wpgg, and using
the relationship P, = mpg — 7pEG.

collagen

Typical data are

7pEG (atm)  mpG (atm)

0.0 4.0
25 5.5
5.0 7.0
7.5 8.5
10.0 10.0

(a) What is the excess pressure P. exerted by the collagen
matrix under normal conditions (pgg = 0)?
At what value of mpgg does the collagen matrix exert no
tensile stress (become “limp”)?
(c) Plot P, vs mpgg. Find a linear equation that fits the data.
(d) If the collagen in an arthritic joint can only exert a pres-
sure of 2 atm when wpgg = 0, by how much will the
tissue swell (by what percent will its volume change?)
In (b) and (d), assume that only the proteoglycans cause
osmotic pressure and that their number does not change, but
the tissue volume increases as the tissue swells with water.
This problem is based on the work of Basser et al. (1998),
but the data have been modified.

(b)

Section 5.5

Problem 9. Suppose that L, is expressed in m? N~!s~!or
m s~! Pa~!. Find conversion factors to express it in

(a) mlmin~!' em™2 torr .
(b) mls~! em=2 (in. water)~!.
(¢) mls~'em™2 (Ibin.”2)~ L,
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Problem 10. An ideal semipermeable membrane is set up
as shown. The membrane surface area is §; the cross-
sectional area of the manometer tube is s. At t = 0,
the height of fluid in the manometer is zero. The den-
sity of fluid is p. Show that the fluid height rises to a
final value with an exponential behavior. Find the final
value and the time constant. Ignore dilution of the solute.

S ——

%

Problem 11. Consider the design of a lecture demonstration
apparatus to show osmotic pressure that uses a commercially
available filter as shown in the drawing. Assuming well-
stirred fluid on both sides of the membrane and neglecting
the change of solute concentration in the manometer tube as
water flows in, one finds that height z increases to the equi-
librium value exponentially, with a time constant obtained in
the previous problem. What would be the time constant if one
used a membrane for which L, = 1 ml min~! m~2 torr!,
and the total membrane area is S = 0.2 m?. Suppose that
the inner radius of the manometer tube is 1 mm. (One could
not use sucrose as a solute, because this particular mem-
brane is permeable to molecules of molecular weight less
than 50,000.)

pure water
in

Problem 12. A cell has variable volume V and fixed surface
area S. The total hydrostatic pressure p is the same inside
and outside the cell, and there is complete and instantaneous
mixing. Initially the interior and exterior are both pure water.
The initial volume of the cell is V. At t = 0 the exterior
is bathed in a solution containing an impermeant solute of
concentration Cy.
(a) Does the cell shrink to zero volume or expand to its
maximum volume, which is a sphere of surface area S?

(b) Derive a differential equation for the volume change and
integrate it to find how long it takes for the cell to reach
Zero or maximum volume.

Problem 13. A cell has variable volume V and fixed sur-
face area S. The total hydrostatic pressure p is always the
same both inside and outside the cell. There is complete and
instantaneous mixing both inside and out. An impermeant
solute has an initial concentration C(0) both inside and out-
side. The initial cell volume is V. At ¢t = O the exterior solute
is removed.

(a) Does the cell shrink to zero volume or expand to its
maximum volume, which is a sphere of surface area S?

(b) Derive a differential equation for V' (¢) and find how long
it takes for the cell to reach zero or maximum volume.

Section 5.6

Problem 14. Two membranes have permeabilities wiRT
and wp RT . Find the permeability of a two-layered membrane
in terms of wy and w,.

Problem 15. Solute is carried through a pipe by solvent
drag. The radius of the pipe is b. The average flow along
the pipe is j,, (independent of r because it has been averaged
over r). Assume that within the pipe the concentration of so-
lute is independent of radius and can be written as C(z). The
solute is carried along purely by solvent drag. Solute con-
centration outside the pipe is zero. Solute diffuses through
the wall of the pipe, which has solute permeability @ RT . In
terms of 711’ b, and wRT, obtain a differential equation for
C(z) and show that C decays exponentially along the pipe.
Find the decay constant.

Section 5.7

Problem 16. A kidney machine has a membrane permeabil-
ity oRT = 0.5 x 1073 cm s~ !. If the membrane area is
1 m2, the volume of body fluid is 401, and the volume of
dialysate is effectively infinite, what is the time constant?
How long will it take to reduce the BUN (blood urea nitro-
gen) concentration from 120 mg per 100 ml to 20 mg per
100 m1?

Problem 17. Find the pair of coupled differential equations
for C and C’ for a dialysis machine in which V' is not
infinite.

Section 5.8

Problem 18. In the countercurrent model (Eq. 5.25) the total
current i through the membrane when its length is X is

X
i= a)RTY/ [Cin(x) — Cout(x)] dx.
0
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Solve this integral for the two cases given by Egs. 5.26 and
5.27. Show that the current ratio in these two cases is 1.36
whena = 1and X = 2.

Problem 19. The countercurrent model applies to the trans-
port of heat as well as particles, with temperature tak-
ing the place of concentration. Consider a countercurrent
heat exchanger, which represents the arrangement of blood
vessels in the flipper of a whale (Schmidt-Nielsen 1972).

artery
Ta(x) —»
D
K -—
X0 vein wel

The temperatures of the arterial and venous blood are gov-

erned by equations similar to Eq. 5.27:
T, = c1 + (2 — cpax,
Ty = c2 + (cp — cy)ax.

Assume that the arterial blood at x = 0 is at the warm tem-
perature of the whale’s body, T,;,. The arterial blood at x = L
enters the capillaries at temperature 7,(L) and is cooled to
the temperature of the surrounding ocean water, ;. by the
time it enters the vein at x = L.

(a) Determine ¢ and ¢, in terms of Ty,, T,, a, and L.

(b) Plot T,(x) and T, (x) for Ty, = 37°C, T, = 7°C, a =
I mm'and L =3 mm.

The loss of heat from the body to the surroundings is
proportional to AT = T,(L) — T,. Find an expression
for AT. What does AT reduce to if aL > 1? Inter-
pret these results physically. To minimize heat loss to
the ocean should a L be large or small?

The energy the body must supply to heat the returning

(©

(d)

venous blood is proportional to AT’ = Ty, — T,(0).
Find an expression for AT".
Section 5.9
Problem 20. Derive Egs. 5.44a and 5.44b.
Problem 21. Show that Eq. 5.51 gives C(z) = const when
A = 0 (pure solvent drag) and gives dC/dz = const when

A — oo (pure diffusion).

Problem 22. Obtain expressions for J; when
A — o0.

Problem 23. Show that for very large pores when o = 0
the parameter x = AZ /A = J,/wRT depends only on pore
radius, solute particle radius, pressure difference and temper-
ature, and not on viscosity, the number of pores per unit area,
or the membrane thickness.

Problem 24. When C; = 0, what are the limiting values of
Csasx — 07 As x — 00? As x — —00?

A = 0 and

Problem 25. (a) Write J; in terms of Cy, C}, J,, and x.
(b) Specialize to the case C;, = 0.
Problem 26. (a) Find the ratio (1 — o)C_SJv /loRT (Cy —
Ci)]in terms of x, Cy and C;.
(b) Specialize to the case C, = 0 and discuss limiting values
for small and large x.
Problem 27. (a) Show that

Js = wRT (Cs

eX —1

where x = J,(1 —0)/wRT.

Discuss the special case C; = 0 in the limits x — 0 and
X—> 00.

From the data shown, estimate L, and wRT. The data
are for the transport of radioactive water with a con-
centration of 10" molecules m~> on one side of the
membrane and zero on the other.

(d)

(©)
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Problem 28. Consider the following cases for transport of
water through a membrane.

(a) Water flows by bulk flow through the membrane with
Ap = 0. There is an impermeant solute (¢ = 1) on the
right with concentration Cyig and zero concentration on
the left. Find the particle fluence rate of water in terms
of L.

There is no volume flow through the membrane (J, =
0). Some of the water molecules on the left are tagged
with radioactive hydrogen (tritium). The concentration
of tagged water molecules is C; on the left and O on the
right. Find the particle fluence rate of tagged water in
terms of L, and wRT.

There is volume flow, as in case (a), and there are also
tagged water molecules on the left. Find the particle
fluence rate of tagged water in terms of L, and wRT.
Restate the answers in terms of the parameters of a col-
lection of n pores per unit area of radius R, and length
AZ.

Estimate the value of x for part (c) if R, = 1078 m and
Cig = ¢s = 0.1 mol 1=

(b)

(c)

(d)

©)]
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Problem 29. Construct diagrams analogous to Fig. 5.14a
when the total pressure is the same on both sides and 7’ = 0
and (b) when (p —om) < p'and 7’ = 0.
Problem 30. Consider the case of water permeability shown
in Fig. 5.1c. Water and solute molecules move through the
membrane in the same way. They “dissolve” from solution
into the membrane. Assume that the concentration of wa-
ter molecules just inside the membrane is proportional to the
pressure just outside: C = «ap. The membrane has thick-
ness AZ and the diffusion constant for water in the mem-
brane material is D. Under steady-state conditions, derive an
expression for L .
Problem 31. Consider the case in which solute moves along
a tube by a combination of diffusion and solvent drag. Ig-
nore radial diffusion within the tube, but assume that solute
is moving out through the walls so that j; is changing with
position in the tube. In particular, the number of solute par-
ticles passing out through the wall in length dz in time dt is
CA2n R, dz dt, where A is related to the permeability of the
wall. Consider a case in which C does not change with time,
but depends only on position along the tube.
(a) Write down the conservation equation for an element of
the tube and show that

(b) Combine the results of part (a) with Eq. 5.45a and show
that C (z) must satisfy the differential equation

32C  j,foC 24

C=0.

Show that this equation will be satisfied if the concentration
decreases exponentially along the tube as C(z) = Coe %,
where
Jj gap \"’
o=Tol (1 342
b Rpjof?

Problem 32. The volume of a water molecule is V,,, and the
volume of a solute molecule is V;. Define a new quantity
Jw that is the number of water molecules per unit area per
second passing through the membrane. What is J, in terms
of J, and Jg?
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Impulses in Nerve and Muscle Cells

A nerve cell conducts an electrochemical impulse because of
changes that take place in the cell membrane. These allow
movement of ions through the membrane, setting up currents
that flow through the membrane and along the cell. Similar
impulses travel along muscle cells before they contract. This
chapter reviews the basic properties of electric fields and cur-
rents that are needed to understand the propagation of the
nerve- or muscle-cell impulse.

Section 6.1 introduces the physiology of nerve conduc-
tion. The next eight sections develop the electrostatics and
the physics of current flow needed to understand how the
action potential propagates along the cell.

The next sections deal with the charge distribution on
a resting cell membrane (Sect. 6.10) and the cable model
of the axon (Sect. 6.11). If the membrane properties do
not change as the voltage across the membrane changes,
this leads to electrotonus or passive spread (Sect. 6.12). If
the membrane properties do change, a signal can propagate
without change of shape. Section 6.13 tells how Hodgkin
and Huxley developed equations to describe the membrane
changes, and Sects. 6.14 and 6.15 apply their results to the
propagation of a nerve impulse. The chapter to this point
forms an integrated story of conduction in an unmyelinated
axon.

Propagation in a myelinated axon is described in Sect.
6.16. Section 6.17 examines the capacitance of a bilayer
membrane that has layers with different properties. Sec-
tion 6.18 shows how minor alterations in the membrane
properties can transform the Hodgkin—Huxley model to one
that displays repetitive electrical activity.

Section 6.19 illustrates how tabulated solutions to the
electrical capacitance of conductors in different geome-
tries can be used to solve diffusion problems with similar
geometric configurations.

R. K. Hobbie, B. J. Roth, Intermediate Physics for Medicine and Biology,
DOI 10.1007/978-3-319-12682-1_6, (© Springer International Publishing

6.1 Physiology of Nerve and Muscle Cells

A nerve! consists of many parallel, independent signal paths,
each of which is a nerve cell or fiber. Each cell has an
input end (dendrites), a cell body, a long conducting por-
tion or axon, and an output end. The axon portion of the cell
can transmit a nerve pulse in either direction. The ends give
the cell its unidirectional character. The input end can be a
transducer (stretch receptor, temperature receptor, etc.) or a
junction (synapse) with another cell. A threshold mechanism
is built into the input end; when an input signal exceeding
a certain level is received, the nerve fires an impulse or ac-
tion potential of fixed size and duration that travels down
the axon. There may be several inputs that can either aid or
inhibit each other, depending on the nature of the synapses.

Muscle cells are also long and cylindrical. An electrical
impulse travels along a muscle cell to initiate its contraction.
This chapter concentrates on the propagation of the action
potential in a nerve cell, but the discussion can be regarded
as a model for what happens in muscle cells as well.

The axon transmits the impulse without change of shape.
The axon can be more than a meter in length, extending from
the brain to a synapse low in the spinal cord or from the
spinal cord to a finger or toe. Bundles of axons constitute
a nerve. The output end branches out in fine nerve endings,
which appear to be separated by a gap from the next nerve or
muscle cell that they drive.

The long cylindrical axon has properties that are in some
ways similar to those of an electric cable. Its diameter may
range from less than one micron (1 pm) to as much as 1 mm

I'A good discussion of the properties of nerves and the Hodgkin—
Huxley experiments is found in Katz (1966). More modern descriptions
of nerves and nerve conduction are found in many books, such as Patton
et al. (1989) or Nicholls et al. (2011).
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Fig. 6.1 A typical nerve impulse or action potential, plotted as a
function of time

for the giant axon of a squid; in humans the upper limit is
about 20 pm. Pulses travel along it with speeds ranging from
0.6 to 100 m s~!, depending, among other things, on the
diameter of the axon. The axon core may be surrounded by
either a membrane (for an unmyelinated fiber) or a much
thicker sheath of fatty material (myelin) that is wound on
like tape. A myelinated fiber has its sheath interrupted at
intervals and replaced by a short segment of membrane sim-
ilar to that on an unmyelinated fiber. These interruptions are
called nodes of Ranvier. A typical human nerve might con-
tain twice as many unmyelinated fibers as myelinated. We
will see in Sect. 6.16 that the myelin gives a faster impulse
conduction speed for a given axon radius. Myelinated fibers
conduct information where speed is important, such as motor
information; unmyelinated fibers conduct information such
as temperature, for which speed is not important. A typical
unmyelinated axon might have a radius of 0.7 pm with a
membrane thickness of 5-10 nm. Myelinated fibers have a
radius of up to 10 um, with nodes spaced every 1-2 mm. We
will find later that the spacing of the nodes is about 140 times
the inner radius of the fiber, a fact that is quite important in
the relationship between conduction speed and fiber radius.

A microelectrode inserted inside a resting axon records
an electrical potential that is about 70 mV less than out-
side the cell. (We will define electrical potential difference in
Sect. 6.4.) A nerve impulse or action potential or spike in an
unmyelinated axon is shown as a function of time in Fig. 6.1.
As the impulse passes by the electrode, the potential rises in
a millisecond or less to about +40 mV. The potential then
falls to about —90 mV and then recovers slowly to its resting
value of —70 mV. The membrane is said to depolarize and
then repolarize.

The history of recording the action potential has been de-
scribed by Geddes (2000). The propagation speed of the ac-
tion potential was first measured by Helmholtz around 1850.
The measurement technology steadily improved, culminat-
ing in the use of a microelectrode inserted by Hodgkin and
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Fig. 6.2 The response of a mechanical receptor in the cornea to an ap-
plied force. a The impulses recorded on the surface of the nerve bundle.
b The applied force. Impulses occur while the force is applied. (Source:
Kane et al. 1995) © 1995 IEEE. Reprinted by permission

Huxley (1939) into the cut end of the giant axon of the squid
to record the action potential directly.

The information sent along a nerve fiber is coded in the
repetition rate of these pulses, all of which are the same
shape. Figure 6.2 shows the response of a low-threshold
mechanoreceptor in the cornea to a mechanical stimulus. The
heavy curve in the bottom panel shows the applied force, and
the upper panel shows the impulses.

Comparison of the intracellular fluid or axoplasm with
the extracellular fluid surrounding each axon shows an ex-
cess of potassium and a deficit of sodium and chloride ions
within the cell, as shown in Fig. 6.3. The regenerative action

Inside of axon Extracellular fluid

- b = /o

E»m*:l =15 |_T~m+:|= 145 9.7

[k*]-1s0 [«t]-s 0.033
[Misc*] -5

e -9 [cr J-125 13.9

[Misc] =156 [Misc] - 30 0.19
v:-70mV v=0

Fig. 6.3 Ion concentrations in a typical mammalian nerve and in
the extracellular fluid surrounding the nerve. Concentrations are in
mmol 171 ¢,/c; is the concentration ratio. The membrane thickness
ish
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that produces the sudden changes of membrane potential is
caused by changing permeability of the membrane to ions—
primarily sodium and potassium—as discussed in Sects. 6.13
and 6.14. On the molecular level these permeability changes
are due to the opening and closing of selected ion channels,
discussed in more detail in Chap. 9.

The axon can be removed from the rest of the cell and it
will still conduct nerve impulses. The speed and shape of the
action potential depend on the membrane and the concentra-
tion of ions inside and outside the cell. The axoplasm has
been squeezed out of squid giant axons and replaced by an
electrolyte solution without altering appreciably the propaga-
tion of the impulses—for a while, until the ion concentrations
change significantly. The axoplasm does contain chemicals
essential to the long-term metabolic requirements of the cell
and to maintaining the ion concentrations.

At the end of a nerve cell the signal passes to another
nerve cell or to a muscle cell across a synapse or junction.
A few synapses in mammals are electrical; most are chem-
ical (Nolte 2002, p. 193; Hall 2011, Chap. 45). In electrical
synapses, channels connect the interior of one cell with the
next. In the chemical case a neurotransmitter chemical is se-
creted by the first cell. It crosses the synaptic cleft (about
50 nm) and activates or inhibits the next cell.

At the neuromuscular junction the transmitter is acetyl-
choline (ACh). ACh increases the permeability of nearby
muscle to sodium, which then enters and depolarizes the
muscle membrane. The process is quantized.> Packets of
acetylcholine of definite size are liberated (Katz 1966,
Chap. 9; Patton et al. 1989, Chap. 6).

There are a number of neurotransmitters in the central
nervous system. Glutamate is a common excitatory neuro-
transmitter in the central nervous system. It increases the
membrane permeability to sodium ions, which enhances de-
polarization. Glycine, on the other hand, is an inhibitory
neurotransmitter. It causes the interior potential to become
more negative (hyperpolarized) and firing is inhibited. A
number of other chemical mediators such as norepinephrine,
epinephrine, dopamine, serotonin, histamine, aspartate, and
gamma-aminobutyric acid, are also found in the nervous
system (Hall 2011, Chap. 45).

If the potential becomes high enough (that is, more pos-
itive or less negative), the regenerative action of the mem-
brane takes over, and the cell initiates an impulse. If the input
end of the cell acts as a transducer, the interior potential rises
when the cell is stimulated. If the input is from another nerve,
the signal may cause the potential to increase by a subthresh-
old amount so that two or more stimuli must be received
simultaneously to cause firing, or it may decrease the poten-
tial and inhibit stimulation by another nerve at the synapse.

2 See Prob. 3 in Appendix J.

Fig. 6.4 Force F is exerted by charge ¢; on charge ¢,. It points along
a line between them. An equal and opposite force —F is exerted by g2
on qi

This makes possible the logic network that comprises the
central nervous system.

6.2 Coulomb’s Law, Superposition, and the
Electric Field

Coulomb’s law relates the electrical force between two
charged objects. If two objects have electrical charge ¢; and
q», respectively, and are separated by a distance r, then there
is a force between them, the magnitude of which is given by

1\ q1q2
|F| = ( ) 5
ey ) 1

When the charge is measured in coulombs (C), F' in newtons
(N), and r in meters (m), the constant has the value

6.1)

~9x 10° Nm? C2

47eq 6.2)
to an accuracy of 0.1 %. The direction of the force is along
the line between the two charges as shown in Fig. 6.4. If
the charges are both positive or both negative, the force is
repulsive, which is consistent with assigning a positive sign
to F. If one is positive and the other negative, then the force is
attractive, and F is assigned a minus sign. Force F is exerted
by charge ¢ on charge g». The force exerted by g, on ¢ has
the same magnitude but points in the opposite direction. The
forces on both charges act to separate them if they have the
same sign and to attract them if the signs are opposite.

If two or more charges exert a force on the particular
charge being considered, the total force is found by applying
Coulomb’s law to each charge (paired with the one on which
we want to find the force) and adding the vector forces that
are so calculated. An example of this is shown in Fig. 6.5.
Charges ¢q1, g2, and g3 are +1.0 x 1076, —2.0 x 10_6, and
+3.0 x 107 C, respectively. The magnitude of the force that
q1 exerts on g3 is

(9 x 10°)(1 x 107%)(3 x 1079)

G102 = 67.5N.

Fion3 =
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Fig. 6.5 An example of applying Coulomb’s law and adding forces on
g3 due to charges g1 and ¢;. a The arrangement of charges. b The forces

on g3

Similarly, the force exerted by g2 on g3 is

(9 x 10°)(=2 x 10793 x 107°) 5N
(6 x 1072)2 n '

Fron3 =

The minus sign means that the force is attractive, that is, to-
ward g». The two forces are shown in Fig. 6.5b, along with
their vector sum. The sum can be found by components as in
Chap. 1. The result is 78.8 N at an angle of 7.7 ° clockwise
from the direction of Fj op 3.

If a collection of charges causes a force to act on some
other charge (a fest charge) located somewhere in space, we
say that the collection of charges produces an electric field at
that point in space. One can think, for example, of charge g
producing an electric field vector, of magnitude

L a

Ei| = —
47eg 12

(6.3)
pointing radially away from ¢; (if q; is positive) or radi-
ally toward ¢ (if g1 is negative). The force on test charge
q> placed at the observing point is then

F= qul . (6.4)

6.3 Gauss’'s Law

It is possible to derive a theorem about the electric field from
a collection of charges, known as Gauss’s law. Rather than
derive it from Coulomb’s law, we will state it and show that

Fig.6.6 Calculating the integral of the normal component of E through
a surface

Coulomb’s law can be derived from it. Then we will consider
some examples of its use.

Divide up any closed surface into elements of surface
area, such as AS in Fig. 6.6. For each element A S, calculate
the component of E normal to the surface, E,, and multi-
ply it by the magnitude of the surface area AS. Add these
quantities for the entire closed surface, calling them positive
if the normal component of E points outward and negative if
E points inward. Gauss’s law says that the resulting sum is
equal to the total charge inside the surface, divided by €. In
symbols,3

| E,ds =L = 4™

€ 4mey

(6.5)

This surface integral is exactly the same as the flux of the
continuity equation, Eq. 4.4. It is in fact called the electric
field flux.* The surface is called a Gaussian surface.

While Gauss’s law is always true, it is not always useful.
It is helpful only in cases where E is constant over the entire
surface of integration, or when the surface can be divided
into smaller surfaces, on each of which E, can be argued to
be constant or zero. One of the few cases in which Gauss’s
law is useful to calculate E is the case of a point charge,
and another is related to the cell membrane. In each case, the
symmetry of the problem allows the surface of integration to
be specified so that E,, is either constant or zero.

The first example is a point charge in empty space. Since
such a charge has no preferred orientation (it is a point), and
since there is nothing else around to specify a preferred direc-
tion in space, the electric field must point radially toward or
away from the charge and must depend only on distance from
the charge. Therefore, if the Gaussian surface is a sphere cen-
tered on the charge, E,, is the same everywhere on the sphere.

3 Some books use one integral sign in this equation and others use
two. Strictly speaking the integral over a surface is a two-dimensional
integral.

4 Additional discussion and examples can be found in Schey (2004).
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Fig. 6.7 Gauss’s law is used to calculate the electric field from an in-
finite line of charge. The Gaussian surface is a segment of a cylinder
concentric with the line of charge

It can be taken outside the integral in Eq. 6.5 to give

([ Enas=E [[as.

The integral of dS over the entire surface of the sphere is
just the surface area of the sphere, 47r? (see Appendix L).
Gauss’s law gives

4nrE = 4
€0
or
E=—9
47eqr?

Gauss’s law implies Coulomb’s law for the case of a point
charge.

If the charge in this problem is not a point charge, nothing
changes in the argument as long as the charge distribution is
spherically symmetric. The electric field at a distance r from
the center of the distribution is the same as if all the charge
within the sphere of radius r were located at the center of the
sphere.

Next, consider a problem with cylindrical symmetry
rather than spherical symmetry. An example is an infinitely
long line of charge. For a segment of the line of charge of
length L, the amount of charge is proportional to L, g = AL,
where A is the linear charge density in units C m~'. Sym-
metry shows that E must point radially outward (or inward)
and be perpendicular to the line. Therefore if the Gaussian
surface is a cylinder of length L and radius r, the axis of
which is the line of charge, one can argue that on the end
caps E, = 0, while on the wraparound surface of the cylin-
der E, = |E|. This is shown in Fig. 6.7. The total integral
is therefore the integral for the wraparound surface, which is
E [[ dS. The surface area of the cylinder is its circumference
(2mr) times its length (L). Therefore Gauss’s law becomes
2nirL E = AL /€, or

A
E = .
27egr

(6.6)

Ps
oy
¥
¥ =t 2y
I‘, “\ d
A ,’
AN
e ¥ oy
Xy
¥

Fig. 6.8 A portion of an infinite sheet of charge and the appropriate
Gaussian surface

Since the constant 1/4meq is so easily remembered, it is
convenient to write this as

12
_4TE€()r.

6.7)

Consider next an infinite sheet of charge, with charge per
unit area ¢ C m~2. The symmetry of the situation requires
that E be perpendicular to the sheet. To see why, suppose that
E is not perpendicular to the sheet. I stand on the sheet look-
ing in such a direction that E points diagonally off to my left.
If I turn around in place, I see E pointing diagonally off to my
right. Since the charge per unit area is constant and extends
an infinite distance in every direction, the charge distribution
looks exactly the same as it did before I turned around. The
only way to resolve this contradiction (that E changed direc-
tion while the charge distribution did not change) is to have
E perpendicular to the sheet.

The Gaussian surface can be a cylinder with end caps of
area S and sides perpendicular to the sheet. Let the end caps
be a distance a from the charge sheet on one side and b from
the charge sheet on the other, as in Fig. 6.8. Since there is
no component of E across the sides of the cylinder, changing
b or a does not change the total flux through the surface.
Since the charge inside the volume does not change, E must
be independent of distance from the sheet of charge. (This is
true only because the charge sheet is infinite.) By symmetry,
the flux through each end cap is the same, as may be seen
from the cross section of the surface in Fig. 6.9. The total
flux is therefore 2E S, while the charge within the volume is
0 S. Therefore, Gauss’s law gives

o 1

- 2¢€q - d1eg

2mo. (6.8)
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Fig. 6.9 A side view of the Gaussian surface in Fig. 6.8
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Fig. 6.10 A rectangular sheet of charge. The electric field along the z
axis is shown in Fig. 6.11 for 2b = 200m and 2¢ = 2m

There is, of course, something quite unreal about a sheet
of charge extending to infinity. However, it is a good approx-
imation for an observation point close to a finite sheet of
charge. If the sheet is limited in extent and the observation
point is far away, the distance to all parts of the sheet from
the observation point is nearly the same, and the charge sheet
may be regarded as a point charge. If one considers a rectan-
gular sheet of charge lying in the xy plane of width 2¢ and
length 2b, as shown in Fig. 6.10, it is possible to calculate
exactly the E field along the z axis. By symmetry, the field
points along the z axis. The surface charge density is o. The
distance is r = (x2 +y2+ zz) 2 The component of E par-
allel to the z axis is £ cos8 = Ez/r. Therefore, if the charge
in element of area dx dy is o dx dy, the field is

oz boe 2 2, _2\-3/2
= / / x4y 429 dxdy. (6.9)
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Fig.6.11 A log-log plot of the electric field from a sheet of charge of
width 2 m and length 200 m, measured along the perpendicular bisector
of the sheet (Fig. 6.10). Much closer than 1 m, the field is constant.
Around 10 m the field is proportional to 1/, the field from a line charge.
Farther away than 100 m the field is proportional to 1/r2, the field from
a point charge
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Fig. 6.12 The electric field due to two infinite sheets of charge of
opposite sign

This integral can be evaluated (see Problem 7). The result is

1 ( bc )
an EEe——
za/c + b? + 72

This is plotted in Fig. 6.11 for c = 1 m, » = 100 m. Close to
the sheet (z < 1) the field is constant, as it is for an infinite
sheet of charge. Far away compared to 1 m but close com-
pared to 100 m, the field is proportional to 1/r as with a line
charge. Far away compared to 100 m, the field is proportional
to 1/r2, as from a point charge.

As a final example, consider two infinite sheets of charge,
one with density —o and the other with density +o, as shown
in Fig. 6.12. This can be solved by using the result for a single

= 6.10
d7eg ( )
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Fig. 6.13 A Gaussian surface to determine the electric field between
two sheets of charge

sheet of charge, Eq. 6.8, and the principle of superposition.
Consider first the region I of Fig. 6.12. There, the negative
charge will give an E field that has magnitude o/2¢p and
points toward the right, while the positive sheet of charge
will give an E field of o/2¢( pointing to the left. The total E
field in region I is zero. A similar argument can be made in
region IIT with the field of the negative charge pointing left
and that of the positive charge pointing to the right. Again
the sum is zero. In region II, however, the two E fields point
in the same direction, and the total field is

o 1

E = 47to.

eg  4meg ©.11)
Notice the factor of 2 difference between Eqs. 6.8 and 6.11.
Another way to explain the difference is that there is no E
in region III, so that a Gaussian surface can be constructed
as shown in Fig. 6.13. Then the flux is zero through every
surface except cap A. The charge within the volume is o S,
while the flux through cap A is ES. Therefore, E = o/¢.

Within a cell membrane of 6 nm thickness surrounding
a cell of radius 5 pwm or 5000 nm, the electric field can be
calculated by making the approximation that the sheets of
charge are infinite. Suppose that the electric field within the
membrane is 1.17 x 107 N C~!. (We will learn how to de-
termine this value later.) From Eq. 6.11 the charge density
is

E 1.17 x 107

o= = =1.03x107*Cm2.
4m(1/4meg) 419 x 109)

This tells us something about the makeup of the cell. The
membrane is in contact with atoms, each of which has a di-
ameter of about 10~'0 m. Therefore there are approximately
1029 atoms (in water molecules, as ions, etc.) in contact
with 1 m? of the membrane surface. Suppose that the excess
charge that causes the electric field in the membrane resides
in these atoms and that each atom is either neutral or a mono-
valent ion. The number of atoms in the square meter which

are charged is

1.03 x 1074 Cm™2
1.6 x 10—19 C atom™!

= 6.4 x 10" atoms m—2.

The fraction of atoms that are charged is (6.4 X 1014/
(10%%) = 6.4 x 107°. Roughly 1 in every 10° atoms in
contact with the membrane carries an unneutralized charge.
(This result is modified by partial neutralization of this exter-
nal charge by charge movement within the membrane. See
Eq. 6.35 and the footnote on p. 157.)

6.4 Potential Difference

It is often convenient to talk about the electrical potential
difference, or voltage difference, instead of the electric field.
The potential is related to the difference in energy of a charge
when it is at different points in space. Suppose that an electric
field E of magnitude E, points along the x axis. A positive
charge is located at point A. A force Fex must be applied
to the charge by something besides the electric field, or else
the charge will be accelerated to the right by the force g E,.
The charge can be moved slowly to the right at a constant
speed so that its kinetic energy remains fixed, if the external
force is always to the left and its magnitude is adjusted so
that Fext = —qu

This situation is shown in Fig. 6.14. The external force
does work on the charge. One can either say that the total
work done on the charge by both forces is equal to zero, or
one can ignore the work done by the electric force and invent
the idea of potential energy—energy of position—due to the
electric field. The increase in potential energy’ as the charge
moves a distance dx is

dU = Fexy dx = —qEy dx.

If E, varies with position, the total change in potential en-
ergy when the particle is moved without acceleration from A
to B is given by

B

AU = U(B) — U(A) = —q/ Ex(x)dx.  (6.12)

A

For example, in a constant electric field of 1.4 X
107 N C~!, a particle with charge ¢ = 1.6 x 10~ C experi-
ences an electric force equal to 2.24 x 10712 N. If it is moved
5 nm along the x axis, the electric force does 1.12 x 10720y
of work on it, increasing its kinetic energy. To prevent this

5 In earlier chapters the potential energy was called E p» and the total
energy was called U. For the next few pages U will be used for potential
energy, to avoid confusion with a component of the electric field.
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Fig. 6.14 A charge ¢ is moved from A to B, a distance dx in the x
direction. External force Fex keeps the charge from being accelerated

increase in kinetic energy, Fex; must be applied. The external
force does work —1.12 x 1072% J. We can either say that the
total work done by both forces is zero or we can ignore the
electrical force and say that the external force changed the
potential energy of the particle by —1.12 x 10720 J as the
particle moved from A to B.

If the displacement of the particle is perpendicular to the
direction of the electric field, it is also perpendicular to the
direction of Fey. Therefore neither force does work on the
particle and the potential energy is unchanged. This fact can
be used to prove (Serway and Jewett 2013, p. 567) that in
three dimensions,

AU =U(B)—-U(A) (6.13)

B B B
:—q(/ Exdx+/ Eydy+/ Ezdz)_
A A A

Using the notation of a “dot” or scalar product of two vectors
(Sect. 1.9), this can also be written as a line integral along any
path from A to B:

B
AU = —q/ E-dr. (6.14)
A
It is easier to evaluate the integral along some paths than
along others.

The potential energy difference is measured in joules. It

is always proportional to the charge of the particle that is
moved in the electric field. It is convenient to define the po-
tential difference Av to be the potential energy difference per
unit charge. When the energy difference is in joules and the
charge is in coulombs, the ratio is J C~!, which is called a
volt (V):
AU ()
g ©°
To move a charge of +3 C from point A to point B where
the potential is 5 V higher requires that 15 J of work be
done on the charge. If the charge is then allowed to move
back to point A under the influence of only the electric field,
its kinetic energy increases by 15 J as the potential energy
decreases by the same amount.

Av (V)= (6.15)

This definition of potential, when combined with the
definition of potential energy, Eq. 6.12, gives

B
Av:—/ E.dx
A

E av

X — _a-

That is, the component of the electric field in any direction
is the negative of the rate of change of potential in that di-
rection. The units of E were seen earlier to be N C~! (from
F = ¢E). Equation 6.16 shows that the units of E are also

V m~!. In three dimensions this relationship becomes

or

(6.16a)

E = —gradv = — Vv, (6.16b)
where grad is the gradient operation defined in Eq. 4.19.

Notice that only differences in potential energy and dif-
ferences in potential (or colloquially, differences in voltage)
are meaningful. We can speak of the potential at a point only
if we have previously agreed that the potential at some other
point will be called zero. Then we are really speaking of the
difference of potential between the reference point and the
point in question.

In many cases, it is customary to define the potential to be
zero at infinity. Then the potential at point B is

B
v(B) = —/ E.dx.
oo
If you try to apply this equation to the infinite line and sheet
of charge, you will discover that it does not work. The rea-
son is that you cannot get infinitely far away from a charge
distribution that extends to infinity.

6.5 Conductors

In some substances, such as metals or liquids containing ions,
electric charges are free to move. When all motion of these
charges has ceased and static equilibrium exists, there is no
net charge within the conductor. To see why there is not,
consider a small volume within the conductor. If there were
an electric field within that region, the charges there would
experience an electric force. Since they are free to move,
this force would accelerate them. This force will vanish only
when the electric field within the conductor is zero. There-
fore, in the static case the electric field within a conductor
is zero. Now apply Gauss’s law to a small volume within the
conductor. Since the electric field in the conductor is zero ev-
erywhere, the flux through the Gaussian surface is zero, and
the net charge within the volume is zero.
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Fig. 6.15 The electric field in and around an infinite plane conductor
carrying a charge on each surface

At the surface of the conductor, there may well be charge
that gives rise to electric fields outside the conductor. Con-
sider, for example, an infinite sheet of metal that has positive
charge on it. The positive charge will distribute itself as
shown in Fig. 6.15, and either superposition or Gauss’s
law may be used to show that the electric field outside the
conductor is /€.

Because the electric field is zero throughout a conductor
in equilibrium, no work is required to move a charge from
one point to another. All parts of the conductor are at the
same potential. This statement is true only if the charges are
not moving. We will see later that if they are (that is, if a
current is flowing), then the electric field in the conductor is
not zero and the potential in the conductor is not the same
everywhere.

6.6 Capacitance

Suppose that two conductors are fixed in space, with charge
+Q on one and —Q on the other. The potential difference
v between the conductors is proportional to Q. The propor-
tionality constant depends on the geometrical arrangement of
the conductors. When the proportionality is written as

Q=Cv (6.17)
the proportionality constant C is called the capacitance. The
units of capacitance are C VvV~ or farads (F).

As an example of capacitance, consider two parallel con-
ducting plates side by side. Let the area of each be S and
the separation be b. The charge layers of Fig. 6.13 might
be charge on the inner surface of each conductor. The total
charge on each plate has magnitude o S. The electric field
between the plates is o/€p and the potential difference is
v = Eb = ob/ey. (Note that the potential difference is

proportional to the charge per unit area.) The capacitance is

Q o0Se €S
C==~= = —. 6.18
v ob b ( )

If the plates are separated further with a fixed charge on them,
the potential difference increases and the capacitance is de-
creased. Increasing the area and charge of the plates with
fixed o and fixed b increases Q and C but not v.

6.7 Dielectrics

Charges rearrange themselves so that there is no static elec-
tric field within a conductor. In a dielectric, charges are not
free to move far enough to completely cancel the effect of
any external electric field, but they can move far enough to
cause a partial cancellation.®
The partial neutralization of the external electric field can
be understood from the following model. Consider a dielec-
tric in the absence of external fields. The electron distribution
of each atom is centered on the nucleus so that there is no
electric field (at least when we average over a region contain-
ing many atoms). This is shown schematically in Fig. 6.16a,
in which each + sign represents a nucleus and each circle
represents a distribution of negative charge in an atom. Fig-
ure 6.16b shows some external charges producing an electric
field. If the dielectric is introduced in the space where this
electric field exists, the negative electron clouds are shifted
with respect to the nuclei, as shown in Fig. 6.16b. The result
is a polarization electric field E,, which is in the opposite
direction to the external electric field. The total field within
the dielectric is the vector sum of these two fields:’
EtOt = Eext + Ep. (619)

In simple materials all three vectors are parallel and E,
is proportional to Eio. Then we can define the electric
susceptibility x by the equation

E, = —x Etot-

This can be combined with the previous equation to get

6 In some materials an electric field applied along one direction can
cause charge displacement in a different direction. This book deals only
with cases in which the induced electric field is parallel to the applied
electric field.

7 In most textbooks, it is customary to define the polarization by
P = —E, or P = —¢)E,. We have not done that in order to make
the phenomenon easier to understand.
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Fig. 6.16 The polarization of a dielectric by an external electric field.
a Atoms in the absence of an external field. b An external electric field
causes a shift of each electron cloud relative to the positively charged
nucleus. ¢ There is a net buildup of positive charge at the left edge of the
dielectric and of negative charge at the right edge. d The total electric
field within the dielectric is the sum of the external electric field and the
polarization electric field induced in the dielectric

The polarization electric field is thus proportional to both

the total electric field (proportionality constant —x) and the

external field [proportionality constant —y /(1 + x)]. The

former relationship is more fundamental, since the field dis-

placing charges in one atom is the total field, due to both

external charges and to the charges in neighboring atoms.
The total field within the dielectric is

1

Ewor = Eext — m

(6.20)

ext —

X 1
m Eext = ;Eext~
The factor k = 1 4+ x is called the dielectric constant of

the dielectric. The electric field within the dielectric is re-
duced by the factor 1/« from that which would exist without

o -
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Fig. 6.17 The polarization electric field reduces the electric field be-
tween the plates. The conducting plates could be extracellular and
intracellular fluid, and the dielectric could be the cell membrane

the dielectric. The dielectric constant for typical nerve mem-
branes® is about 7. The dielectric constant of water is quite
high (around 80) because the water molecules can easily
reorient their charged ends.

The relationship between the applied field, the polariza-
tion field, and the total field can be seen in the following
example. The electric field between two parallel sheets of
charge of density +o0 and —o per unit area has magnitude
Eext = o/ep. If there is dielectric between them (such as
a cell membrane) and if the polarization in the dielectric
is uniform, then there is effectively a charge +o’ induced
on the surface of the dielectric that partially neutralizes the
external charges. This is shown in Fig. 6.17. The total elec-
tric field within the membrane is Ey = |Eext + Ep’ =
o/€y) — o' /€0 = Onet /€0 = Eext/K.

To recapitulate, in Fig. 6.17 E¢y; is 0/€p and depends on
the external charge distribution; the potential difference be-
tween the plates depends on the total field, and its magnitude
is Ey times the plate separation.

It is customary to refer to two different kinds of charge.
The free charge is the charge that we bring into a region. We
have some control over it. The bound charge is the charge
induced in the dielectric by the movement or distortion of
atoms and molecules in the dielectric in response to the free
charge that has been introduced. Gauss’s law can be written
either in terms of the total charge (free plus bound)

J‘f E,dS = @ _ Gfree + gbound
€0 €0

(6.21a)

8 This value is high compared to the dielectric constant for a pure lipid,
which is between 2 and 3. See the discussion in Sect. 6.17.
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Fig.6.18 A schematic diagram of a water molecule. The hydrogen nu-
clei are 96.5 pm from the oxygen nucleus; the included angle is about
104 °. The radius of each hydrogen atom is about 120 pm; the radius
of the oxygen atom is about 140 pm. The water molecule has a perma-
nent electric dipole moment because the oxygen atom carries a partial
negative charge and each hydrogen atom carries a partial positive charge

or in terms only of the free charge

([ «Eqds = qi—fge.

The dielectric constant is placed inside the integral sign be-
cause the Gaussian surface could pass through materials with
different values of the dielectric constant.

As another example of the effect of a dielectric, consider
a spherical ion of radius a in which all the charge resides
on the surface. In a vacuum, the potential at distance r is
v = q/4megr, so on the surface of the ion, the potential is
q /4mepa. The work required to bring to the surface an ad-
ditional charge dq is dW = vdq = qdq/4mepa. The total
work required to place charge Q on the ion is therefore

1 0 102
W = /dW = / gdg = -2 e .
4mepa Jo dmega

If the sphere is immersed in a uniform dielectric the total
electric field and therefore the potential is reduced by a factor
k. The energy required to assemble the ion is then

(6.21b)

1 12
_ 29

= . 6.22
dmegk a ( )

This is called the Born charging energy. For an ion of ra-
dius 0.2 nm (200 pm) and Q = 1.6 x 107!° C, the Born
charging energy in a vacuum is 5.8 x 107! J ion~!. Multi-
plying by Avogadro’s number gives 3.5 x 103 J mol~!. Often
in problems involving charges of a few times the electronic
charge, it is convenient to use the energy unit electron volt:
1 eV= 1.6 x 107! J. For this problem, the Born charging
energy is 3.6 eV ion~!.

If the ion is in a dielectric with ¥ = 2 (a lipid, for exam-
ple), the Born charging energy is reduced to 1.8 eV ion~!.
Water has a very high dielectric constant (about 80) be-
cause the water molecules look roughly like that in Fig. 6.18,
and the molecules can easily align with an applied electric

field. The same ion in water has a Born charging energy of
0.045 eV. At room temperature, the Boltzmann factor for the
energy required to create the ion in vacuum is 3.32 x 107!,
In a lipid, it is 5.76 x 103!, and in water, it is 0.175. This
explains why it is easy to form ionic solutions in water but
not in lipids.

6.8 Currentand Ohm’s Law

In the electrostatic case, there are no moving charges and no
electric field within a conductor. When a current flows in a
conductor, charges are moving and there is an electric field.

The electric current i in a wire is the amount of charge per
unit time passing a point on the wire. If the amount of charge
in time dt is d Q, the current is

. dQ
The units of the current are C s~! or amperes (A) (sometimes
called amps). The current density j (or jo in the notation
of Chap. 5) is the current per unit area, i/S. The units are
Cm2s ! or Am2 In an extended medium, the cur-
rent density is a vector j at each point in the medium. The
direction of j is the direction charge is moving at that point.

If there is no electric field in the conductor, there is no av-
erage motion of the charges. (There will be random thermal
motion, but it will be equally likely in every direction. This
random motion of charges is one cause of “noise” in elec-
trical circuits.) To have a current there must be an electrical
field in the conductor; this means that there will be a poten-
tial difference between two points in the conductor. If there
is no potential difference between two points in the conduc-
tor, there is no current. For the simple conductor of Fig. 6.19,
the current is found to be proportional to the voltage differ-
ence between the ends of the conductor. The current is shown
flowing from B to A. When v(B) is greater than v(A), v is
positive and the current is positive. When v is negative, the
current is in the other direction and is also negative.

For the wire of Fig. 6.19, the relationship between current
and voltage difference is linear. In that case, we can write
Ohm’s law:

i=—v=0Gv (6.24a)
R

or

v=iR. (6.24b)

R is called the resistance of the conductor. Since the current
is measured in amps and the voltage in volts, its units are
V A~! or ohms (). The reciprocal of the resistance is the
conductance G. Its units are Q2! or siemens (S).
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Fig. 6.19 A current flows in the wire as long as the battery or some
other device maintains a potential difference between two points on the
wire. The potential difference means that there is an electric field within
the wire. If the wire obeys Ohm’s law, the current is proportional to the
potential difference

Ohm’s law is not universal. It describes only certain types
of conductors. Figure 6.20 shows the current—voltage charac-
teristics of several devices that have nonlinear behavior and
that make modern electronic circuits possible (Horowitz and
Hill 2015). They are shown here not for their own sake, but
to emphasize the limited validity of Ohm’s law. The nerve
cell membrane is not linear.

It is possible to write Ohm’s law in another form. Plac-
ing two identical wires in parallel in the circuit of Fig. 6.19
would cause twice as much current to flow (assuming that the
battery maintains the voltage difference at the original level).
The current density j remains constant as the cross-sectional
area of the wire is changed, when the wire length and volt-
age difference are held fixed. Similarly, to maintain the same
current through a single wire twice as long requires a volt-
age difference twice as great. Therefore, it is voltage per unit
length that determines the current. In this spirit, Ohm’s law
can be written as

i v(B)—v(A)
~ s SR

If L is the length of the wire and x the position along it,
this can be written as

L vix=L)—v(x=0) L ov

——, (6.253)
SR L SR ox

jx=

i il_—
v W
(a) (b)
1 I
v v
(c) (d)

Fig. 6.20 Current—voltage relationships for some nonlinear devices
used in electronic circuits. a Diode. b Transistor. ¢ Tunnel diode. d
Zener diode

. ov
Jx = —0_—.

6.25b
o ( )

In three dimensions this alternative statement of Ohm’s law
becomes

j=oE. (6.26)

The o in this equation” is the electrical conductivity, mea-
sured in (A m_2)/(V m~") or S m~L. Its reciprocal is the
resistivity of the material, p. The units of resistivity are £2 m.
For a cylindrical conductor, the resistivity and the resistance
are related by

1L
,O_SR
or
R=p—. 6.27
P (6.27)

This shows that making the conductor longer increases its
resistance, while increasing the cross-sectional area lowers
the resistance.

Suppose that an electric field acts on a charge moving in a
medium that obeys Ohm’s law. The electric field does work
on the charge, but the energy is continually transferred to the
medium by collisions between the charge and other particles

9 Note that o has now been used for two things in this chapter: sur-
face charge per unit area and conductivity. This notation is standard
in the literature. You can tell from the context which is meant. Simi-
larly, the symbol p is used for charge per unit volume and for resistivity
(and for mass density in other chapters). These double usages are found
frequently in the literature.
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Fig. 6.21 A resistor connected to a battery

in the medium. If a charge Q moves to a lower potential, all
the energy it gained is transferred to heat. The rate of energy
dissipation is the power

P =i. (6.28)
The units of power are J s~! or watts (W). For a material that

obeys Ohm’s law, Eq. 6.28 can be combined with Ohm’s law
to give

P =i’R (6.29)
or
po? (6.30)
== .

This type of energy loss has clinical significance. If a
patient contacts a source of very high voltage such as an
11, 000-V power line, the strong electric fields will cause
current to flow throughout the patient’s body or limb, be-
cause j = oE. The resistive heating can be enough to boil
water within the tissues. If the limb is x rayed, the steam
bubbles will look very much like the bubbles that appear
in clostridium (gas gangrene) infections; if the x ray is de-
ferred a few days, it will be impossible to tell from the x
ray whether the bubbles are due to the electrical injury or
subsequent infection.

6.9 The Application of Ohm’s Law to Simple
Circuits

The ultimate goal of this chapter is to apply Ohm’s law to
the axon. Before doing that, however, it is worthwhile to see
how it can be applied to some simpler circuits in which the
current and voltage are not changing with time.

The simplest circuit is a resistance R connected across a
battery, as shown in Fig. 6.21. The battery voltage of 6 V is
the potential difference across the resistor. If the resistance is
3Q, the currentis i = v/R = 6/3 = 2 A. The rate of heat
production in the resistor is P = vi = (6)(2) = 12 W. This
could also have been calculated from P = v?/R = 36/3, or
P = i2R = (4)(3). A current of 2 A means that every second

2 C of charge leave the positive terminal of the battery and
flow through the resistor. When the charge arrives at the other
end of the resistor, it has lost 12 J of energy to heat. The 2 C
then travel through the battery back to the positive terminal,
gaining 12 J from a chemical reaction within the battery.

This example has been stated as though the positive
charge moves. In a metallic conductor negative charges (elec-
trons) move from the negative terminal of the battery through
the resistor to the positive terminal. In salt water and most
body fluids, both positive and negative ions move. From a
macroscopic point of view, we cannot tell the difference be-
tween the transport of a charge —g from point A to point B,
and the transport of a charge +¢ from point B to point A.
Both processes make the total charge at B less positive and
the total charge at A more positive by an amount gq.

Two fundamental principles used in this discussion have
not been explicitly stated. The first is the conservation of
electric charge: all charge that leaves the battery passes
through the resistor. The second is the conservation of en-
ergy: a charge that starts at some point in the circuit and
comes back to its starting point has neither lost nor gained
energy. (The energy gained by a charge in the battery is
equal to the energy lost by it in passing through the resis-
tor.) These principles become less obvious and more useful
in a circuit that is more complicated than the one considered
above. They are known as Kirchhoff’s laws.

In a more complicated circuit, Kirchhoff’s first law (con-
servation of charge) takes the following form. Any junction
where the current can flow in different paths is called a node.
The algebraic sum of all the currents into a node is zero. (By
algebraic sum we mean that currents into the node are pos-
itive, while currents leaving the node are negative, or vice
versa.) This ensures that no charge will accumulate at the
node.'?

As an example of Kirchhoff’s first law, consider the node
in Fig. 6.22. Conservation of charge requires that 243 +4i =
0 ori = —5 A. (In this case positive currents flow into the
node; the negative current means that 5 A is flowing out of
the node as current i.)

Kirchhoft’s second law was used implicitly in the exam-
ple above to say that the voltage across the resistor is 6 V. In
general, Kirchhoff’s second law says that if one goes around
any closed path in a complicated circuit, the total voltage
change is zero.

10 More generally, the node could represent a conductor, such as the
plate of a capacitor, on which charge can accumulate. In that case the
charge Q changes with time:

d
7? = Z(all currents into the node).

This statement is quite similar to the continuity equation of Sect. 4.1.
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Fig. 6.23 A more complicated circuit, sometimes called a voltage
divider

Kirchhoff’s laws can be applied to show that the total
resistance of a set of resistors in series is

R=Ri+Ry+R3+---.

This follows from the definition of resistance, the fact that
the same current flows in each resistor, and the total potential
difference across the set of resistors is the sum of the poten-
tial difference across each one. Kirchhoff’s laws can also be
used to show that for a collection of resistors in parallel, the
total resistance is given by

(see Problem 24).

Consider a more complicated example in which two resis-
tors are connected across a battery. The battery voltage is v,
and the resistances are Ry and R», as shown in Fig. 6.23. If
no current flows out lead A, then conservation of charge re-
quires that the same current i flows in each resistor. The sum
of the voltages v1 and v; is v. Therefore,i = vi/Ry = v2/R>
and v = v + v =iR; +iR> = i(R; + R»). The voltage
across Ry is iRy or

R

=2 (6.31)
Ri+ Ry

U2

6.10 Charge Distribution in the Resting
Nerve Cell

The axon consists of an ionic intracellular fluid and an ionic
extracellular fluid, separated by a membrane. The intracellu-
lar and extracellular media are electrical conductors. When

T~

Outside Inside - Outside

+ + + + +
I
+ + + + +

Fig. 6.24 The potential, electric field, and charge at different points
on the diameter of a resting nerve cell. Portions of the cell membrane
on opposite sides of the cell are shown. Outside the cell on the left the
potential and electric field are zero. As one moves to the right into the
cell, the electric field in the membrane causes the potential to decrease
to —70 mV. Within the cell the field is zero and the potential is con-
stant. Moving out through the right-hand wall the potential rises to zero
because of the electric field within the membrane

the cell is in equilibrium there is no current and no electric
field in these regions. There will be a field and currents when
an impulse is traveling along the axon.

Because the electric field in the resting cell is zero, there
is no net charge in the fluid. Positive ions are neutralized by
negative ions everywhere except at the membrane. A layer of
charge on each surface generates an electric field within the
membrane and a potential difference across it.

Measurements with a microelectrode show that the po-
tential within the cell is about 70 mV less than outside. If the
potential outside is taken to be zero, then the interior resting
potential is —70 mV. Figure 6.24 shows a slice across the
cell, showing the membrane on opposite sides of the cell and
the charges and electric field. If the potential drops 70 mV
as one enters the cell on the left, if the membrane thick-
ness is 6 nm, and if the electric field within the membrane
is assumed to be constant, then

dv —70 x 1073V 7o
E=——=———"" — "~ =117x10'Vm .
dx 6 x 10°m
(6.32)

This is how the value of E was determined for use on p. 147.

Except for the layers of charge on the inside and outside
of the membrane, which are shown in Fig. 6.24 and which
give rise to the electric field and potential difference, the
extracellular and intracellular fluids are electrically neutral.
However, the ion concentrations are quite different in each
(Fig. 6.3). There is an excess of sodium ions outside and an
excess of potassium ions inside.
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It is possible to see which concentrations (if any) are
consistent with the hypothesis that the ions can pass freely
through the membrane. If a species is in equilibrium, the
concentration ratio c;/c, across the membrane is given by
a Boltzmann factor or the Nernst equation (see Chap. 3). The
potential energy of the ion is zev, where z is the valence of
the ion, e the electronic charge (1.6 x 10719 C), and v the po-
tential in volts. Using subscripts i and o to represent inside
and outside the cell, we have

ci e*Ze’Ui/kBT

— — o 2e(Wi=vo)/kpT
- kpT '
Co e zev,/kp

(6.33)

Here kp is Boltzmann’s constant, 1.38 x 1072 7 KL
For a situation in which T = 310 K and v; — v, =
—70 x 1073V, ¢;/c, is 13.7 for univalent positive ions and
1/13.7 = 0.073 for negative ions. The ratios in Fig. 6.3 are
0.103 for sodium, 30 for potassium, and 0.071 for chloride.
The chloride concentration ratio is consistent with equilib-
rium, while the sodium concentration ratio is much too small
(too few sodium ions inside) and the potassium concentra-
tion ratio is too large (too many potassium ions inside). A
potential of —90 mV would bring the potassium concentra-
tion ratio into equilibrium, but then chloride would not be
in equilibrium and sodium would be even farther from equi-
librium. In fact, tracer studies show that potassium leaks out
slowly and sodium leaks in slowly. The resting membrane
is not completely impermeable to these ions (Hodgkin 1964,
Chap. 6; Latiger 1991). To maintain the ion concentrations
a membrane protein called the sodium—potassium pump uses
metabolic energy to pump potassium into the cell and sodium
out. The usual ratio of sodium to potassium ions in this active
transport is 3 sodium to 2 potassium ions (Patton et al. 1989,
Vol. 1, p. 27).

The intracellular and extracellular fluids can be modeled
as two conductors separated by a fairly good insulator. The
conductors have a capacitance between them. We can esti-
mate this capacitance in two ways. We can either regard the
membrane as a plane insulator sandwiched between plane
conducting plates (as if the membrane had been laid out flat
as in Fig. 6.25), or we can treat it as a dielectric between
concentric cylindrical conductors. The text will use the first
approximation, while the second will be left to a problem.
Suppose that two parallel plates have area S and charge +0Q,
respectively, then the charge density on eachis 0 = £Q/S.
Equation 6.11 gives the electric field without a dielectric
between the conductors: Eex¢ = 0/€g = Q/€0S.

With the dielectric of dielectric constant «, the field is re-
duced to E = Eei/k = 0/keg = Q/kepS as was seen
in Eq. 6.20. The magnitude of the potential difference is E
times the plate separation b: v = Eb = Qb/keoS. The
capacitance is C = Q/v:

_ QOkepS _ KkeoS

C .
0b b

(6.34)

g
*\ \
\‘ 1

Fig. 6.25 A portion of a cell membrane of length L, in its original
configuration and laid out flat. The membrane thickness is b and the
radius of the axon is a. The plane approximation is used to calculate
both the capacitance and resistance of the membrane

The charge density on the surface of the membrane is
obtained fromo = Q/S = Cv/S = kegv/b.

Measurements of the dielectric constant « for axon mem-
brane show it to be about 7. Using values of —70 mV for v
and 6 nm for b, the capacitance per unit area of membrane
can be calculated, as can o:

C _ (DB85x107"7)

S 6107 =0.0lFm™2 =1pFcm 2,
X

o =00)70x10)=7x107*Cm™2.  (6.35)
This value for the surface charge density is larger by a fac-
tor of 7 than that calculated in Sect. 6.3. The reduction of
the electric field by polarization of the dielectric has been
taken into account in the present calculation. A larger ex-
ternal charge is required to give the same field within the
dielectric.

The value of b for myelinated fibers is much greater, typi-
cally 2000 nm instead of 6 nm. This reduces the capacitance
per unit area by a factor of 300.

6.11 The Cable Model for an Axon

We now consider the rather complicated flow of charge in
the interior of an axon, through the membrane, and in the
conducting medium outside the cell during departures from
rest. We will model the axon by electric conductors that obey
Ohm’s law inside and outside the cell and a membrane that
has capacitance and also conducts current. We will apply
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Fig. 6.26 Leakage currents through the membrane. a The flow of positive and negative ions. b The membrane capacitance is represented by the
parallel plates and the leakage resistance by a single resistor. ¢ The capacitance and resistance are usually drawn like this

Kirchhoff’s laws—conservation of energy and charge—to a
small segment of the axon. The result will be a differential
equation that is independent of any particular model for the
cell membrane. This is called the cable model for an axon.
We will then apply the cable model in two cases. The first
case is when the voltage change does not alter the proper-
ties of the membrane. The second case is a voltage change
that changes the ionic permeability of the membrane, thereby
generating a nerve impulse.

Consider the small segment of membrane shown in
Fig. 6.26a. For the moment we ignore the resting potential
on the membrane. We will see later that accounting for the
resting potential requires only a small change to the model.
The upper capacitor plate, corresponding to the inside of the
membrane, carries a charge Q. The lower capacitor plate (the
outside of the membrane) has charge —(Q. The charge on
the membrane is related to the potential difference across the
membrane by the membrane capacitance C,,: QO = Cpv.
Figure 6.26a shows positive ions on the inside and negative
ions on the outside of the membrane. (In a resting nerve cell,
there is negative charge on the inside of the membrane, Q is
negative, —Q is positive, and v < 0.)

If the resistance between the plates of a capacitor is infi-
nite, no current flows, and the charge on the capacitor plates
remains constant. However, a membrane is not a perfect in-
sulator; if it were, there would be no nerve conduction. Some
current flows through the membrane. We call this current i,
and define outward current to be positive, as in Fig. 6.26b.

Imagine for now that there is no current along the axon.
In that case i, discharges the membrane capacitance, and the
charge and potential difference fall to zero as charge flows
through the resistor. When i, is positive, Q and v decrease
with time:

_do dv
i = — = = mo

Let us explore the behavior of this isolated segment of
axon a bit further. For now we think of the total leakage cur-
rent as being through a single effective resistance R,,. This
is shown in Fig. 6.26b. It is customary to draw the resistance

(6.36)

separately, as in Fig. 6.26¢c. The current is then i,, = v/Rp,
and Cp, (dv/dt) = —ip, = —v/ Ry,

dv 1
= - V.

— 6.37
dt R, Cy, ( )

This is the familiar equation for exponential decay of the
voltage (see Chap. 2). If the initial voltage at ¢+ = 0 is vy,
the solution is

v(t) = voe 7, (6.38)

where the time constant 7 is given by

T = RyCp. (6.39)

Referring to Fig. 6.25, we saw that if we have a section of
membrane of area S and thickness b the capacitance is given
by Eq. 6.34. For a conductor of the same dimensions we saw
[Eq. 6.27] that the resistance is R,, = pm,b/S, so the time
constant is

omb k€S

T mCm S b

= KE€QPm- (6.40)
We have the remarkable result that the time constant is in-
dependent of both the area and thickness of the membrane.
Doubling the area S doubles the amount of charge that must
leak off, but it also doubles the membrane current. Doubling
b doubles the resistance, but it also makes the membrane ca-
pacitance half as large. In each case the factors S and b cancel
in the expression for the time constant.

If a very thin lipid membrane is produced artificially, it
is found to have a very high resistivity—about 103 Q m
(Scott 1975, p. 493). Certain proteins added to the lipid ma-
terial reduce the resistivity by several orders of magnitude.
For natural nerve membrane the resistivity is about

om = 1.6 x 107 Q m. (6.41)

This is the effective resistivity for resting membrane, taking
into account all of the ion currents. If p, had this con-
stant value the time constant would be t = «kegp,, =
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Table 6.1 Properties of a typical unmyelinated nerve

a Axon radius 5%x107°m

b Membrane thickness 6x 10 m

Di Resistivity of axoplasm 0.5Q2m

ri = pi/ma®>  Resistance per unit length inside axon 6.4 x10° Qm™!

K Dielectric constant of membrane 7*

Pm Resistivity of membrane 16 x 10°Q m

KPm 112 x 10° @ m

cm = k€o/b  Membrane capacitance per unit area 1072Fm2

2nkepa/b Membrane capacitance per unit length of axon 3 x 1077 Fm™!

gm = 1/pmb  Conductance per unit area of membrane 10S m™2

1/gm Reciprocal of conductance per unit area 0.1 Qm?

2na/pmb Membrane conductance per unit length of axon 3.2 x 10™* S m~!

vy Resting potential inside axon —70 mV

E=v/b Electric field in membrane 1.2x 107 vim~!

Keguy /b Charge per unit area on membrane surface 7 x 1074 Cm™?
Net number of univalent ions per unit area 4.4 x 10 m2
Net number of univalent ions per unit length 6.6 x 107 m™!

4See Sect. 6.17 for a discussion of the dielectric constant.

(7)(8.85 x 10712)(1.6 x 107) = 1 x 1073 5. (Actually,
the resistivity changes drastically as the potential across the
membrane changes during the propagation of a nerve im-
pulse.) Since we observe a potential difference across the
membrane, there must be a mechanism for renewing the
charge on the membrane surface.

The resistance and capacitance of the portion of the axon
membrane in Fig. 6.25 can be written in terms of the axon
radius a and the length L of the segment by noting that § =
2maL. Then one has

kep2mal
m = 0 m

_ _Pwb
"~ 2mal’

It is convenient to recall that v = iR can be written as i =
Gv and introduce the conductance of the membrane segment

G _2naL
" pmb

(6.42)

Both the capacitance and the conductance are propor-
tional to the area of the segment S. It is also convenient to
introduce the lowercase symbols ¢;, and g, to stand for the
membrane capacitance and membrane conductance per unit
area:

Cm K€Q
= — = —, 6.43
Cm S b ( )
G 1
gm=-2= = (6.44)
S Pmb b
(Remember that o, = 1/p,, is the electrical conductivity,

the reciprocal of the resistivity. It is not the charge per unit
area. o is frequently used for both quantities in the literature.)

Both ¢, and g, depend on the membrane thickness as
well as the dielectric constant and resistivity of the mem-
brane. The units of ¢, and g, are, respectively, F m—2

and S m~2. Be careful: many sources give them per square
centimeter instead of per square meter.

We can rewrite Eq. 6.36 in terms of the current density jy,,
which is proportional to the capacitance per unit area, cy,:

dv
e

Table 6.1 shows typical values for these quantities and
some to be discussed later for an unmyelinated axon.'! These
values should not be associated with a particular species.
Parameters such as the resistance and capacitance per unit
length of the axon are measured directly. Others, such as p,,,
require an estimate of membrane thickness and are less well
known

Now let us consider current that flows inside and outside
the axon. Assume that the currents inside are longitudinal,
that is, parallel to the axis of the axon. A discussion of depar-
tures from this assumption is found in Scott (1975, p. 492).
With this assumption, the interior fluid can be regarded as a
resistance of length L and radius @ as shown in Fig. 6.27. The
resistance of such a segmentis R; = p;L/S = p;L/ na?. It
is convenient to work with the resistance per unit length, 7;:

R; Oi 1

V== = —,
"7 LT ma? malo;

(6.45)

—Jm = Cm

(6.46)

1 Some insight into the magnitude of the charge on the membrane can
be obtained from these numbers. The excess charge on the surface of the
membrane is 7 x 10~* C m~2 for the unmyelinated fiber. This corre-
sponds to 4.4 x 10'3 jons m~2, if each ion has a charge of 1.6 x 10~19 C.
Each atom or ion in contact with the membrane surface occupies an area
of about 10729 m?; thus there are about 102° atoms or ions in contact
with a square meter of membrane surface. These may be neutral or pos-
itively or negatively charged. If charged, most are neutralized by the
presence of a neighbor of opposite charge. The excess charge density
that is required can be obtained if 4.4 x 103 /10 or roughly one out
of every 20, 000 of the atoms in contact with the surface is ionized and
not neutralized.
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Fig. 6.27 Axoplasm of length L and radius a can be treated like a
simple resistor

i (x) ij (x +dx)
\
\ \ \
X S\ X +dx
Im

Fig. 6.28 The membrane surrounding a small portion of an axon is
shown, along with the longitudinal currents in and out of the segment

The question of resistance of the extracellular fluid for
currents outside the axon is more complicated. If the extra-
cellular fluid were infinite in extent, the longitudinal resis-
tance outside the cell would be very small (see Chap. 7). On
the other hand, in a nerve or a muscle the axons or muscle
cells are packed close together, there is not very much extra-
cellular fluid, and the external resistance per unit length can
be significant. There are some important effects that occur
because of this. We will discuss them in Chap. 7.

Now we can consider the effect of both membrane and
longitudinal currents. Figure 6.28 shows a small region of the
axon between x and x + dx and the surrounding membrane.
Current i; flows longitudinally along the axon on the inside.
The current through the membrane is i,,. The potential dif-
ference across the membrane is v = v; — v,. In this section
no attempt will be made to relate i, or j, to v. Charge Q
resides on the inside surface of the membrane and can be ei-
ther negative or positive. An equal and opposite charge —Q
resides on the outer surface of the membrane.

Because the capacitance can charge or discharge, Kirch-
hoff’s law (conservation of charge) does not say that the sum
of the currents is zero. Rather, it says that the net current into
the volume of axoplasm between x and x + dx changes the
charge on the interior surface of the membrane:

00 — i dx) — i = 22 = ¢, L)

. (6.47
dt dt 6.472)

*y

Fig. 6.29 A hypothetical plot of v; (x) and the longitudinal current i;
associated with it

When i;(x) = i;j(x + dx) this gives Eq. 6.36. The mem-
brane current i, represents an average value for the segment
of membrane between x and x +dx. It is also a function of x.

We can define di; = i;(x + dx) — i;(x) as the increase in
i; along segment dx. Then we can rewrite Eq. 6.47a as

dv
—di; = Cm_t +in.

7 (6.47b)

This is an important equation. It says that when the current
flowing inside the axon decreases in a small distance dx,
part of the current charges the capacitance of that segment
of membrane, and the rest flows through the membrane.

Consider a small segment of axoplasm of length dx. The
intracellular voltage at the left end is v;(x); at the right end
it is v; (x 4+ dx). The current along the segment is the volt-
age difference between the ends divided by the resistance
of the segment. The resistance is R; = r; dx. Therefore the
current is

v (x) — vi(x + dx) _ 1 dv;

li(X) - ri dx

- dx (6.48)
The voltage must change along the axon for a current to
flow within it. The minus sign in Eq. 6.48 shows that a cur-
rent flowing from left to right (in the +x direction) requires
a voltage that decreases from left to right, and vice versa.
Figure 6.29 shows a hypothetical plot of v; (x) and the current
which would accompany it. Notice that the current is flowing
from the region of higher voltage to lower voltage—towards
both ends from the region between x| and x». In that region
either the charge on the membrane is changing or current is
flowing through the membrane.

Consider again the cylindrical geometry shown in
Fig. 6.28. The surface area of this portion of membrane is
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2ma dx. Dividing each term of Eq. 6.47a by the area and
remembering the definitions of j,, and c¢,, we obtain

o _jm+2L|:ii(x)—ii(x+dx)}.

e 6.49
cm ot dx ( )

It is necessary to use partial derivatives because the current
and voltage depend on both x and ¢ as an impulse travels
down the nerve. As dx — 0
ii (x + dx) — ii(x) 8il’
- —.
dx ax

This can be evaluated using the expression for Ohm’s law in
the axoplasm, Eq. 6.48:

di; 1 9%
— = 6.50
X r; 0x2 (6.50)
When this is inserted in Eq. 6.49 the result is
v —vo) _ 1 8%y
—_ == —. 6.51
cm ot Jm + 2nar; 9x? ©.51)

In many cases the extracellular potential is small. In that
case the voltage across the membrane, v, is approximately
the same as the intracellular voltage, v;, so we can rewrite
Eq. 6.51 as

v , 1 8%

- [E— 6.52
Mo Jm 2nar; 9x? (6.52)

This rather formidable looking equation is called the ca-
ble equation or telegrapher’s equation. It was once familiar
to physicists and electrical engineers as the equation for a
long cable, such as a submarine cable, with capacitance and
leakage resistance but negligible inductance (Jeffreys and
Jeffreys 1956, p. 602). It has the form of Fick’s second law
of diffusion, Eq. 4.26, with the addition of the j,, term.

It is worth recalling the origin of each term and verify-
ing that the units are consistent. The term on the left is the
rate at which the membrane capacitance is gaining charge
per unit area. Therefore all terms in the equation have the
units of current per unit area. The first term on the right is
the current per unit area through the membrane in the direc-
tion that discharges the membrane capacitance. The second
term on the right gives the buildup of charge on this area
of the membrane because of differences in current along the
axon. If v(x) were constant, there would be no current along
the inside of the axon. If function v(x) had constant slope,
the current along the inside of the axon would be the same
everywhere and there would be no charge buildup on the
membrane. It is only because v(x) changes slope that i; is
different at two neighboring points in the axon and charge
can collect on the membrane.

Now, for the units. Since i = C(dv/dt), the units of
cm0v/0t are current per unit area. The j, term is by defi-
nition current per unit area. Since r; has the units of 2 m~!,

the term 2mar; has the units of 2. When this is combined
with 82v/8x2, which has units V. m~2, the result is A m~2 as
required.

This is a very general equation stating Kirchhoftf’s laws
for a segment of the axon. The only assumptions are that the
currents depend only on time and position along the axon and
that voltage changes on the outside of the axon can be ne-
glected. Particular models for nerve conduction use different
relations between j,, and v(x, 7).

6.12 Electrotonus or Passive Spread

The simplest membrane model is one that obeys Ohm’s law.
This approximation is valid if the voltage changes are small
enough so that the membrane conductance does not change,
or if something has been done to inactivate the normal
changes of membrane conductance with voltage. It is also
useful for myelinated nerves between the nodes of Ranvier.
This is called electrotonus or passive spread.

In its quiescent state, the voltage all along the inside of
the axon has the constant resting value v,. Both dv/d¢ and
8%v/dx? are zero. Equation 6.52 can be satisfied only if
Jjm = 0. Although j,, is zero, it may be made up of sev-
eral leakage components. In this section we simply assume
that j,, is proportional to v — v;:

Jm = &m(w — ). (6.53)
This simple model does predict that j,, = 0 when v = v,.
It also predicts that the current will be positive (outward) if
v > v, and negative (inward) if v < v,. It does not explain
the propagation of an all-or-nothing nerve impulse. The con-
ductance per unit area, g, is assumed to be independent of
v and of the past history of the membrane. This is a good
assumption only for very small voltage changes. With this
assumption, Eq. 6.52 becomes

v ( " 1 9%
cm— =—8m(—" —.
rY; 8 " 2nar 9x2

(6.54)

This equation is usually written in a slightly different form

by dividing through by g,:
1 0%

— T _ -

2ma rigm 0x2 gm Ot

Cm 0V

= —v,.

It is also customary to make the assignments

2 _ 1
2narigm
Cm

T=—,

8m
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Fig.6.30 The voltage distribution along an axon in electrotonus when
the membrane capacitance is charged and the voltage is not changing
with time

so that the equation becomes

2 9% ov
— =V —=T— = —U.
dx2 dt "
In terms of the primary axon parameters, the parameters in
Eq. 6.55 are

(6.55)

b
32 = LPm (6.56)
2pi
T = KEYPm- (6.57)

The time constant was seen before in Eq. 6.40. Equation 6.55
has a steady-state solution v = v,. If a new variable v' =
v — vy 18 used, it becomes the homogeneous version of the
same equation with a steady-state solution v = 0.

For nerve conduction, the inhomogeneous equation with
various exciting terms corresponding to physiological stimuli
was discussed by Davis and Lorente de N6 (1947) and by
Hodgkin and Rushton (1946). Their work is summarized by
Plonsey (1969, p. 127).

Before considering general solutions to Eq. 6.55, consider
some special cases. If ¢,, = 0, so that T = 0, or if enough
time has elapsed so that the voltage is not changing with time
and dv/dt = 0, the equation reduces to

(V(xB)-v)vo

X/A

2 3 4

You can verify by substitution that this has a solution

X/A

voe X, x>0
V—Ur = A

x < 0. (6.58)

voe* /A,

If the voltage is held at a constant value v = v, 4+ vg at some
point on the axon, the voltage will decay exponentially to v,
in both directions from that point. This is shown in Fig. 6.30.
Next suppose that v(x, ) does not depend on x, so that
there is no longitudinal current in the axon and 3%v/dx2 = 0.
This can be accomplished experimentally by threading a wire
axially along the axon, if the axon is fat enough. The equation

reduces to

v n
T— +v=uv.
ot "
This is the familiar equation for exponential decay. If v were
held at vg+ v, and then the constraint were removed atr = 0,

the voltage would decay exponentially back to v,
v — vy = voe /7.

This represents the discharge of the membrane capacitance
through the membrane resistance.

The behavior of v(x, t) — v, at various times after an ex-
citation is applied is shown in Fig. 6.31. The excitation is a
constant current injected at x = 0 for all time ¢ > 0. Af-
ter a long time, the curve is identical to that in Fig. 6.30, as
the membrane capacitance has fully charged. Only the mem-
brane leakage current attenuates the signal. At earlier times
the solution is not precisely exponential; the analytic solution
involves error functions (Prob. 36). The change of voltage
with time at fixed positions along the cable is also shown.
Both the finite propagation time and the attenuation of the
signal are evident.

6.13 The Hodgkin-Huxley Model for
Membrane Current

If the voltage at some point along the axon changes by a few
millivolts from the resting value, the voltage at other points

1.0

0.8
0.6
0.4

(VOxD-V)Vg

0.2

0.0

Fig. 6.31 Some representative solutions to the problem of electrotonus after the application of a constant current at x = 0. a The voltage along
the axon at different times. b Voltage at a fixed point on the axon as a function of time
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Fig. 6.32 Apparatus for voltage-clamp measurements

along the axon is described by electrotonus. However, if the
inside voltage rises from the resting value by 20 mV or more,
a completely different effect takes place. The potential rises
rapidly to a positive value, then falls to about —80 mV, and
finally returns to the resting value (Fig. 6.1). This behavior
is attributable to a very nonlinear dependence of membrane
current on transmembrane voltage.

Considerable work was done on nerve conduction in the
late 1940s, culminating in a model that relates the propa-
gation of the action potential to the changes in membrane
permeability that accompany a change in voltage. The model
(Hodgkin and Huxley 1952) does not explain why the mem-
brane permeability changes; it relates the shape and con-
duction speed of the impulse to the observed changes in
membrane permeability. Nor does it explain all the changes
in current. (For example, the potassium current does fall
eventually, and there are some properties of the sodium cur-
rent that are not adequately described.) Nonetheless, the
work was a triumph that led to the Nobel Prize for Alan
Hodgkin and Andrew Huxley.

Most of the experiments that led to the Hodgkin—Huxley
model were carried out using the giant axon of the squid.
This is a single cell several centimeters long and up to 1 mm
in diameter that can be dissected from the squid. The re-
moval of axoplasm from the preparation and its replacement
by electrolytes has shown that the critical phenomena all
take place in the membrane. The important results are re-
viewed in many places (Katz 1966, Chaps. 5 and 6; Plonsey
1969, p. 127; Plonsey and Barr 2007, Chap. 4; Scott 1975,
pp. 495-507).

6.13.1 Voltage Clamp Experiments

Voltage-clamp experiments were particularly illuminating.
Two long wire electrodes were inserted in the axon and con-
nected to the apparatus shown in Fig. 6.32. The resistance
of the wires was so low that the potential at all points along
the axon was the same at any instant of time. The potential
depended only on time, and not on position. This is called

a space-clamped experiment. One electrode, paired with an
electrode in the surrounding medium, measured the voltage
difference across the membrane. The other electrode was
used to inject or remove whatever current was necessary to
keep this voltage difference constant. Measurement of this
current allowed calculation of the membrane conductance.
This technique is called voltage clamping. The experiment
described here was both voltage- and space-clamped.

When the membrane potential was raised abruptly from
the resting value to a new value and held there, the resulting
current was found to have three components:

1. A current, lasting a few microseconds, that changed the
surface charge on the membrane.

2. A current flowing inward which lasted for 1 or 2 ms. Var-
ious experiments, such as replacing the sodium ions in
the extracellular fluid with some other monovalent ion,
showed that this was due to the inward flow of sodium
ions. (Had the potential not been voltage-clamped by the
electronic apparatus, this inrush of positive charge would
have raised the potential still further.)

3. An outward current that rose in about 4 ms and remained
steady for as long as the potential was clamped at this
value. Tracer studies showed that this current was due to
potassium ions. (Over a time scale of several tens of mil-
liseconds, the potassium current, like the sodium current,
does fall back to zero.)

The first current is the ¢, (dv/dt) term of Eq. 6.52; the sec-

ond and third currents together constitute j,,. Because of the

clamping wires, the 8%v/dx? term is zero.

The next step is to develop a model that describes the
major ionic constituents of the current. The sodium and
potassium contributions to the current will be considered
separately; all other contributions will be combined in a
leakage term:

Jm = JNa + Jk + JL- (6.59)

The leakage includes charge movement due to chloride ions

and any other ions that can pass through the membrane.

Consider movement of sodium through the membrane.
Similar considerations apply to potassium. The concentra-
tions of sodium inside and out are [Na;] and [Na,]. It will be
seen later that the total number of ions moving through the
membrane during a nerve pulse in a squid giant axon is too
small to change the concentrations significantly. Therefore,
the concentrations are fixed.

There would be no movement of sodium ions through the
membrane, regardless of how permeable it is, when the con-
centrations and potential are related by the Boltzmann factor
or Nernst equation (Eq. 6.33) with v = v; — v,:

[Na;]

[Na,]

_ e_ev/kBT.
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Fig. 6.33 Equivalent circuits for the membrane current. a The sodium
current—voltage relationship of Eq. 6.61 is the same as that for a vari-
able resistance in series with a battery at the sodium Nernst potential. b
The total membrane current can be modeled with three such equivalent
circuits. See the discussion of the sign of the potassium and leakage
Nernst potentials in the text

For given concentrations, the sodium equilibrium or Nernst

potential is
kT [Na,]
UNg = — In .
e [Na;]

(6.60)

The sodium Nernst potential is usually about 50 mV. If
v = vy, there is no current of sodium ions, regardless of the
membrane permeability to sodium. If v is greater than vy,
(more positive), jy, flows outward. If v < vy,, the sodium
current is inward. These currents can be described by

JNa = &Na(V — UNg). (6.61)
The coefficient gy, is the sodium conductance per unit area.
It is not constant but depends on the value of v and, in fact,
on the past history of v. Defining the conductance this way
makes the functional form of gy, less complex; in particular,
it does not have to change sign as v moves through vy, and
the sodium current reverses direction.

This equation can be multiplied by the membrane area
to give a current—voltage relationship . Many authors draw
a circuit diagram to represent the current flow through the
membrane and along the axon. The sodium voltage—current
relationship can be represented by a variable resistance corre-
sponding to gy, in series with a battery at the sodium Nernst
potential, as shown in Fig. 6.33a.

80
Ik
60 —
§
€
T
<3 40 — —
S
5 v =-40 mV
« vV, =-65mV
(@]
o0 V-V =+25mV. |
INa
0 | | | |
0 2 4 6 8 10
t (ms)

Fig. 6.34 The behavior of the sodium and potassium conductivities
with time in a voltage-clamp experiment. At ¢+ = 0 the voltage was
raised by 25 mV from the resting potential. The values are calculated
from Eqgs. 6.64-6.70 and are representative of the experimental data

An expression similar to Eq. 6.61 can be written for the
potassium current density:

Jk = gk (v —vk). (6.62)
The potassium Nernst potential is negative—about
—77 mV—so the polarity of the potassium battery in
Fig. 6.33b has been reversed. The leakage term will be
considered later.

To summarize: v is the instantaneous voltage across the
membrane. Both vg and vy, are constants depending on the
relative ion concentrations inside and outside the cell and the
temperature. The conductances per unit area depend on both
the present value of v and its past history.

We can now describe the results of the voltage clamp
experiments. The voltage in each experiment was changed
from the resting value by an amount Av. Therefore, v — vy,
and v — vg had constant values after the change, and
the changes in current density mirrored the changes in
conductivity. Typical results for Av =25mVand T = 6°C
are shown in Figs. 6.34 and 6.35. [The method of distin-
guishing sodium from potassium current is described in
the original papers, or in Hille (2001, p. 39).] For a voltage
clamp experiment the current and conductance have the
same time variation. The sodium conductance rises from
nearly zero and then falls, while the potassium conductance
rises more slowly from a small initial resting value. (The
potassium current before the voltage clamp was applied
was small, because the resting potential was close to the
potassium Nernst potential.) Measurements for longer times
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Fig.6.35 The behavior of the potassium conductance for different val-
ues of the clamping voltage. These are representative curves calculated
from Eqgs. 6.64-6.66

show that the potassium conductivity rises to a constant
value. Measurements for much longer times show that the
potassium current falls after tens of milliseconds. For other
values of Av the conductance changes are different.

6.13.2 Potassium Conductance

Hodgkin and Huxley wanted a way to describe their exten-
sive voltage-clamp data, similar to that in Figs. 6.34 and 6.35,
with a small number of parameters. If we ignore the small
nonzero value of the conductance before the clamp is ap-
plied, the potassium conductance curve of Fig. 6.34 is
reminiscent of exponential behavior, such as gx(v,t) =
gk (v)(1 —e™ /7)) with both gg (v) and 7 (v) depending on
the value of the voltage. A simple exponential is not a good
fit. Figure 6.36 shows why. The curve (1 — e~!/7) starts with
a linear portion and is then concave downward. The potas-
sium conductance in Figs. 6.34 and 6.35 is initially concave
upward. The curve (1 — e~/%)* in Fig. 6.36 more nearly has
the shape of the conductance data. This suggests that we try
to describe the conductance by
N
8K (0,1) = gxoo [noc ()1 = "] (6.63)
In this expression, gx is the largest possible conductance
per unit area. The value of n, (v) varies between 0 and 1 and
determines the asymptotic value of the conductance change
for a particular value of the voltage step. Hodgkin and Hux-
ley found a good fit to their data with N = 4. If the initial
value of the conductance were zero, our empirical fit to the

Ok - Ik initial

0 time

Fig. 6.36 A comparison of (1 — ¢~/7) with (1 — ¢~//7)*. The latter
more closely approximates the shape of the potassium conductance in
Fig. 6.34

potassium conductance data would be

gk (v, 1) = groon* (v, 1), (6.64a)

n(, 1) = neo(v)(1 — e /T, (6.64b)

But the initial potassium conductance was not zero. How
should this be handled? Hodgkin and Huxley assumed that n
is a measure of some fundamental property of the potassium
channels, and that the conductance is always described by
Eq. 6.64a. When the clamp voltage changes, the subsequent
change of n is described by an exponential decay with the
appropriate values of ns(v) and t(v). If the initial value of
n is ng, the expression for n(v, t) after the voltage clamp
change is

n(. 1) = nao(v) [1 - (w) e’/“”)} . (6.64¢)

Noo (V)
The function # is a solution to the differential equation

dn n Neo

—=——4 —. 6.65a
dt T T ( )
Hodgkin and Huxley wrote this instead in the form

dn
— =ap(l —n) — Byn.

6.65b
T ( )

The subscript n on ¢, and S, distinguishes them from similar
parameters for the sodium conductance.

The dependence of «, and B, on voltage is quite pro-
nounced. With v in mV and «,, and 8, in ms ™!, the equations
used by Hodgkin and Huxley to describe their experimental
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values of «,, and B, are

0.01[10 — (v — v,)]

ap(v) = 10— (v—1,) s
exp (T) -1

Ba(v) = 0.125 exp (%) .

(6.66)

The quantities o, and B, are rate constants in Eq. 6.65b. Like
all chemical rate constants, they depend on temperature. The
values above are correct when 7 = 279 K (6.3 °C). Hodgkin
and Huxley assumed that the temperature dependence was
described by a Qjo of 3. This means that the reaction rate
increases by a factor of 3 for every 10 °C temperature rise.
The rate at temperature 7 is obtained by multiplying rates
obtained from Eq. 6.66 by

3T=6H/10, (6.67)

For example, if the temperature is 18.5 °C, the rate must be
multiplied by 3'%2 = 3.82.

The variable n is often called the porassium gate or
the n gate. It takes values between zero (a closed gate)
and 1 (an open gate). The n gate is partially open at rest,
making the resting membrane somewhat permeable to potas-
sium. As v becomes more positive than the resting potential
(“depolarizes”), the n gate opens further or “activates.”

The behavior of «;,, and B,, was determined from voltage-
clamp experiments. In an actual nerve-conduction process, v
is not clamped. Hodgkin and Huxley assumed that when v
varies with time, the correct value of n can be obtained by
integrating Eq. 6.65b. At each instant of time the values of
o, and B, are those obtained from Eq. 6.66 for the voltage at
that instant. This was a big assumption—but it worked. The
value of gxoo that they chose was 360 S m™2.

6.13.3 Sodium Conductance
The sodium conductance was described by two parameters:

one reproducing the rise and the other the decay of the
conductance. The equation was

8Na = gNaoom3h~

The parameters m and h obeyed equations similar to that
for n:

‘Z_’? = & (1 = m) — P, (6.68)
dh
— =oau(l — h) — Byh. (6.69)

dt
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Fig. 6.37 Plots of the sodium and potassium conductance parameters
versus the transmembrane potential

The v dependences were

0.1125 — (v — v,)]

G = 25— (0 —u,) ’

exp (T) -1

—(v =)
,Bm = 4exp (T) s
(6.70)
ap = 0.07 exp (M) ,
20
1

P = 30— (v —0y) :

exp (T) +1

These values for o and 8 are also for a temperature of 6.3 °C.
The temperature scaling of Eq. 6.67 must be used for other
temperatures. The value of gy,00 is 1200 S m~2, Figure 6.37
plots the time constants and asymptotic values as a func-
tion of membrane potential. These are the parameters for the
equations in the form of Eq. 6.65a rather than Eq. 6.65b.
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The variable m (called the sodium activation gate or m
gate) is nearly closed at rest, preventing the resting mem-
brane from being permeable to sodium. As v is depolarized
m opens, allowing sodium to rush in. The sodium ions carry
positive charge, so this inward current causes v to depolarize
further (if there is not a voltage clamp), causing m to increase
even more. This positive feedback (see Chap. 10) is responsi-
ble for the rapid upstroke of the action potential. The inward
sodium current ends when v approaches the sodium Nernst
potential, about 50 mV.

Variable £ (the sodium inactivation gate or h gate) is dif-
ferent than the n- and m gates because it is open at rest but
closes upon depolarization. However, it is slow compared
to the m gate (see Fig. 6.37), so during an action poten-
tial it does not fully close until after the m gate has opened
completely. Once the action potential is finished and v has
returned to the resting value, the slow h gate takes a few
milliseconds to completely re-open. During this time, the
membrane cannot generate another action potential (it is re-
fractory) because the closed h gate suppresses the sodium
current.

6.13.4 Leakage Current

All other contributions to the current (such as movement
of chloride ions) were lumped in the leakage term j; =
gL (v — vr). The empirical value for g7 is 3 S m~2. The
parameter v;, was adjusted to make the total membrane cur-
rent equal zero when v = v,. For example, with the data
given, zero current is obtained with v, = —65 mV and
vy = v + 10.6 = —54.4 mV. The three contributions to the
membrane current can be thought of as the circuit shown in
Fig. 6.33b.

The Hodgkin—Huxley parameters have been used for a
wide variety of nerve and muscle systems, even though
they were obtained from measurements of the squid axon.
A number of other models have since been developed that
incorporate the sodium—potassium pump, calcium, etc. They
have also been developed for various muscle and cardiac
cells (Demir et al. 1994; Luo and Rudy 1994; Wilders et al.
1991).

6.14 Voltage Changes in a Space-Clamped
Axon

A space-clamped axon has an interior potential v(#) which
does not depend on x. If such an axon is stimulated, a voltage
pulse is observed. The first test we can make of the Hodgkin—
Huxley model is to see if the parameters from the voltage-
clamp experiments can also explain this pulse. To do so, it
is necessary to insert Eq. 6.59, with all the other equations

that are necessary to use it, in Eq. 6.52. Life is made some-
what simpler by the fact that the spatial derivative in Eq. 6.52
vanishes when the wire is in the axon. The result is

ov
Cma = —gNa(V—UNg) —8gKk (V—vK)—gL(v—vL). (6.71)

When v = v, the right-hand side of this equation is zero
and v does not change. It is necessary to introduce a stimulus
to cause the pulse. This has been done in the computer pro-
gram of Fig. 6.38, which solves Eq. 6.71. This program is not
the most efficient that can be used; it has been written for ease
of understanding. A stimulus of 107%* Aecm™ = 1 Am™~2 is
applied between 0.5 and 0.6 ms. This is an additional term in
Eq. 6.71, so that in the program, Eq. 6.71 becomes

dvdt = (—jMemb 4 jStim)/Cmemb;

In this statement dvdt stands for dv/dt, jMemb stands
for j,,, Cmemb for ¢,,, and jStim for the stimulus cur-
rent. The equation is solved by repeated application of the
approximation

v =v + dvdt xdeltat;

which stands for

ov

v(t + At) =v(t) + (5) At.

The program uses Az = 107® s. The present value of v is
used to calculate the rate constants in procedure Calcab.
These are then used to calculate the present value of each
conductivity. The membrane current is then calculated, and
the entire process is repeated for the next time step. The
results are tabulated in Fig. 6.39 and plotted in Fig. 6.40.

One can see from the plot that j,, is proportional to dv/0t.
Note that although gy, is a smooth curve, jy, has an extra
wiggle near + = 2 ms, caused by the rapid decrease in the
magnitude of v — vy, as the voltage approaches the sodium
Nernst potential. The initial depolarization is due to an inrush
of sodium ions. But there is still a considerable sodium cur-
rent during the potassium current. The sodium and potassium
currents are nearly balanced throughout most of the pulse.
The pulse lasts about 2 ms.

If the temperature is raised, the pulse is much shorter.
Figure 6.41 shows the impulse when the temperature is
18.5 °C, calculated by multiplying each of the « and 8 values
by 3(18.5-6.3)/10 _ 3 g9

The potassium current is not actually needed to create a
nerve impulse because of the leakage current (primarily chlo-
ride) and the fact that the sodium conductance decreases after
the initial depolarization. The potassium current speeds up
the repolarization process. It is easy to modify the program
of Fig. 6.38 to show this.
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//program HodgkinHuxley
//Caleulates Hodgkin-Huxley
//space clamped axon at 6.3°C

#include <stdio.h=
#include <math.h>

const float

deltat = le-6,//deltat for integration

tPStep = le-4,//printthis often

vRest = -65e-3,//Resting Potential

Cmemb = le-6,//Membrane capacitance

tMax - S5e-3,//Time to quit

vHa = 50e-3,//Sodium Nernst pot.

vE =-77e-3;//Potassium Hernst pot.
double

n, m, hh,

an, am, ah,

bn, bm, bh,

dndt, dmdt, dhdt, dvdt,

gk, gNa,

jK, jNa, jL, jMemb,

voltage, t,

jstim, //stimulus current

tPrint; //Time interval to print

void Caleab (veid)
/*  Calculates the alpha and betas for
n, m, h, using the Hodgkin-Huxley egns.
The original egns. were in mV and ms;
these are in volts and seconds */
{
an = (10*(-1000*(voltage-vRest)+10)}
/{exp((-1000*({voltage-vRest)+10})
f103=1);

am = {100*(-1000*(voltage-vRest)+25))
/{exp((-1000*({voltage-vRest)+25)
f10)=1);

ah = 70%exp(-1000*({voltage-vRest)
f20);

bn = 125*exp(-1000*({voltage-vRest)
/BOY;

bm = 4000*exp(-1000*(voltage-vRest)
f18);

bh = 1000/ (exp((-1000*(voltage-vRest)

+30)/10)41);
i
void Calc_Init_Values(void) //Calculates
// initial walues of n, m, hh

{

Calecab();

n = an/(an+bn);
m = am/{am+bm);
hh = ah/({ah+bh);
}

void Calc_Curr(void)
// Calculate conductances in siemens
//per sg em and current densities

= 36e-3*pow(n, 4);
gHa = 120e-3*pow(m, 3)*hh;

= gK *({voltage-vK);
jHa = gNa*{voltage-vHa);

= 3e-d4*(voltage-vRest-10.6e-3);
jMemb = jK+jNa+jL;

main(void)

{
//Print Table Headings

printf("time W jMemb gHa
jNa gk K jLAn");

t = 0;

voltage = vRest;

tPrint = 0;

Cale_Init_Values();
while (t < tMax) //Step through times

{
Cale_Curr();//Calc. membrane
// current from conductances
if (t >= tPrint) //Print at
{/certain times
{
printf("%4.1f %1s %5.1f %18 -,
1000*t, "", 1000*voltage, "");
printf("%8.2e %1s %8.2e ils
%8.2e", jMemb, "", gNa, "", jNa };
printf("%ls %8.2e %ls %8.2e %ls
t8.2e\n","", gk, ", iK,"",iL):
tPrint = tPrint+tPStep;
1 // end if

if ((t »>= S5e-4) && (t < 6e-d4))
//stimulus current at beginning
jstim = le-4;
else
jStim = 0;//End stimulus current
dvdt = (-jMemb+iStim)/Cmemb;
wvoltage = voltage+dvdt*deltat;
Calcab();//Calc alpha, beta
dndt = an*(l-n)=-bn*n;
dmdt = am*{l-m)-bm*m;
dhdt = ah*(1l=hh)=bh*hh;

n = n+dndt*deltat;
m = mtdmdt*deltat;
hh = hh+dhdt*deltat;
t = t+deltat;
H //end while

] //end main

Fig. 6.38 The computer program used to calculate the response of a space-clamped axon to a stimulus. The results are shown in Figs. 6.39

and 6.40

6.15 Propagating Nerve Impulse

If the wire is not inserted along the axon, the voltage changes
in the x direction. A strong enough stimulus at one point re-
sults in a pulse that travels along the axon without change of
shape. The basic equation that describes it is again Eq. 6.52
with the spatial term and with the Hodgkin—Huxley model
for the membrane current:

9%

v jm 1
9t cm  2maricy 9x2°

Jm = &Na(v — UNg) + gx (v — vk) + gL (v — vL).
(6.72)
These can be solved numerically by setting up arrays for val-
ues of v, n, m, and h at closely spaced discrete values of x
along the axon. If index i distinguishes different values of x,
then the discrete equation is

dvdt[i]=—jMemb[i]/Cmemb
+(1/(6.28 *x a * ri * Cmemb * dx * dx))

*(v[1i+ 1] —2=*xv[i]+ v[i —1]).

Figure 6.42 shows each term in Eq. 6.72 multiplied
through by ¢, to have the dimensions of current per unit area.
The term

v
C —_—
"ot

is the rate at which charge per unit area on the membrane
must change in order to change the membrane potential at
the rate dv/at,

—Jm = —&Na(V — UNg) — gk (v —vk) — gL(v —vL)

is the rate of charge buildup because of current through the
membrane, and

1 8%
2nar; 9x2

is the rate of charge buildup on the inner surface of the
membrane because the longitudinal current is not uniform.
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time v jMemb gNa jNa gk K jL
ms mv Afsg m S/sq m Afsg m S/sgq m A/sg m Afsq m
0.0 -65.0 -3.24e-06 1.06e-01 -1.22e-02 3.67e+00 4.40e-02 -3.18e-02
0.2 -65.0 -2.90e-06 1.06e-01 -1.22e-02 3.67e+00 4.40e-02 -3.18e-02
0.4 -65.0 -2.68e-06 1.06e-01 -1.22e-02 3.67e+00 4.40e-02 -3.18e-02
0.6 =55.3 5.75e-02 1.99e-01 -2.09e-02 3.74e+00 8.1le-02 -2.7le-03
0.8 -55.9 5.17e-03 7.08e-01 -7.50e-02 4.02e+00 8.48e-02 -4.59%9e-03
1.0 -55.6 -3.69e-02 1.19e+00 -1.25e-01 4.31e+00 9.22e-02 -3.58e-03
1.2 -54.5 -7.33e-02 1.69e+00 -1.77e-01 4.62e+00 1.04e-01 -2.79e-04
1.4 -52.6 -1.24e-01 2.46e+00 -2.52e-01 5.01e+00 1.22e-01 5.49e-03
1.6 =-49.2 -2.30e-01 4.02e+00 =-3.99e-01 5.52e+00 1.54e-01 1.56e-02
1.8 -42.2 -5.34e-01 8.59e+00 -7.92e-01 6.34e+00 2.21le-01 3.67e-02
2.0 =-22.3 -1.73e+00 3.14e+01 -2.27e+00 8.15e+00 4.45e-01 9.62e-02
2.2 28.7 -2.08e+00 1.83e+02 -3.89%e+00 1.48e+01 1.56e+00 2.49e-01
2.4 38.7 2.13e-01 3.17e+02 -=-3.60e+00 3.06e+01 3.53e+00 2.79%9e-01
2.6 32.0 4.18e-01 2.98e+02 -5.35e+00 5.05e+01 5.51e+00 2.59%e-01
2.8 22.7 5.00e-01 2.50e+02 -6.8le+00 7.10e+01 7.08e+00 2.31e-01
3.0 12.5 5.19e-01 2.04e+02 -7.67e+00 8.93e+01 7.99e+00 2.01e-01
3.2 2.2 5.06e-01 1.65e+02 -7.91e+00 1.04e+02 8.25e+00 1.70e-01
3.4 =7.7 4.80e-01 1.32e+02 -7.63e+00 1.15e+02 7.97e+00 1.40e-01
3.6 -17.1 4.56e-01 1.04et+t02 -6.97e+00 1.22e+02 7.31e+00 1.12e-01
3.8 -26.0 4.43e-01 7.93e+01 -6.03e+00 1.25e+02 6.39e+00 8.52e-02
4.0 =35.0 4.63e-01 5.7let01 -4.85e+00 1.25e+02 5.26e+00 5.82e-02
4.2 -45.0 5.54e-01 3.55e+01 -3.38e+00 1.22e+02 3.90e+00 2.8le-02
4.4 =57.5 6.86e-01 1.45e+01 -1.56e+00 1.16e+02 2.25e+00 -9.43e-03
4.6 =70.0 4.64e-01 1.98e+00 -2.37e-01 1.07e+02 7.47e-01 -4.68e-02
4.8 -75.2 1.04e-01 8.09e-02 -1.0le-02 9.64e+01 1.76e-01 =-6.23e-02

Fig. 6.39 Results of the calculation for a space-clamped axon at 6.3 °C

6.16 Myelinated Fibers and Saltatory
Conduction

We have so far been discussing fibers without the thick
myelin sheath. Unmyelinated fibers constitute about two-
thirds of the fibers in the human body. They usually have
radii of 0.05-0.6 um. The conduction speed in m s~ is given
approximately by u ~ 1800./a, where a is the axon radius
in meters.'? (Strictly speaking, in this formula a should be
replaced by the outer radius a + b including the membrane
thickness, but for an unmyelinated fiber b < a.)

Myelinated fibers are relatively large, with outer radii of
0.5-10 wm. They are wrapped with many layers of myelin
between the nodes of Ranvier, as shown in Fig. 6.43. Typ-
ically, the outer radius is @ + b =~ 1.67a and the spac-
ing between nodes is proportional to the outer diameter
D = 200(a + b) =~ 330a (See Prob. 69). These empiri-
cal proportionalities between node spacing and radius and
between myelin thickness and radius will be very important
to our understanding of the conduction speed. The conduc-
tion speed in a myelinated fiber is given approximately by
u 12 x 10%a + b) 20 x 10%. The conduction
speeds of myelinated and unmyelinated fibers are compared
in Fig. 6.44.

In the myelinated region the conduction of the nerve
impulse can be modeled by electrotonus because the con-
ductance of the myelin sheath is independent of voltage. At

~

~ ~

~

12 Values quoted in the literature range from u = 1000/ (Plonsey and
Barr 2007) to u = 3000/a (Rushton 1951).

each node a regenerative Hodgkin—Huxley-type (HH-type)
conductance change restores the shape of the pulse. Such
conduction is called saltatory conduction because saltare is
the Latin verb “to jump.”

We saw that electrotonus is described by

9% av
2
— =V = T— = —, 6.73
dx2 vT ot ur ©.73)
where the time constant is
T = K€0Pm (6.74)
and the space constant is
b
a= [DPm (6.752)
2pi

The results of Problem 68 can be used to show that when the
myelin thickness is appreciable compared to the inner axon
radius, the space constant should be modified:

In(1+b/a) pm
—a.

(6.75b)
2pi

For a case in which @ = 5 um and b = 3.3 um, the change
is not very large. The thin membrane equation contains the
quantity ab = 17 x 1072 m? and the thick myelin equation
contains a® In(1 + b/a) = 12.8 x 10712 m2.

We now want to understand the different dependence on
radius of the conduction speed in the two kinds of fibers. We
could do computer modeling for the unmyelinated fiber us-
ing Eq. 6.72 with axons of different radii, but this would not
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Fig. 6.40 A plot of the computation presented in Fig. 6.38 for a pulse
in a space-clamped squid axon at 7 = 6.3 °C. The axon was stimulated
att = 0.5 ms for 0.1 ms

provide an equation for u#(a). Rather than review the work
that has been done (developing equations for the behavior of
the foot of the action potential, for example), we will use a
simple dimensional argument. This will not give an exact ex-
pression for u(a), but it will indicate the functional form it
must have.

In either the myelinated or the unmyelinated fiber the
signal travels to neighboring regions by electrotonus, where
it initiates HH-type membrane conductance changes. In the
myelinated case the signal jumps from node to node; in the
unmyelinated case the influence is on adjacent parts of the
axon. When the neighboring region begins to depolarize, the
HH change is much more rapid than that due to electrotonus.
(Another way to say this is that during depolarization p,, and
therefore T become much smaller.) Therefore the conduction
speed is limited by electrotonus. Regardless of the details of
the calculation, the speed is proportional to the characteristic
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Fig.6.41 A pulse in a space-clamped axon at 18.5 °C. The pulse lasts
about 1 ms

length in the problem divided by the characteristic time. For
the unmyelinated case it is plausible to assume that the only
characteristic length and time are X and 7, so the speed is

A b 1
Uunmyelinated X — =
T 20i P K€o

Ja. (6.76)

Since the membrane thickness for an unmyelinated fiber is
always about 6 nm, this gives

Uunmyelinated X 270/a (6.77)

as shown in Table 6.2.
For myelinated nerves the myelin thickness is b ~ 0.67a.
This means that the space constant is proportional to a:

b 0.67a2 [0.67
A:\/“ p’"=\/ aPm _ 4 [220Pm 19504,
2p;i 2pi 2pi

(6.78)
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Table 6.2 Properties of unmyelinated and myelinated axons of the same radius
Quantity Unmyelinated Myelinated
Axon inner radius a 5 um 5 pum
Membrane thickness b’ 6 nm
Myelin thickness b 3.4 um
Ke€o 6.20 x 1071 s~ @I m~! 6.20 x 10711 s~ Q=1 m~!
Axoplasm resistivity p; 1.1 2m 1.1 2m
Membrane (resting) or myelin resistivity p,, 107 Qm 107 Qm
Time constant T = k€gpp, 6.2 x 107%s 6.2x 1074
- [abpy _ 0.67a%pm
A= /abpm 2pi 2pi

2p; 0.67p

Space constant A —0.165./a _ 2pAm
1
=370 pm = 1750a
= 8.8 mm

Node spacing D

Conduction speed from model

Conduction speed, empirical

Ratio of empirical to model conduction speed 6.7

Space constant using thick membrane model

Uunmyelinated X AT~ 270\/5

Uunmyelinated ~ 18004/a

D =340a = 1.7 mm
Umyelinated X
AT AR 2.9 X 10%a
or
D/t = 0.55 x 10%a
Umyelinated ~ 17 x 10%
5.9o0r31

[In(1 +b/a)pm
A=a,| —
2p;i

In(1.67) oy,
q | ———Fm

2pi
= 1530a

= 7.6 mm

The spacing between the nodes, D, is about 340a. There are
two characteristic lengths for the myelinated case, both pro-
portional to a because of the way the myelin is arranged. If
we assume that the speed is proportional to D/t, we obtain

Umyelinated O 0.55 x 10%a. (6.79)

If we assume that the speed is proportional to A /7, we obtain

Umyelinated O 2.9 x 10%a. (6.80)

Table 6.2 compares the space constants, time constants and
conduction speeds for myelinated and unmyelinated fibers.
The empirical expressions for the conduction speed are 7 or 8
times greater than what we estimate based on A /7. We might
expect firing at the next node to occur when the signal has
risen to about 10 % of its maximum value. This would reduce
the time by about a factor of 10.

The internodal spacing is about 20 % of the space con-
stant. Suppose that a constant current is injected at one node,
as in Fig. 6.30. When the voltage has reached its full value at
the next node it is given by

U _ DIk ,-14/62 _ g
Vo

If for some reason this node does not fire, the signal at the
next node will be 0.64 of the original value, and so on. A

local anesthetic such as procaine works by preventing per-
meability changes at the node. It is clear from this discussion
that a nerve must be blocked over a distance of several
nodes (a centimeter or more) in order for an anesthetic to
be effective (Covino 1972).

6.17 Membrane Capacitance

The value of 7 for the dielectric constant, which has been
used throughout this chapter, is considerably higher than
the value 2.2, which is known for lipids. The inconsistency
arises because part of the membrane is very easily polarized
and effectively belongs to the conductor rather than to the
dielectric; if the thickness of the lipid alone is considered
in calculating the capacitance, then a value of 2.2 for « is
reasonable; if the entire membrane thickness is used, then
the much higher dielectric constant for water and the po-
lar groups within the membrane contributes, and k = 7 is
a reasonable value.

The easiest experiments to understand are those done with
artificial bimolecular layers of lipid. The architecture of such
a film is shown in Fig. 6.45. Each lipid molecule has a polar
head and a hydrophobic tail. The molecules are arranged in a
double layer with the heads in the aqueous solution. The di-
mensions in Fig. 6.45 are consistent with both measurements
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Fig. 6.42 A propagating pulse plotted against position along the axon
at an instant of time. The middle graph shows the longitudinal current
inside the axon. The bottom curve shows the current charging or dis-
charging the membrane and the two terms comprising the right-hand
side of Eq. 6.72
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Fig. 6.43 The idealized structure of a myelinated fiber in longitudinal
section and in cross section. The internodal spacing D is actually about
100 times the outer diameter of the axon

of the film thickness and with the known structure of the lipid
molecules. Linear aliphatic hydrocarbons have a bulk dielec-
tric constant of about 2. The polar heads have a much higher
dielectric constant, probably about 50. Water has a dielectric
constant of about 80.
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Fig. 6.44 The conduction speed versus the inner axon radius a for
myelinated and unmyelinated fibers. Unmyelinated fibers with a >
0.6 pum are not found in the body
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Fig.6.45 Structure of a bimolecular lipid membrane

The capacitance per unit area of bimolecular lipid films is
about 0.3 x 1072 Fm~2 (0.3 uF cm~2). The simplest way to
explain this value is to assume that the polar heads are part
of the surrounding conductor. The capacitance per unit area
is then

C ke (22)(8.85x 1071?)

_ -2 -2
E_bl 5% 1079 =04x100“Fm ~.
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Fig. 6.46 A membrane composed of two phases. The ith phase has
thickness b; and dielectric constant ;. The total thickness is b and the
effective dielectric constant is k. The charges shown are external charge;
polarization of the dielectric is not shown but determines the value of

A more sophisticated approach is to regard the membrane
as made up of three layers: polar, lipid, polar. The same ef-
fect can be obtained by considering two layers with all the
polar component lumped together, as in Fig. 6.46. Suppose
that we put charge +Q on one surface and —Q on the other
surface of the membrane. We put no charge on the interface
between layers 1 and 2. The charge of zero on the interface
can be thought of as a superposition of positive and negative
charges as shown in Fig. 6.46. We are referring only to ex-
ternal charge which we place on the membrane; the charges
induced by polarization of the dielectric are not shown. They
are taken into account by the value of «. The situation is that
of two parallel-plate capacitors in series. Each layer has a
capacitance C;: Q = Cjv; = kj€0Sv;/b;. The total poten-
tial across the membrane is v = v; + vo = Q/C. The total
capacitance is

vi+v2  Obi/k1e0S + Qby/K260S
1
= . 6.81
b1/k1€0S + ba/kr€0S ( )

The effective dielectric constant is obtained by equating the
total capacitance to x€oS/b:

b

K= ——————. (6.82)
bi/k1 + ba/ka

Application of these equations to the bimolecular lipid mem-
brane (with k1 = 2.2, ko = 50, by = 5 nm, b, = 2 nm)
gives

Kk =3.0,
C

6.83
3= 0.38 x 1072 Fm~2. (6.83)

The capacitance per unit area is nearly that obtained by
assuming the polar groups are perfect conductors.

Water K =80 0.55 nm
Polar K =50 3.2nm
Lipid k=22 2.1 nm
3 Polar K =50 2.2nm
Seg
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Fig. 6.47 The results of x-ray diffraction measurements of the struc-
ture of myelin surrounding frog sciatic nerve. Data are adapted from
Worthington (1971, p. 35).

The myelin surrounding a nerve fiber consists of sev-
eral layers wrapped tightly together. Each repeating layer is
made up of two single layers back to back. The best data on
the structure of these layers are from x-ray diffraction ex-
periments. The layers repeat every 17 nm. One model for
the structure within a repeat distance is shown in Fig. 6.47
(Worthington 1971, p. 35). A single layer of the myelin has
a thickness of 8.55 nm. A surprising feature of this model is
that the lipid layer is less than half the thickness of that in a
bilayer lipid membrane. However, the measured capacitance
of a nerve-cell membrane or myelin is greater than for the bi-
layer lipid membrane; if one is to keep the lipid value for «,
the membrane must be thinner. It is gratifying that the mem-
brane thickness as measured by x-ray diffraction is consistent
with the observed membrane capacitance.

To check the consistency, note that Egs. 6.81 and 6.82 are
easily extended to more than two phases. Use the following
data:

Ki b; (nm)
Water 80 2.2
Lipid 2.2 4.2
Polar 50 10.8

With these values, the effective dielectric constant is

17.2

K= =17.95.
4.2/2.2+2.2/80+ 10.8/50
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If we assume that the membrane on an unmyelinated axon
has the same structure as a half-unit of the myelin, then
the thickness is 8.55 nm. With a dielectric constant of 7.95,
the capacitance per unit area is calculated to be 0.82 x
1072 F m~2. The measured value is 1.0 x 1072 Fm~2.

When one begins to look at the detailed structure of the
membrane as we have done in this section, there is no jus-
tification for using the same membrane thickness b for the
capacitance and the conductance of the membrane. The ca-
pacitance is determined primarily by the thickness of the
lipid portion of the membrane; the conductance includes the
effect of ions passing through the polar layers. The product,
kp, of the previous section is meaningful only for a mem-
brane that is homogeneous and has the same thickness for
both capacitive and conductive effects.

As long as the membrane structure is not being consid-
ered, it is safer to express such things as attenuation along
the axon in terms of the directly measured parameters: length
and time constants. Nonetheless, a preliminary formulation
in terms of a homogeneous membrane model can be useful
to start thinking about the problem.

6.18 Rhythmic Electrical Activity

Many cells exhibit rhythmic electrical activity. Various nerve
transducers produce impulses with a rate of firing that de-
pends on the input to which the transducer is sensitive. The
beating of the heart is controlled by the sinoatrial node (SA
node) that produces periodic pulses that travel throughout the
heart muscle.

The mechanism for such repetitive activity is similar to
what we have seen in the Hodgkin—Huxley model, though
the details of the ionic conductance variations differ. The
computer program of Fig. 6.38 can easily be modified to
model rhythmic activity. Figure 6.48 shows a plot of the out-
put of a modified program. The only modification was to

40
o L
< 0
E
> 40
-60
80 | | | |
0 10 20 30 40 50 60

t (ms)

Fig. 6.48 By changing the leakage current, it is possible to make the
Hodgkin—Huxley model display periodic electrical activity

make jStim be a constant leakage current of 0.2 A m~2
(0.2 x 107* A cm™2). This provides the essential feature: a
small inward current between beats that causes the potential
inside the cell to increase slowly. When the voltage exceeds
a certain threshold, the membrane channels open and the cell
produces another impulse.

While this simple change produces repetitive firing, and
in fact the shape of the curve in Fig. 6.48 is very simi-
lar to that measured in the SA node, the details of ionic
conduction are actually very different. The SA node con-
tains no sodium channels. The rapid depolarization is due
to an inward calcium current. There are a number of con-
tributions to the current in the SA node, and detailed ionic
models of them have been described (Demir et al. 1994; No-
ble 1989, 1995; Wilders et al. 1991).The slow leakage is a
complicated combination of currents, the details of which are
still not completely understood (Anumonwo and Jalife 1995;
DiFrancesco et al. 1995).

6.19 The Relationship Between Capacitance,
Resistance, and Diffusion

There is a fundamental relationship between the capacitance
and resistance between two conductors in a homogeneous
conducting dielectric. It is also possible to develop an anal-
ogy between capacitance and steady-state diffusion, so that
known expressions for the capacitance of conductors in
different geometries can be used to solve diffusion problems.

6.19.1 Capacitance and Resistance

Consider two conductors carrying equal and opposite charge
and embedded in an insulating medium with dielectric con-
stant k. The potential difference between the conductors is
Aw, and the magnitude of the charge on each is Q = CAwv.
The electric field is E(x, y, z). In a vacuum Gauss’s law
applied to a surface surrounding the positively charged con-
ductor gives [[E-dS = Q/eo. Polarization in a dielectric
surrounding the conductor reduces the electric field by a fac-
tor of k. If E refers to the electric field in the dielectric and
O to the charge on the conductor, Gauss’s law becomes

HE -dS = Q/«ep. (6.84)
For a given charge on the conductor, the presence of the di-
electric reduces E and Av by 1/« and, therefore, increases
the capacitance by «.

Suppose that the dielectric is not a perfect insulator but
obeys Ohm’s law and has conductivity o (j = oE). If
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some process maintains the magnitude of the charge on each
conductor at Q, the current leaving the positive conductor is

i=ﬂj.dS=aﬂE.dS=oQ/Keo. (6.85)
The resistance between the conductors is
A C
_8v_ L _ Keo (6.86)

i oQ/key oC’

This inverse relationship between the resistance and capac-
itance is independent of the geometry of the conductors, as
long as the dielectric constant and conductivity are uniform
throughout the medium.

If the charge on the conductors is not replenished, it leaks
off with a time constant t = RC = k€p/o. We have seen this
result earlier in several special cases; we now understand that
it is quite general.

6.19.2 Capacitance and Diffusion

In Chap. 4, we saw that the transport equations for particles,
heat, and electric charge all have the same form. We now
develop an analogy between these transport equations and
the equations for the electric field. The analogy is useful be-
cause it relates the diffusion of particles between different
regions to the electrical capacitance between conductors with
the same geometry; the electrical capacitance in many cases
is worked out and available in tables.

Fick’s first law of diffusion was developed in Chap. 4,
Eq. 4.20:13

j, = —DVe. (6.87)

The relationship between fluence rate (particle current den-
sity) and particle flux (current) is

[[is-as =i, (6.88)

where i  is the current of particles out of the volume enclosed
by the surface. This equation is very similar to Gauss’s law,

[ E-as =Kieo,

surface

(6.89)

where ¢ is the electric charge. The electric potential and the
electric field are related by the three-dimensional version of
Eq. 6.16:

E=—-Vu. (6.90)

13 In this section, we will use ¢ for concentration of solute particles and
C for the electrical capacitance.

The similarity between Eqs. 6.90 and 4.20 and between 6.5
and 6.89 suggests that we make the substitutions
q

Iy <—> —,
K€Q

v (6.91)

C —> —,
D
js <— E.

For any electrostatic configuration in which there are two
equipotential surfaces containing charge +¢ and —q, there
is an analogous diffusion problem in which there is a flow of
particles from one surface to another, each surface having a
constant concentration on it. In the electrical case, the charge
and potential are related by the capacitance, which is a geo-
metric property of the two equipotential surfaces: ¢ = C Awv.
An analogous statement can be made for diffusion between
two surfaces of fixed concentration:

C Av C

=——DAc.
K€

iy =

(6.92)

K€
We can find the rate of flow of particles if we know the
diffusion constant, the concentration difference, and the ca-
pacitance for the electrical problem with the same geometry.
To see the utility of this method, we will consider some cases
of increasing geometrical complexity.

As a first example, suppose that two concentric spheres
have radii ¢ and b. You can show (from the work in Prob-
lem 16, for example) that the capacitance of this configura-
tion 1s

C 4
B L (6.93)
keg 1/a—1/b
As b — 00, this becomes
C
— =4T7a. (6.94)
K€Q

This can be applied to diffusion to or from a spherical cell
of radius a. If the diffusion is outward, as of waste products,
imagine that the outward flow rate is iy and that the concen-
tration difference between the cell surface and infinity is cp.
Then

iy = —4ma D cyp. (6.95)

If, on the other hand, the concentration infinitely far away
is greater than that at the cell surface by an amount cg, the
number of particles in the cell will increase at a rate

is = +47a D co. (6.96)
These results were obtained directly in Chap. 4.

As another example, consider a circular disk of radius a
with the other electrode infinitely far away. It is more difficult
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to calculate the capacitance in this case, but we can look it
up (Smythe et al. 1957). It is C/kep = 8a. But this is the
capacitance for the charge on both sides of the disk; the lines
of E and j go off in both directions. We want only half of this,
since we will use the result to calculate the end correction for
a pore. (If we were concerned with diffusion to a disk-shaped
cell, we would use the whole thing.) For the half-space

is hait = —4Da Ac (6.97)

is proportional to the radius of the disk, not its area.

Still another geometrical situation that may be of interest
is the diffusion of particles from one sphere of radius a to
another sphere of radius a, when the centers of the spheres
are separated by a distance b.

The capacitance between two such spherical electrodes is
(Smythe et al. 1957, pp. 5-14)

c I 1 1
= — 2qasinh ).
ey~ JTasinhp (sinhﬂ tGnh2g " sinnsg T )

where cosh 8 = b/2a. This formula is written in terms of the
hyperbolic functions

(6.98)

When the spheres are far apart b/2a — oo, and cosh § ~
%eﬁ, sinh 8 ~ %e’s. In that limit,

C
K€ Te# " Lo " Lo

= 2maef (e_ﬂ +e P pef 4. )

_ 2na[1 +(a/b) + (a/b)> +--- ] (6.99)
The diffusive flow between two spheres is therefore
iy = —2ma D Ac (6.100)

if they are sufficiently far apart. Note that this is just one-half
of the flow from a sphere of radius a to a concentric sphere
infinitely far away. The earlier results in this section show
that the electrical resistance between two spherical electrodes
sufficiently far apartis 1/2noa.

Symbols Used in Chap. 6

Symbol Use

a Distance

a Axon inner radius

a Radius of spherical ion or cell

a Radius of disk

b, c Distance

b Membrane thickness

b Myelin thickness

4 Membrane thickness at node of
Ranvier

b Sphere radius

c Concentration

Ci, Co Ton concentrations

Cm Membrane capacitance per unit
area

e Electronic charge

gNa> &K > &m>» Membrane

gL conductance per unit area

ENaocos &Koo Asymptotic membrane
conductance per unit area

h, hoo Parameters used to describe
sodium conductance

i Electric current

ij Currents along inside of axon

im Current through a section of
membrane

is Solute current or flux

Jsd Current per unit area

Jm Membrane current per unit area

JNas JK» JL Membrane current per unit area
for that species

kp Boltzmann’s constant

m, Meo Parameters used to describe
sodium conductance

n, Noo Parameters used to describe
potassium conductance

PP Dipole moment

q Electric charge

4bound s 4 free
rr
Ti

t

u

v

v

VK5 UNa
Ur

X, ¥, 2
Zz

C

Bound and free charge

Distance

Resistance per unit length along
inside of axon

Time

Propagation velocity of a wave or
signal

Potential difference

Vi — Vo

Equilibrium (Nernst) potential for
potassium, sodium

Resting membrane potential
Distance

Valence of ion

Capacitance

Units
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es)
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page
145
157
173
173
145
142
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168
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155

157

155
157
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151
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Cn Membrane capacitance F 156

D Length of myelinated segment m 167

D Diffusion constant m?s~! 173

E,E., Ey, E; Electric field and components Vm! 144

E, Electric field due to polarization Vm! 149
charge

E., Ecxt External electric field Vm™! 149

Ecor Total electric field vm~!l 149

F Force N 143

Fext External force N 147

G Conductance Qlor 151

S

G Conductance of a section of axon 7! or 157
membrane S

L Length of cylinder or axon m 145
segment

[Na;],[Na,]  Sodium concentrations inside and m™> 161
outside an axon

P Power w 153

(0] Electric charge C 149

Q1o Factor by which the rate of a 164
chemical reaction increases with a
temperature rise of 10 K

R Resistance Q 151

R; Internal resistance along a Q 157
segment of axon

R Resistance across a segment of Q 156
membrane

S, AS,dS Surface area m? 144

T Temperature K 155

U Potential energy J 147

w Work J 151

s By s Rate parameters s~! 163

Busan, Bn for Hodgkin—Huxley model

B Dimensionless variable 174

€0 Electrical permittivity of free N-'m2 143
space C?

K Dielectric constant 150

A Charge per unit length Cm™! 145

A Electrotonus spatial decay m 159
constant

P Resistivity Qm 152

pi Resistivity of axoplasm Qm 157

Pm Resistivity of membrane Qm 156

0 Angle 146

o Charge per unit area Cm™2 145

o Conductivity Sm™! 152

X Electrical susceptibility 149

T Time constant S 156

T Electrotonus time constant S 160

Thy T Tn Time constants in S 164
Hodgkin-Huxley model

Problems

Section 6.1

Problem 1. Suppose that an action potential in a 1-pum diam-
eter unmyelinated fiber has a speed of 1.3 ms~!. Estimate
how long it takes a signal to propagate from the brain to a

finger. Repeat the calculation for a 10-um diameter myeli-
nated axon that has a conduction speed of 85 ms~!. Spec-
ulate on the significance of these results for playing the
piano.

Problem 2. The median nerve in your arm has a diameter of
about 3 mm . If the nerve consists only of 1 um-diameter un-
myelinated axons, how many axons are in the nerve? (Ignore
the volume occupied by extracellular space.) Repeat the cal-
culation for 20 um outer diameter myelinated axons. Repeat
the calculation for 0.5 mm diameter unmyelinated axons
(about the size of a squid axon). Speculate on why higher an-
imals have myelinated axons instead of larger unmyelinated
axons.

Section 6.2

Problem 3. Two equal and opposite charges ¢ separated

by a distance a form a dipole. The dipole moment p is a

vector pointing in the direction from the negative charge

to the positive charge of magnitude p = ga. In electro-
chemistry the dipole moment is often expressed in debyes:

1 debye (D) = 10718 electrostatic units (statcoulomb cm) (1

statcoulomb = 3.3356 x 10710 C).

(a) Find the relationship between the debye and the SI unit
for the dipole moment.

(b) Express the dipole moment of charges +1.6 x 1071
C separated by 2 x 107! m in debyes and in the
appropriate SI unit.

Problem 4. The electric field of a dipole can be calculated
by assuming the positive charge ¢ is at z = a/2 and the neg-
ative charge —¢q is at z = —a/2 (x = y = 0). The electric
field along the z axis is found by vector addition of the elec-
tric field from the individual charges using Eq. 6.3. Find an
expression for the electric field. (Hint: 1/(1 + x)? is approxi-
mately equal to 1 —2x for small x.) By what power of z does
the electric field fall off?

Section 6.3

Problem 5. Use the principle of superposition to calculate
the electric field in regions A, B, C, D, and E in the figure.

2o o -a -20
+ + - -
K _
+ + - -
+ =
A+ B+ c - D =E
+ s
+ + = =
+ —
+ + 2 =



176

6 Impulses in Nerve and Muscle Cells

Problem 6. An infinite sheet of charge has a thickness 2a as
shown. The charge density is o C m~>. Find the electric field
for all values of x.

o |

Problem 7. Derive Eq. 6.10 from Eq. 6.9. At some point in
your derivation you may need to use the substitution u =

y/+/¢% + y2 + z2 and the integrals

/ dx . X
(2 +a®32 252 a2

/ dx 1t _l(x)
—— — = —tan ~).
x24a2 a a

Problem 8. Show that Eq. 6.10 reduces to Eq. 6.8 when 7 <«
b, c. Show that Eq. 6.10 is consistent with Coulomb’s law
when z > b, c.

Section 6.4

Problem 9. Show that N C~! is equivalent to V. m~".
Problem 10. Use Coulomb’s law and v = — [ E¢dx to
determine the potential along the x axis due to a point charge.
Assume that v(x = 0o) = 0. Because there is no preferred
direction in space, the potential in any radial direction from
the charge has the same form.

Problem 11. Try to apply the equation v(r) = — |. oro E.dr
to the equation for the electric field of a line of charge, Eq.
6.7. Why does it not work?

Section 6.5

Problem 12. A person stands near a high-voltage power line.
Assume for this problem that its voltage is not changing with
time. Since much of a person’s body is an ionic solution,
treat the body as a conductor and the surrounding air as an
insulator. In a static situation, what is the electric field inside
the person’s body caused by the power line? (Hint: Think
before you calculate.)

Section 6.6

Problem 13. Two plane parallel conducting plates each have

area S and are separated by a distance b. One carries a charge

+ Q; the other carries a charge — Q. Neglect edge effects.

(a) What is the charge per unit area on each plate? Where
does it reside?

(b) What is the electric field between the plates?

(c) What is the capacitance?

(d) As the plate separation is increased what happens to E,
v, and C?

(e) If a dielectric is inserted between the plates, what hap-
pens to E, v, and C? (See Sect. 6.7.)

Problem 14. It was shown in the text that the electric field

from an infinitely long line of charge, of charge density

A Cm™! is E = A/2mepr at a distance r from the line.

(a) Show that if positive charge is distributed with density
o C m~2 on the surface of a cylinder of radius a, the
electric field is

0, r<a

oafeyr, r >a.

(b) Find the potential difference between a point a distance
a from the center of the cylinder and a point a distance
d from the center of the cylinder (d > a).

(c) Isa ord at the higher potential?

(d) Suppose that another hollow cylinder of radius d > a
is placed concentric with the first. It has a charge —o’
per unit area. How will its presence affect the potential
difference calculated in part (b)?

(e) Calculate the capacitance between the two cylinders and
show that it is 2megL/In(d/a), where L is the length of
the cylinder.

Problem 15. Problem 14 showed that the capacitance of a

pair of concentric cylinders, of radius @ and d (d > a) is

2negL/In(d/a). Suppose now that d = a + b, where b

is the thickness of the region separating the two cylinders.

(It might, for example, be the thickness of the axon mem-

brane.) Use the fact that In(1 + x) = x —x2/2 +x3/3+---

to show that, for small b (that is, » < a), the formula for
the capacitance becomes the same as that for a parallel-plate
capacitor.

Problem 16. Find the capacitance of two concentric spheri-

cal conducting shells. The inner sphere has radius a and the

outer sphere has radius b.

Section 6.7

Problem 17. A parallel-plate capacitor has area S and plate
separation b. The region between the plates is filled with
dielectric of dielectric constant k. The potential difference
between the plates is v.
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(a) What is the total electric field in the dielectric?

(b) What is the magnitude of the charge per unit area on the
inner surface of the capacitor plates?

(c) What is the magnitude of the polarization charge on the
surface of the dielectric?

Problem 18. For the unmyelinated axon of Table 6.1 and

Fig. 6.3,

(a) How many sodium, potassium, and miscellaneous an-
ions are there in a I-mm segment?

(b) How many water molecules are there in a I-mm seg-
ment?

(c) What is the charge per unit area on the inside of the
membrane?

(d) What fraction of all the atoms and ions inside the seg-
ment are charged and not neutralized by neighboring
ions of the opposite charge?

Problem 19. A nerve-cell membrane has a layer of posi-

tive charge on the outside and negative charge on the inside.

These charged layers attract each other. The potential differ-

ence between them is v = 70 mV. Assuming a dielectric

constant x = 5.7 for the membrane, an axon radius of 5 um,
and a membrane thickness b = 5 nm, what is the force per
unit area that the charges on one side of the membrane ex-
ert on the other? Express the answer in terms of b, v, and «.

(Hint: The force is calculated by multiplying the charge in a

given layer by the electric field due to the charge in the other

layer. Think carefully about factors of 2.)

Problem 20. The drawing represents two infinite plane

sheets of charge with an infinite slab of dielectric filling

part of the space between them. The dashed lines represent
cross sections of two Gaussian surfaces. The sides are paral-
lel to the electric field, and the ends are perpendicular to the
electric field. Apply the second form of Gauss’s law,

Eq. 6.21b, to find the electric field within the dielectric using

the upper Gaussian surface. Repeat using the lower Gaussian

surface.

|
(e}

B o e S S

Section 6.8

Problem 21. This problem will give you some insight
into the resistance of electrodes used in neurophysiology.
Consider two concentric spherical electrodes. The region

between them is filled with material of conductivity o. The

inner radius is a, the outer radius is b.

(a) Imagine that there is a total charge Q on the inner
sphere. Find the electric field between the spheres in
terms of the potential difference between them and their
radii.

(b) The current density in the conducting material is given
by j = oE. Find the total current.

(c) Find the effective resistance, R = v/i. What is the re-
sistance as b — oo? This is the resistance of a small
spherical electrode in an infinite medium; infinite means
the other electrode is “far away.”

Problem 22. Patients undergoing electrosurgery sometimes

suffer burns around the perimeter of the electrode. Wiley and

Webster (1982) analyzed the potential produced by a circular

disk electrode of radius a and potential vy in contact with a

medium of conductivity o. They found that the normal com-

ponent of current density at the surface of the electrode is
given by

. 209 1

Jn = @ O0<r<a.

(a) Calculate the total current / coming out of the electrode.

(b) Determine the resistance of the electrode.

(c) Plot j, vs. r. Use the plot to explain why the patients
suffer burns near the edge of the electrode.

Problem 23. The Coulter counter or resistive pulse tech-

nique is used to count and size particles in a wide variety

of applications (Kubitschek 1969; DeBlois and Bean 1970),

including the automated counting of blood cells. The cells

being counted are assumed to be nonconducting and im-

mersed in a conducting fluid. The fluid is made to flow

through a narrow channel. When a suspended particle enters
the channel there is a change in resistance. Assume a long
channel of radius » with no end effects.

(a) What is the resistance of pure fluid of resistivity p =
1 /o in a segment of channel of length 2a?

(b) A cylindrical non-conducting cell of radius a and length
2a is in the channel. Its axis and the axis of the channel
coincide. What is the resistance of a segment of channel
of length 2a? Ignore end effects.

(c) Show that the resistance change (the difference between
these two reults) is proportional to the volume of the cell,
V = 2ma?, and inversely proportional to b*.

Section 6.9

Problem 24. Derive the equation for the resistance of a set
of resistors connected (a) in series and (b) in parallel.
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Section 6.10 A :

2x10° 0
Problem 25. The resting concentration of calcium ions, a1 8 e
[Cat™], is about 1 mmol 17! in the extracellular space but go\:fery = " Ix10 °F
is very low (10~* mmol 171 inside muscle cells. Determine 3x10°Q

the Nernst potential for calcium. Is calcium in equilibrium at

a resting potential of —=70mV?

Problem 26. In our analysis of the electric field in the cell

membrane, we assume the charge on the membrane can be

represented as a continuous distribution of surface charge.

For a 6-nm thick membrane this will be a good approxima-

tion if the number of discrete charges in a 6-nm square patch

of membrane is large.

(a) Estimate how many discrete charged ions are present
on a 6-nm square patch of membrane in a resting cell.
Does the charge distribution appear to be continuous or
discrete?

(b) Assume the ion has a diffusion constant in water of
10~ m? s~! and calculate the time required for the ion
to diffuse 6 nm. If averaged over 1 ms, a time charac-
teristic of neural activity, does the charge distribution
appear continuous or discrete?

Section 6.11

Problem 27. The resistivity of the fluid within an axon is
0.5 © m. Calculate the resistance along an axon 5 mm long
with a radius of 5 um. Repeat for a radius of 500 pm.
Problem 28. The voltage along an axon is as shown at some
instant of time. The axon radius is 10 pum; the resistivity of
the axoplasm is 0.5 € m. What is the longitudinal current in
the axon as a function of position?

i
]
1
i
I
1
-90mV . !
Il—"— | mm —-—*-—: 0.5mm - X
1

Problem 29. This problem is designed to show you how

a capacitance, such as the cell membrane, charges and dis-

charges. To begin, the switch has been in position B for a

long time, so that there is no charge on the capacitor. At = 0

the switch is put in position A. It is kept there for 20 s, then

thrown back to position B.

(a) Write a differential equation for the voltage on the ca-
pacitor as a function of time when the switch is in
position A and solve it.

(b) Repeat when the switch is in position B.

(c) Plot your results.

Problem 30. Sometimes an organ is lined with a single layer
of flat cells. (One example is the lining of the jejunum, the
upper portion of the small intestine.) Experimenters can then
apply a time-varying voltage across the sheet of cells and
measure the resulting current. The cells are packed so tightly
together that one model for them is two layers of insulat-
ing membrane of dielectric constant x and thickness b that
behave like a capacitor, separated by intracellular fluid of
thickness a and resistivity p. Find a differential equation
or integral equation that relates the total voltage difference
across the layer of cells v(¢) to the current per unit area
through the layer, j(¢), in terms of «, p, b, a.
Problem 31. The current that appears to go “into” a section
of membrane is made up of two parts: that which charges the
membrane capacitance and that which is a leakage current
through the membrane: i = v/R + C(dv/dt). Suppose that
the total current is sinusoidal: i = Iy cos wt.
(a) Show that the voltage must be of the form v =
IpR’" coswt + Iy X sinwr and that the differential equa-
tion is satisfied only if

R = R
T 14 w?(RC)?’
RC
¥ - pPRO
1 + w?(RC)?

(b) What happens to R’ and X as o — 0? @ — 00?
For what value of w is X a maximum? What is the
corresponding value of R’? Plot these points.

(c) Your plot in part b should suggest that the locus of X vs
R’ is a semicircle, centered at X = 0, R" = R/2. Prove
that this is so. [Remember that the equation of a circle is
(x—a+(y—-b?=r2]

Section 6.12

Problem 32. Consider the myelinated and unmyelinated ax-
ons of Tables 6.1 and 6.2. Compare the decay distance for
electrotonus in both cases. Neglect attenuation due to the
leakage at the node of Ranvier.
Problem 33. Show by direct substitution that v(x) =
voe */* 4 v, satisfies the equation

d*v

e 27a guri(v — vy)

if v, is constant.
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Problem 34. In an electrotonus experiment a microelectrode

is inserted in an axon at x = 0, and a constant current ig is

injected. After the membrane capacitance has charged, the

voltage outside is zero everywhere and the voltage inside is
given by Eq. 6.58:

v = [,erx/)n’

voe” s ,

x>0
x < 0.

(a) Find i;(x) in terms of vg, A, and r;.

(b) Find j, (x) in terms of g;,, vo, and A.

(c) Find the current iy injected at x = 0 in terms of vy, A,
and r;.

(d) Find the input resistance v/ ig.

Problem 35. The cable equation is 22 (0%/9x%) — v —

t(dv/0t) = 0. Let v(x, t) = w(x, t) exp(—t/t). Substitute

this expression into the cable equation and determine a new

differential equation for w(x, t). You should find that w(x, t)

obeys the diffusion equation (Chap. 4). Find the diffusion

constant in terms of the axon parameters and evaluate it for a

typical case.

Problem 36. The voltage along an axon when a constant

current is injected at x = O for all times t > 0 is given by

Hodgkin and Rushton (1946)

e[ (3 )
o i+ )

where the error function erf(y) and its derivatives are

2 y 2
erf(y)zﬁ/o e “dz

d 2 —y?
E erf(y) = ﬁe .

(a) Show that the expression for v(x,t) obeys the cable
equation, Eq. 6.55.

(b) Use erf(0) = 0, erf(—o0) = —1, and erf(co) = 1
to show that as r — oo, the expression for v(x, t)
approaches the solution in Eq. 6.58 and Fig. 6.30.

(c) Find a simple expression for v(x, t) when x = 0. Use
erf(1) = 0.843 and erf(0.5) = 0.520 to check that this
expression is consistent with the plots in Fig. 6.31.

Problem 37. Consider a space-clamped axon with a mem-

brane time constant 7. Initially (¢ < 0), v = 0. From

t = O until a time r = d a stimulus is applied to the mem-

brane. Assume that when v’ < V’ the membrane behaves

passively (V' is called the threshold potential), and when

v > V', an action potential will fire. v" obeys the equation

dv'/dt = —v' /T + 5.

v(x,t) — v, =

(a) Find v for 0 < t < d and for t > d. Note that v’ is
maximum for t = d.

(b) Find an expression for v(t = d), and then solve it for s.

(c) Plot s as a function of the pulse duration d. This plot is
called the strength—duration curve.

(d) Find the value of s that corresponds to threshold stimu-
lation for very long durations, in terms of V’ and 7. This
value of s is called the rheobase stimulus.

(e) Find the value of d corresponding to threshold stimu-
lation using a stimulus strength of twice rheobase. This
duration is called chronaxie.

(f) Find an expression for t in terms of chronaxie. Measur-
ing the strength—duration curve is one way to determine
the membrane time constant.

Problem 38. An alternative model to the cable equation is an

attenuating network of resistors and capacitors. This problem

is designed to show you how a “ladder” of resistances can
attenuate a signal.

(a) Show that the resistance between points B and G in the
circuit on the left is 10 €.

(b) Show that the resistance between points A and G in the
circuit on the right is also 10 2. What will be the result
if an infinite number of ladder elements are added to the
left of AG?

(c) Assume that vc (measured with respect to point G) is
6 V. Calculate vg and v4. Note that the ratios are the
same: vp/vA = vc/UB.

B 4 C A 4 B 4 C
%5 %no %5 %5 %o
G G o

Problem 39. This is a more general version of the previous
problem, which can be applied directly to electrotonus when
capacitance is neglected. Consider the ladder shown, which
represents an axon. Ry is the effective resistance between the
inside and outside of the axon to the right of the section under
consideration. The axon has been divided into small slices;
R; is the resistance along the inside of the axon in the small
slice, and R, is the resistance across the membrane in the
slice. The resistance outside the axon is neglected. Note that
the resistance looking into the axon to the right of points X X
is also Ry.
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(a) Show that Ry is given by a quadratic equation: Rg -
R; Ry — R; R,, = 0 and that the solution is

1
Ro=> [Ri + (R? +4Rl~Rm)1/2] .

(b) Show that the ratio of the voltage across one ladder rung
to the voltage across the immediately preceding rung is
Ry RO
RuRo+ RynRi + RiRo

(c) Now assume that R; = r;dx and R,, = 1/(2mag;dx).
Calculate Ro and the voltage ratio. Show that the voltage
ratio (as dx — 0) is

1
14+ Qnar;g,)V2dx’

(d) The preceding expression is of the form 1/(1 + x). For
sufficiently small x, this is approximately 1 — x. There-
fore, show that the voltage change from one rung to the
next is dv = — [(27[(1 rigm)l/zdx] v so that v obeys the
differential equation

dv
a = —(2narigm)1/zv.

Section 6.13

Problem 40. Use the Hodgkin—Huxley parameters to answer

the following questions.

(a) When v = v,, what are «,, and ,?

(b) Show that dn/dt = 0 when n = 0.318. What is the
resting value of gg?

(c) Atr = 0 the voltage is changed to —25 mV and held
constant. Find the new values of oy, B, nco, Tn and the
asymptotic value of gg.

(d) Find an analytic solution for (). Plot n and n* for 0 <
t < 10 ms.

Problem 41. Calculate the values of the gates m, n, and & for

the resting membrane (v = —65 mV), using the Hodgkin and

Huxley model. Recall that at rest, m = myo(v = —65 mV),

etc.

Problem 42. If o, and B, depend on temperature according

to Eq. 6.67, how do n, and 7,, depend on temperature?

Problem 43. Calculate the resting membrane conductance

per unit area for the resting membrane, using the Hodgkin

and Huxley model. Hint: j,, = O at rest. Let v = v, + dv,

where dv is small. Determine the steady-state j,, as a func-

tion of dv. To keep things simple, ignore any changes to m,

n, and h resulting from dv.

Problem 44. In a voltage-clamp experiment, a wire of radius

b is threaded along the interior of an axon of radius a. As-

sume the axoplasm displaced by the wire is pushed out the

end so that the cross-sectional area of the axon containing
the wire remains ma?. The resistivities of wire and axoplasm
are py, and p,. Find the wire radius needed so that voltage
changes along the axon are reduced by a factor of 100 from
what they would be without the wire. Ignore the electrode
surface impedance.
Problem 45. A wire of resistivity p, = 1.6 x 1078 Q@ m and
radius w = 0.1 mm is threaded along the exact center of an
axon segment of radius ¢ = 1 mm, length L = 1 cm, and re-
sistivity p; = 0.5 € m. The axon membrane has conductance
gm = 10 S m~2. Find numerical values for
(a) the resistance along the wire,
(b) the resistance of the axoplasm from the wire to the
membrane, and
(c) the resistance of the membrane.
Problem 46. If the voltage across an axon membrane is
changed by 25 mV as in Fig. 6.34, how long will it take for all
the potassium to leak out if it continues to move at the con-
stant rate at which it first leaks out? Use the asymptotic value
for the potassium conductance from Fig. 6.34. Use Table 6.1,
and Fig. 6.3 for any other values you need.

Section 6.14

Problem 47. Use the data of Fig. 6.40 to answer the follow-
ing questions about a nerve impulse in a squid axon of radius
a =0.1 mm.

(a) Estimate the peak sodium ion flux (ions m~2 s~!) and
the total number of sodium ions per unit area that pass
through the membrane in one pulse.

(b) By what fraction does the sodium concentration in the
cell increase during one nerve pulse?

(c) Estimate the peak potassium flux and total potassium
transport.

Problem 48. Show by direct substitution that Eq. 6.64c sat-

isfies the equation dn/dt = o,(1 — n) — Byn if o, and B,

are functions of v, but not of time.

Problem 49. The Hodgkin—Huxley equation for the potas-

sium parameter n is dn/dt = o, (1 —n) — B,n. What is the

asymptotic value of n when t — c0?

Problem 50. For + < 0 a squid axon has a resting mem-

brane potential of —65 mV. The sodium Nernst potential is

+50 mV. The Hodgkin—-Huxley parameters are m = 0.05,

h = 0.60, and gy, = 1200 S m™2.

(a) Whatis jng?

(b) For t > 0 a voltage clamp is applied so that v =
—30 mV. Suppose that m = 0.72 — 0.67¢~>2" and h =
0.6 093 (where 7 is in milliseconds). What is the total
charge transported across unit area of the membrane by
sodium ions?

Problem 51. Consider a 1-mm long segment of a squid

nerve axon, with a diameter of 1 mm.
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(a) Let the intracellular sodium ion concentration be 15
mmol 17!, Calculate the number of sodium ions in this
segment of the axon.

(b) Use the plot of jy, versus time in Fig. 6.41 to estimate
the total number of sodium ions that enter the axon dur-
ing the action potential (if you have to determine the area
under the jy, curve, just estimate it).

(c) Find the ratio of the number of sodium ions entering the
axon in one action potential to the number present in the
resting axon. Does a single action potential change the
intracellular concentration of sodium ions significantly?

(d) What diameter axon is needed in order for the intracellu-
lar sodium ion concentration to change by 10 % during
one action potential?

Problem 52. A stimulating current of 1 A m~2 is applied
for 100 ps. How much does it change the potential across the
membrane?
Problem 53. Using the resting value of jg from Fig. 6.39,
calculate how long it would take for the concentration of
potassium inside an axon of radius 100 um to decrease by
1%.
Problem 54. Modify the program in Fig. 6.38 to calculate
the values of m, h, and n as functions of time during an action
potential. Plot m(t), h(t), n(t), and v(¢).
Problem 55. Modify the program in Fig. 6.38 so it uses dif-
ferent stimulus strengths other than jyim = 1 A m~2. Find
the minimum value of jim that results in an action potential.
This value is known as the threshold stimulus strength.
Problem 56. Modify the program in Fig. 6.38 so it applies
two stimulus pulses. The first is of strength j; = 1 A m~2,
duration 0.5 ms, and starts at r; = 0. The second is of
strength j», duration 0.5 ms, and starts at time #,. For a given
1, value, determine the threshold stimulus strength j». Plot
the threshold j, as a function of the interval , — #1, for 1
ms < tp — t; <10 ms. This plot is called a strength—interval
curve. The increase of threshold j, for small intervals reflects
the refractoriness of the membrane.
Problem 57. When a squid nerve axon is hyperpolarized
by a stimulus (the transmembrane potential is more negative
than resting potential) for a long time and then released, the
transmembrane potential drifts back towards resting poten-
tial, overshoots v, and becomes more positive than v,, and
eventually reaches threshold and fires an action potential.
This process is called anode-break excitation: anode because
the membrane is hyperpolarized, and break because the exci-
tation does not occur until after the stimulus ends. Modify the
program in Figure 6.38, so that the stimulus lasts 3 ms, and
the stimulus strength is —0.15 A m~2. Show that the program
predicts anode break stimulation. Determine the mechanism
responsible for anode break stimulation. Hint: pay particular
attention of the sodium inactivation gate (the i gate). You
may want to plot / versus time to see how it behaves.

Problem 58. Consider a space-clamped axon for which the
resting potential is v,. Assume that the membrane current
density follows a very strange behavior:

_ B(wv — fur)2, V> Uy
Jm =

0, V< U

(a) Write a differential equation for v(z).

(b) What are the units of B?

(c) What sign would B have for depolarization to take place
after a small positive change of v?

(d) Integrate the equation obtained in (a).

Problem 59. A comment was made in the text that the potas-

sium current is not required to generate an action potential.

Modify the program of Fig. 6.38 to eliminate the potassium

current. (First make sure that you have an unmodified pro-

gram that reproduces Fig. 6.39 correctly.) Comment on the

shape of the resulting pulse. After the pulse there is a new

value of the resting potential. Why? Is it significant?

Section 6.15

Problem 60. A pulse which propagates along the axon with
speed u is of the form v(x, 1) = f(x — ut).
(a) Use the chain rule to show that this means

v v v _ , 9%

a2 = ax

ar - Uax

(b) Find an expression for the membrane current per unit

area in terms of ¢, pi, pm, a, and the various partial

derivatives of f with respect to x.
Problem 61. Consider an action potential propagating along
an axon. The “foot” of the action potential is that part of the
initial rise of the transmembrane potential that occurs before
the sodium channels open. Starting from Eq. 6.72, set the j,
equal to zero and assume that the action potential propagates
with a uniform speed u. As in Problem 60, replace the spatial
derivatives with temporal derivatives and show that the trans-
membrane potential during the foot of the action potential
rises exponentially. Find an expression for the time constant
of this exponential rise in terms of r;, ¢;,,, a, and u.
Problem 62. An unmyelinated axon has the following
properties: radius of 0.25 mm, membrane capacitance of
0.01 F m™2, resistance per unit length along the axon of
2 x 10 @ m~!, and propagation velocity of 20 m s~!. The
propagating pulse passes an observer at x = (. The peak
of the pulse can be approximated by a parabola, v(t) =
20(1 — 10¢?), where v is in millivolts and 7 is in milliseconds.
(a) Find the current along the axon atx =0, ¢ = 0.
(b) Find the membrane current per unit area j, at x = 0,

t=0.
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Problem 63. A space-clamped axon (v independent of
distance along axon) has a pulse of the form

0, < —n
o) —vr = Juo[l—@t/0)?], —n<t<n
0, t > 1,

as shown in Problem 62. The axon has radius a, length L,
resistivity p;, and membrane capacitance c,, per unit area.
(a) What is the total change in charge on the membrane

fromt = —t;tot =0?
(b) What is the total change in charge on the membrane
fromt = —t; tot = +11?

(c) Whatis j,(¢)?

(d) If j,, is given by g, (v — v;), what is g, (#)? Comment
on its behavior.

Problem 64. Modify the program in Fig. 6.38 to include

x-dependence as outlined in the text. Reproduce Fig. 6.42

and determine the propagation speed. Use r; = 19.89 x

10° @ m~! and ¢ = 0.238 mm.

Section 6.16

Problem 65. Saltatory conduction is often described as the
action potential jumping from node to node. In one sense this
is correct: the nodes of Ranvier are active patches connected
by passive myelinated segments. However, one should re-
alize that the upstroke of the action potential is spread out
over many nodes. Use Table 6.2, an action potential upstroke
lasting 0.5 ms, and an outer diameter of 20 um to estimate
the number of nodes over which the action potential extends.

If many nodes contribute simultaneously to the excitation,

should propagation be considered continuous or discrete?

Problem 66. Consider a myelinated fiber in which the nodes

of Ranvier are spaced every 2 mm. The resistance of the ax-

oplasm per unit length is ; = 1.4 x 10'© @ m~!. The nodal

capacitance is about 1.5 x 10712 F.

(a) If the voltage difference between nodes is 10 mV, what
is the current along the axon? Assume that the voltages
are not changing with time, so that the membrane charge
does not change. Also neglect leakage current through
the membrane.

(b) If the nerve impulse rises from —70 mV to +30 mV in
0.5 ms, what is the average current required to charge
the nodal capacitance?

Problem 67. A myelinated cylindrical axon has inner radius

a and outer radius b. The potential inside is v. Outside it is

0. The myelin is too thick to be treated as a plane sheet of

dielectric. Express all answers in terms of a, b, and v.

(a) Give an expression for E forr < a.

(b) Give an expression for E fora < r < b.

(c) Give an expression for E for r > b.

(d) Assuming x = 1, what is the charge density on the inner
surface? The outer surface?

Problem 68. Develop equations for the resistance and ca-

pacitance of a cylindrical membrane whose thickness is

appreciable compared to its inner radius. Use Gauss’s law

for cylindrical symmetry to determine the electric field. Con-

sider total charge Q distributed uniformly over the inner

surface of a section of the membrane of length D and inner

radius a. The membrane has dielectric constant k.

(a) Any charge on the outer surface of the membrane has
no effect on the calculation of the electric field between
r =a and r = a + b as long as the charge is distributed
uniformly on the outer cylindrical surface at r = a + b.
Show that the electric field within the membrane is E =

ﬁ) 20/Dr.
(b) Show that the potential difference is v = v(a) — v(a +

b) = 2116%1{ 5 In(1 + b/a), and that the capacitance is
2nkegD
= linder).
In(1 1 bjqy \CYlinden)

(c) Now place a conducting medium with resistivity p =
1/o in the region of the membrane. Charge will move.
It will be necessary to provide a battery to replenish it.
Show that the resistance of the membrane segment of
length D is given by R = 525 In(1 + b/a), so that

2nRD

= m (cylinder) .

0

(d) Show that the resistivity of a plane resistor of cross
sectional area 27a D and thickness b is

2nRD (plane)
= ane),
p b/a P
and that the capacitance of this plane section of mem-
brane is
2nkegD
C = —— (plane).
b/a

(e) How large is this correction for a myelinated axon in
which b/a = 0.4?

Problem 69. Suppose that the outer radius of a myelinated
axon, d = a + b, is fixed. Determine the value of a that
maximizes the length constant of the axon (Eq. 6.75b). Ig-
nore the Nodes of Ranvier. Your result should be expressed
as a = yd, where y is a dimensionless constant.

Problem 70. Use the empirical relationships between axon
radius and conduction speed in Table 6.2 to determine the
radius and speed at which the speed along a myelinated and
unmyelinated fiber is equal. For radii less than this radius,
is propagation faster in myelinated or unmyelinated fibers?
For speeds greater than this speed, in what type of fibers is
propagation fastest?

Section 6.18

Problem 71. Modify the computer program of Fig. 6.38 to
have a constant value of jStim and run it.
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